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A.  TECHNICAL  SECTION 
1 .  Abstract 

'  >v. 

^  The  overall  objective  of  this  proposal  is  to  develop  improved 
estimation  techniques  for  use  in  reliability  studies  when  there  are 
competing  failure  modes  or  competing  causes  of  failure  associated  with  a 
single  failure  mode  in  data  from  series  systems.  Such  improved 
nonparametric  estimators  of  the  component  failure  distribution  will  be 
accomplished  by  Incorporating  some  dependence  structure  between  the 
potential  component  failure  times.  The  first  specific  aim  is  to 
investigate  techniques  which  identify  departures  from  independence,  based 
on  data  collected  from  series  systems,  by  making  some  restrictive 
assumption  about  the  structure  of  the  system,  and  obtain  modified 
nonparametric  estimators  which  incorporate  some  restrictive  assumptions 
about  the  structure  of  the  system.  The  second  aim  will  be  to  develop 
improved  nonparametric  estimators  of  component  lifetimes  by  obtaining 
modifications  of  the  product  limit  estimator  which  incorporate  some 
parametric  information  and  by  studying  the  robustness  of  these  estimators 
to  misspecif ication  of  the  parametric  model.  Competing  risk  analyses  have 
been  performed  in  the  past  and  will  continue  to  be  performed  in  the 
future.  This  study  will  provide  the  user  of  such  techniques  with  an 
alternative  to  the  usual  approach  of  assuming  independent  risks,  an 
assumption  which  most  of  the  methods  currently  in  use  assume. 


The  overall  objective  of  this  proposal  is  to  continue  our 
investigation  into  inproved  estimation  techniques  for  use  in  reliability 
studies  when  there  are  competing  failure  modes  or  competing  causes  of 
failure  associated  with  a  single  failure  mode  in  data  from  series 
systems.  We  shall  term  such  experiments  as  competing  risks  experiments. 
Our  primary  goal  is  to  obtain  improved  nonparametric  estimators  of  the 
component  failure  distributions  incorporating  some  dependence  structure 
between  the  potential  component  failure  times.  The  specific  objectives 
are  to  continue  our  Investigation  into: 

(1)  the  problems  associated  with  dependent  systems  by 

(a)  investigating  techniques  which  Identify  departures  from 
independence,  based  on  data  collected  from  series  systems,  by 
making  some  restrictive  assumption  about  the  structure  of  the 
system,  and 

(b)  obtaining  modified  nonparametric  estimators  which  incorporate 
some  restrictive  assumptions  about  the  structure  of  the  systems, 

(2)  improved  nonparametric  estimators  of  component  reliability  based  on 

data  from  a  series  system  with  independent  component  lifetimes  by 

(a)  obtaining  modifications  of  the  product  limit  estimator  which 
incorporate  some  parametric  information,  and 

(b)  studying  the  robustness  of  these  estimators  to  misspecif ication 


of  the  parametric  model. 
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3.  Introduction  to  Problem  and  Significance  of  Study 

Alvin  Weinberg  (1978)  in  an  editorial  comnent  in  the  published 
proceedings  of  a  workshop  on  Environmental  Biological  Hazards  and 
Competing  risks  noted  that  "the  question  of  competing  risks  will  not 
quietly  go  away:  corrections  for  competing  risks  should  be  applied 
routinely  to  data."  The  problem  of  competing  risks  commonly  arises  in  a 
wide  range  of  experimental  situations.  Although  we  shall  confine  our 
attention  in  the  following  discussion  to  those  situations  involving  series 
systems  in  which  competing  failure  modes  or  competing  causes  of  failure 
associated  with  a  single  mode  are  present,  it  is  certainly  true  that  we 
might  just  as  easily  speak  of  clinical  trials,  animal  experiments,  or 
other  medical  and  biological  studies  where  competing  events  interrupt  our 
study  of  the  main  event  of  interest  (cf.  Lagakos  (1979)). 

Consider  electronic  or  mechanical  systems,  such  as  satellite 
transmission  equipment,  computers,  aircraft,  missiles  and  other  weaponry 
consisting  of  several  components  in  series.  Usually  each  component  will 
have  a  random  life  length  and  the  life  of  the  entire  system  will  end  with 
the  failure  of  the  shortest  lived  component. 

Competing  risks  arise  in  such  reliability  studies  when 

1)  the  study  is  terminated  due  to  a  lack  of  funds  or  the 
pre-determined  period  of  observation  has  expired  (Type  I 
censoring) . 

2)  the  study  is  terminated  due  to  a  pre-determined  number  of 
failures  of  the  particular  failure  mode  of  interest  being 
observed  (Type  II  censoring). 

3)  some  systems  fail  because  components  other  than  the  one  of 
interest  malfunction. 
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4)  the  coaponent  of  interest  fails  from  some  cause  other  than  the 

one  of  interest. 

In  all  four  situations,  one  may  think  of  the  main  event  of 
interest  as  being  censored,  l.e.,  not  fully  observable.  In  the  first  two 
situations,  the  time  to  occurrence  of  the  event  of  interest  should  be 
independent  of  the  censoring  mechanism.  In  such  instances,  the 
methodology  for  estimating  relevant  reliability  probabilities  has  received 
considerable  attention  (cf.  David  and  Moeschberger  (1978),  Kalbfeish  and 
Prentice  (1980),  Elandt-Johnson  and  Johnson  (1980),  Mann,  Schafer, 
Slngpurwalla  (1974)  and  Barlow  and  Proschan  (1975)  for  references  and 
discussion).  In  the  third  situation,  the  time  to  failure  of  the  component 
of  Interest  may  or  may  not  be  independent  of  the  failure  times  of  other 
components  in  the  system.  For  example,  there  may  be  common  environmental 
factors  such  as  extreme  temperature  which  may  affect  the  lifetime  of 
several  components.  Thus  the  question  of  dependent  competing  risks  is 
raised.  A  similar  observation  may  be  made  with  respect  to  the  fourth 
situation,  viz.,  failure  times  associated  with  different  failure  modes  of 
a  single  component  may  be  dependent. 

In  our  earlier  work  we  have  demonstrated  that  one  can  be 
appreciably  misled  if  one  assumes  independent  component  lifetimes  when 
they  are  really  dependent.  One  purpose  of  this  renewal  is  to  explore 
improved  estimation  techniques  which  incorporate  some  dependence  structure 
between  the  potential  component  failure  times.  Another  aim  is  to 
investigate  techniques  which  identify  departures  from  independence.  A 
third  aim  is  to  obtain  modifications  of  the  product  lim.  estimator  in  the 
presence  of  independent  censoring  which  incorporate  some  parametric 
information  and  to  study  the  robustness  of  these  estimators  to 
misspecif ication  of  the  parametric  information. 
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In  suamary,  coapetlng  risk  analyses  have  been  performed  in  the 
past  and  will  continue  to  be  performed  in  the  future.  This  study  will 
provide  the  user  of  such  techniques  with  an  alternative  to  the  usual 
approach  of  assualng  Independent  risks,  an  assumption  which  most  of  the 
methods  currently  in  use  assume. 
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Re  port  of  the  Work  During  9-1-82  to  12-31-87 


■ 


We  shall  briefly  review  the  work  performed  during  September  1, 
1982  to  December  31,  1987  under  Air  Force  Office  of  Scientific  Research 
grant  number  82-0307  by  providing  a  summary  of  the  scientific  manuscripts 
arising  from  this  work,  and  stating  the  publication  status  of  such  papers. 

First  we  believe  that  substantial  progress  has  been  made  in 
assessing  the  error  in  modeling  system  life  in  a  series  system  assumed  to 
have  independent  component  lifetimes  when,  in  fact,  the  component 
lifetimes  are  dependent.  The  results  of  our  study  of  the  effect  of 
erroneously  assuming  independence  is  summarized  in  four  papers.  We  have 
investigated  in  detail  the  effects  of  this  assumption  for  several 
multivariate  exponential  distributions.  Results  for  multivariate  Weibull 
and  gamma  distributions  will  be  similar  since  these  can  be  obtained  from 
the  exponential  by  simple  marginal  transformations. 

The  first  paper  deals  with  the  model  proposed  by  Gumbel  {I960). 
Moeschberger ,  M.L.  and  Klein,  J.P.  (1984).  Consequences  of 
departures  from  independence  in  exponential  series  systems. 
Technometrics .  26;  277-284.  (Appendix  A).  This  paper  considers 
the  model 

P(X  >  X,  Y  >  y)  =  exp  (-.^^  x  -A^  y)  [1  +a(  1 -exp{ -/< ^ ) )  ( 1 -exp( >  J  • 
The  effects  of  erroneously  assuming  independence  on  modeling 
system  reliability  and  system  mean  life  are  examined  as  well  as 
the  effects  of  erroneously  assuming  independence  on  the 
Mann-Grubbs  (1974)  confidence  bounds  on  system  reliability. 


( 
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A  second  paper  investigates  the  effects  of  erroneously  assuming 
independence  in  both  parametric  estimation  of  component  parameters  and  in 
the  Kaplan-Meier  (1958)  product  limit  estimator  of  the  component 
reliability. 

Klein,  J.P.  and  Moeschberger ,  M.L.  (1984).  Asymptotic  bias  of 
the  product  limit  estimator  under  dependent  competing  risks. 
Indian  Journal  of  Productivity.  Reliability,  and  Quality  Control , 
9,  1-7.  (Appendix  B)  In  this  paper  it  is  shown  that  for  a 
general  dependence  structure  the  product  limit  estimator  is  not 
consistent  but  converges  to  another  marginal  distribution  which 
can  be  expressed  in  terms  of  the  system  reliability  and  the  crude 
system  reliability.  When  the  risks  are  dependent  and  fall  in  the 
constant  sum  class  of  Williams  and  Lagakos  (1977)  then  the 
estimator  is  consistent. 

A  third  paper  investigates  the  effect  of  the  independence  assumption 
in  both  series  and  parallel  systems  for  the  Marshal 1-Olkin  (1967) 
distribution. 

Klein,  J.P.  and  Moeschberger,  M.L.  (1986).  The  independence 
assumption  for  a  series  or  parallel  system  when  component 
lifetimes  are  exponential.  IEEE  Transactions  on  Reliability, 

Vol.  R-35 .  No.  3,  330-335.  (Appendix  C)  This  paper  shows  that 
for  the  Marshal 1-Olkin  (1967)  model  the  error  in  predicting  mean 
system  life  can  be  as  large  as  100^  of  the  mean  system  life  under 
independence  and  the  error  in  modeling  system  reliability,  which 
depends  upon  the  mission  time,  can  be  as  large  as  200%  for  large 
mission  times. 
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A  fourth  paper  compares  the  effects  of  the  Independence  assumption 
for  the  three  models  of  Gumbel  (1960),  the  model  of  Downton  (1970),  and 
the  model  of  Oakes  (1982). 

Klein,  J.P.  and  Moeschberger ,  M.L.  (1987).  Independent  or 
dependent  competing  risks?  Does  it  make  a  difference? 
Communications  in  Statistics  Issue  B-16,  No.  2,  507-533. 

(Appendix  D)  This  paper  considers  errors  in  modeling  system  mean 
life  and  system  reliability  for  the  above  models.  It  also 
examines  the  models  with  maximal  and  minimal  correlations 
(Frechet  (1951))  and  obtains  bounds  on  the  possible  error  one  can 
incur  in  modeling  system  mean  life  or  system  reliability. 

These  papers  show  that  even  for  relatively  small  correlation  there  is 
an  appreciable  estimation  error  one  incurs  in  estimating  the  parameters  of 
the  components . 

Another  line  of  research  on  the  grant  was  to  derive  bounds  on 
component  reliability  when  the  failure  models  are  dependent  and  fall  in  a 
particular  dependence  class.  The  details  for  our  approach  are  found  in 
the  following  paper 

Klein,  J.P.  and  Moeschberger,  M.L.  (1988).  Bounds  on  net 
survival  probabilities  for  dependent  competing  risks.  (To  appear 
in  Biometrics)  (Appendix  E).  This  paper  obtains  bounds  on  the 
component  reliability,  based  on  data  from  a  series  system,  for 
the  Oakes  (1982)  model.  Since  this  model  has  the  same  dependence 
structure  as  a  random  effects  model  with  w  have  a  gamma 
distribution,  these  bounds  are  good  for  a  general  class  of 
distributions.  The  bounds,  which  are  determined  by  specification 
of  a  range  of  coefficients  of  concordance,  are  found  by  solving  a 
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differential  equation  in  the  observable  system  reliability  and 
crude  life  on  one  hand  and  the  unobservable  component  survival 
function  on  the  other  hand. 

A  consequence  of  the  previous  research  was  the  development  of  a  test 
for  independence  when  the  component  reliabilities  are  known.  Details  of 
this  work  are  found  in  the  following  paper 

Klein,  J.P,  (1986).  A  test  for  independence  based  on  data  from  a 
series  system,  Reliability  and  Quality  Control,  A.P.  Basu,  ed. , 
235-244.  North-Holland .  (Appendix  F).  This  paper  provides  a 
modification  of  Kendall's  test,  based  on  the  coefficient  of 
concordance,  for  data  from  a  series  system.  The  test  uses  the 
component  survival  probabilities  to  partially  estimate  the 
probability  of  concordance  or  discordance.  A  Monte  Carlo  study 
shows  that  this  test  has  reasonable  power  for  several  underlying 
models  of  dependence. 

An  additional  line  of  research  has  consisted  of  examining  the  problem 
of  improving  the  product-limit  estimator  of  Kaplan  and  Meier  (1958)  when 
there  is  extreme  independent  right  censoring.  The  results  are  summarized 
in 

Moeschberger ,  M.L.  and  Klein.  J.P.  (1985).  A  comparison  of 
several  methods  of  estimating  the  survival  function  when  there  is 
extreme  right  censoring.  Biometrics .  41,  253-260  (Appendix  0). 
This  paper  looks  at  several  techniques  for  completing  the 
product-limit  estimator  by  estimating  the  tail  probability  of  tlie 
survival  curve  beyond  the  largest  observed  death  time.  Two 
methods  are  found  to  work  well  for  a  variety  of  underlying 
distributions.  The  first  method  replaces  those  censored 
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observations  larger  than  the  biggest  death  tine  by  the  expected 
order  statistics,  conditional  on  the  largest  death,  computed  fron 
a  Weibull  distribution.  The  Weibull  is  chosen  since  it  is  known 
to  be  a  reasonable  nodel  for  survival  in  nany  situations. 
Paraneters  of  the  nodel  are  estimated  in  several  ways,  but  the 
nethod  of  naxinun  likelihood  seens  to  provide  the  best  results. 
The  second  nethod  replaces  the  constant  value  of  the 
product-1 Inlt  estimator  beyond  the  last  death  tine  by  the  tail  of 
a  Weibull  survival  function.  Again  paraneters  are  estimated  by  a 
variety  of  methods  with  the  naxinun  likelihood  estimators 
performing  the  best. 

A  second  paper  which  has  been  developed  along  similar  lines  as  the 
one  preceding  follows. 

Klein,  J.P.,  Lee,  Shin  Chang,  and  Moeschberger ,  M.L.  (1987).  A 
partially  parametric  estimator  of  survival  in  the  presence  of 
randomly  censored  data.  (Currently  being  revised  for 
publication)  (Appendix  H).  This  paper  suggest  an  improvement  of 
the  Kaplan-Meler  product-limit  estimator  when  the  censoring 
mechanism  is  random.  The  proposed  estimator  treats  the 
uncensored  observations  nonparametrical ly  and  uses  a  parametric 
model  only  for  the  censored  observations.  One  version  of  this 
proposed  estimator  always  has  a  small  bias  and  mean-squared  error 
than  the  product-limit  estimator.  An  example  estimating  the 
survival  function  of  patients  enrolled  in  The  Ohio  State 
University  Bone  Marrow  Transplant  Program  is  presented. 

Another  line  of  research  has  been  developed  which  discusses  some 
general  properties  of  a  random  environmental  stress  model.  Suppose  that 
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under  ideal  conditions  such  as  one  aight  find  in  the  laboratory  testing 
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stage  of  development,  the  component  hazard  rates  are  h^(t) , .  .  .  .h^d) 
and  that  the  component  lifetimes  of  the  p  components  in  the  series  system 
are  independent.  When  the  system  is  put  into  use  under  field  conditions, 
there  is  a  common  environmental  factor  which  simultaneously  changes  each 

component's  hazard  rate  to  wh  (t),  wh,(t) . wh  (t).  We  have 

investigated  this  model  when  component  lifetimes  under  independence  are 
exponential  and  w  has  a  variety  of  distributions  including  the  uniform  and 
gamma  distribution  (Sukhoon  Lee's  Ph.D.  thesis  under  Dr.  Klein).  Also  we 
have  studied  this  model  when  the  components,  under  ideal  conditions,  are 
of  a  Weibull  form  and  w  has  a  gamma  distribution.  Estimation  of 
parameters  under  the  gamma  stress  model  is  considered,  and  a  new  estimator 
based  on  scaled  total  time  on  test  transform  is  presented.  These  results 
were  reported  in  a  series  of  papers. 

Klein,  John  P.  and  Lee,  S.  (1985).  "On  dependent  competing 
risks."  Contributed  Papers,  45th  Session  of  the  International 
Statistical  Institute.  Book  1,  263-264.  This  paper  surveyed  the 
random  environmental  stress  model  for  series  and  parallel  systems 
focusing  on  the  robustness  of  independence  assumption  in  modeling 
series  and  parallel  systems. 

Lee,  Sukhoon  and  Klein,  John  P.  (1987).  "Bivariate  models  with  a 
random  environmental  factor."  lAPQR  Transactions  (To  appear) 
(Appendix  I).  Studies  the  probabilistic  properties  of  the  random 
environmental  stress  model.  General  results  characterizing  the 
dependence  structure  are  obtained  and  several  specific  examples 
are  considered. 
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Lee,  Sukhoon,  and  Klein,  John  P.  (1987)  "Statistical  methods 
for  combining  laboratory  and  field  data  based  on  a  random 
environmental  stress  model."  (Submitted  for  publication) 
(Appendix  J).  In  this  paper  we  assume  the  environmental  stress 
model  with  exponential  distributions  for  the  components  under 
ideal  conditions  and  w  having  a  g2UMia  distribution.  The  type  of 
data  available  consists  of  component  data  collected  under  ideal 
conditions  and  system  failure  data  collected  under  operating 
conditions.  Maximum  likelihood  and  method  of  moments  estimation 
of  model  parameters  is  considered  as  well  as  a  least  squares 
estimator  based  on  the  total  time  on  test  transform.  The  problem 
of  experimental  design  is  also  considered  in  detail. 

A  final  paper  in  this  series  is 

Klein,  J.P.  and  Lee,  Sukhoon.  (1986).  A  random  environmental 
stress  model  for  competing  risks.  (Submitted  for  publication) 
(Appendix  K).  This  paper,  which  was  presented  at  the  1986 
Missouri  Conference  on  Reliability  and  Quality  Control  surveys 
the  results  reported  in  the  above  aspects. 

Another  paper  which  was  co-sponsored  by  this  grant  is 

Klein,  J.P.  and  Basu,  A.P.  (1985).  Estimating  reliability  for 
bivariate  exponential  distributions,  Sankhya  B:47,  346-353. 
(Appendix  L).  This  paper  considers  the  problem  of  estimating 
reliability  for  the  bivariate  distributions  of  Block  and  Basu 
(1974)  and  Marshall  and  Olkin  (1967).  For  the  Block-Basu  model, 
a  minimum  variance  unbiased  estimator  of  the  joint  survival 
function  is  obtained  in  the  case  of  identically  distributed 
marginals.  For  the  non-identical ly  distributed  case,  the 
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perforaance  of  the  ■axlaun  likelihood  estiaator  and  the 


I  i 

I  1 


jackknifed  ■axlaua  likelihood  estiaator  is  studied.  For  the 
Marshall-Olkin  aodel,  the  perforaance  of  several  different 
paraaeter  estiaators  and  bias  reduction  techniques  for  estimation 
of  joint  reliability  are  considered. 

Finally,  the  aost  recent  aanuscript  prepared  under  this  grant  was 

Klein,  J.P.  and  Moeschberger ,  M.L.  (1988).  The  robustness  of 
several  estiaators  of  the  survivorship  function  with  randoaly 
censored  data.  (Subaitted  for  publication).  (Appendix  N) .  This 
paper  studies  the  efficiency  of  the  Kaplan-Meier  and  the  fully 
paraaetric  approach  in  estimating  the  survivorship  function  when 
a  particular  aodel  such  as  the  exponential,  Weibull,  normal,  log 
normal,  exponential  power,  Pareto,  Goapertz,  gamma,  or  bathtub 
shaped  hazard  distributions  is  assumed  under  a  variety  of 
censoring  schemes  and  underlying  failure  models.  We  conclude 
that  in  most  cases  the  paraaetric  estimators  outperform  the 
distribution  free  estimator.  The  results  are  particularly 
striking  if  the  Weibull  form  of  these  estimators  are  used 
routinely. 

All  the  results  found  in  the  preceding  papers  have  been  presented  to 
regional,  national,  and  international  statistics,  reliability,  and  quality 
control  meetings. 
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This  article  i««cMi(alcs  the  ooatequenoei  at  departures  from  independenoe  when  the  oompo- 
nenl  litctimes  in  a  series  system  are  eiponenliatly  distribulcd.  Such  departures  are  studied 
when  the  joint  distribution  is  assumed  to  follow  a  Gumbel  bivariate  eiponential  model.  Two 
distinct  situations  arc  considered.  First,  in  theoretical  moddini  of  senes  tytiemt.  when  the 
disinbutioo  of  the  component  lifetimes  it  assumed,  one  wishes  to  compute  system  reliabiliiy 
and  mean  system  life.  Second,  errors  in  parametric  and  nonparameiric  esiuiiaiioa  of  compo¬ 
nent  reliability  and  oomponetil  mean  life  arc  studied  baaed  on  hfe-tess  data  collecied  on  tenet 
systems  when  the  assumption  of  indepeiidetioe  is  made  erroneously.  Systems  urith  two  com¬ 
ponents  are  studied. 


KEY  WORDS:  Competinf  risks:  Component  life;  Modehni  tesiet  systems;  Robustness 
studies:  System  reliability;  Cumbd  bivariate  eaponential. 


1.  INTRODUCTION 

Consider  a  system  consisting  of  several  components 
linked  in  scries.  For  such  a  system  the  failure  of  any 
one  of  Ihe  components  causes  the  system  to  fail. 
Common  assumptions  made  in  modeling  and  ana* 
lyzing  data  from  such  a  system  are  that  the  compo* 
nent  lifetimes  are  independent  and  exponentially  dis* 
(ribuied.  Many  authors  have  considered  the  problem 
of  analyzing  a  series  system  with  exponential  compo¬ 
nent  lives.  For  example,  confidence  bounds  for  system 
reliability  assuming  independent  exponentially  dis¬ 
tributed  component  lifetimes  were  presented  in  Mann 
(1974)  and  Mann  and  Grubbs  (1974).  (See  Mann, 
Schafer,  and  Singpurwalla  1974  for  a  more  compre¬ 
hensive  review.)  More  recently,  work  invoking  the 
assumption  of  independent  exponentially  distributed 
lifetimes  has  been  presented  by  Chao  (1981)  and  Mi- 
yamura  (1982).  Estimation  of  component  parameters 
from  series  system  data  has  been  treated  by  Board- 
man  and  Kendell  (1970)  in  the  context  of  independent 
exponential  component  lives.  Some  authors  suggest  a 
nonparametric  alternative  to  the  estimation  of  com¬ 
ponent  reliability  based  on  series  system  data  (com¬ 
pare  Kalbfleisch  and  Prentice  1980  and  Lawless  1982). 

The  assumption  of  independenoe  is  essential  to 
these  analyses  and  an  important  concern.  Several  au¬ 
thors  have  shown  that  this  assumption,  by  itself,  is  not 
testable  because  based  on  data  from  a  series  system, 
there  is  no  way  to  distinguish  between  an  independent 
and  a  dependent  model.  (See  Tsiatis  I97S.  Peterson 


1976,  and  Basu  1981  for  a  discussion  of  nonidentiha- 
bility  results.)  In  many  situations  one  may  be  appre¬ 
ciably  misled  by  the  independenoe  assumption. 

Lagakos  (1979),  in  a  study  of  the  effects  of  various 
types  of  dependence  among  component  lifetimes, 
notes  that  most  methods  of  analysis  have  assumed 
noninformative  models  of  which  indepiendence  is  a 
special  case.  He  points  Out,  “it  is  important  to  be 
aware  of  the  possible  consequences  of  making  this 
assumption  when  it  is  false"  (p.  152).  Furthermore, 
Easterling  (1980)  states  in  his  review  of  Birnbaum's 
(1979)  monograph  on  competing  risks,  “(here  seems  to 
be  a  need  for  some  robustness  studies.  How  far  might 
one  be  off,  quantitatively,  if  his  analysis  is  based  on 
incorrect  assumptions?"  (p.  131 ). 

In  this  article  we  consider  the  consequences  of  de¬ 
partures  from  independence  when  the  component  life¬ 
times  are  exponentially  distributed.  Such  departures 
may  be  related  to  some  common  environmental  factor 
that  is  present  only  when  the  components  are  linked 
together  in  series.  The  load  each  component  is  subject 
to  is  cither  reduced  or  increased  according  to  the  age 
of  the  system.  To  study  such  departures,  we  have 
selected  a  model  proposed  by  Gumbel  (I960). 
Gumbel's  model  retains  the  assumption  of  exponen¬ 
tially  distributed  component  lifetimes  while  allowing 
the  flexibility  of  both  positive  or  negative  mild  corre¬ 
lation  between  component  lifetimes. 

The  effects  of  a  departure  from  the  assumption  of 
independent  component  lifetimes  in  a  series  system 
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will  be  ttdUrcsscd  for  (wo  distinct  situations.  The  first 
situation  arises  in  modeling  (he  performance  of  a  the¬ 
oretical  series  system  constructed  from  two  compo¬ 
nents  whose  lifetimes  are  exponentially  distributed 
Here,  based  on  testing  each  component  separately  or 
on  engineering  design  principles,  it  is  reasonable  to 
assume  (hat  the  components  are  exponentially  distrib¬ 
uted  with  known  parameter  values.  Based  on  this 
information,  we  wish  to  calculate  parameters  such  as 
the  mean  life  or  reliability  of  a  series  system  construct¬ 
ed  from  these  components.  In  Section  2  we  describe 
how  the  values  of  these  quantities  are  afTected  by 
departures  from  independence  when  the  component 
parameters  are  completely  specified.  In  Section  3  we 
study  the  peKormance  of  the  Mann-Grubbs  (1974) 
confidence  bounds  on  system  reliability  for  small 
sample  sixes  and  for  varying  degrees  of  correlation, 
when  the  component  parameters  are  estimated  from 
component  data. 

The  second  situation  involves  making  inferences 
about  component  lifetime  distributions,  reliabilities, 
and  mean  lives  from  data  collected  on  series  systems. 
Commonly,  data  collected  on  such  systems  are  ana¬ 
lyzed  by  assuming  a  constant-sum  model,  of  which 
independence  is  a  special  case  (compare  Williams  and 
Lagakos  i977  and  Lagakos  and  Williams  1978).  In 
Section  4  we  study  (he  properties  of  the  maximum 
likelihood  estimators  of  component  parameters  calcu¬ 
lated  under  an  assumption  of  independent  ex¬ 
ponential  component  lifetimes  when  the  component 
lifetimes  are  Gumbel  bivariate  exponential  Because  of 
(he  widespread  use  of  nonparametric  estimates  of 
component  reliability,  we  also  present  in  Section  5  the 
estimation  error  of  (he  Kaplan-Meier(  1 938)  estimator 
when  the  assumption  of  independence  is  made  er¬ 
roneously. 

2.  MODELING  SYSTEM  RELIABILITY  FROM 

COMPLETE  COMPONENT  INFORMATION 
Consider  a  two-component  series  system  with 
component  life  lengths  X„  X,.  Suppose  that  Af,  has 
an  exponential  survival  function 

F,{t)  =  >  t)  »  exp  ( -  l,t). 

A..  (  >  0.  I  »  I.  2. 

This  assumption  is  made  on  the  basis  of  extensive 
testing  of  each  component  separately  or  on  knowl¬ 
edge  of  the  underlying  mechanism  of  failure.  The 
value  of  IS  assumed  known.  If  X,,  AT j  arc  indepen¬ 
dent.  (hen  the  time  to  system  failure  has  an  ex¬ 
ponential  distribution  wnh  failure  rate  /.  »  -t- 

and  (he  system  reliability  is  given  by 

f,|/)  >1  P(min  (AT,.  .Y,)  >  r  | independence] 

>  exp  I -/.().  (2.1) 
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Suppose  that  the  actual  joint  distribution  of  (.V,. 
X has  the  form  proposed  by  Gumbel  (I960),  namely. 

P(-V,  >  X,.  Yj  >  X,)  -  [cip(-;.,x,  -  2,x,)] 

*[1  +0(1 -cxp(-2,x,))(l  -exp  (  -  X,))]  (2.2) 

The  joint  probability  density  of  (Af ,.  X  is 

•/(*!.  xj)  =  ;.,i,[exp(-;.,x,  -  A,x,)) 

K  [I  a(2  exp  (  -/.,x,)  -  I) 

«  (2exp(-A,.v,)  -  I)].  (2.3) 

where  tn  both  (12)  and  (2.3),  x,.  x,.  A.,.  A,  >  0. 
-  I  S  a  ^  I.  This  distribution  has  marginal  survival 
functions  equivalent  to  those  for  the  independent 
mode),  which,  in  part,  is  the  reason  for  choosing  it. 
The  correlation  between  X Af,  is  p  =  a/4,  and  a  =  0 
is  equivalent  lo  AT,.  Af^  being  independent.  For  p  >  0 
(<0)  the  components  arc  positively  (negatively) 
quadrant-dependent  (sec  Barlow  and  Proschan  1973). 
Furthermore,  the  conditional  expectation  of  Af ,.  given 
-*■1  -  x,.is 

£(Af,  I  Af,  »  X,)  »  T-  [I  +  2p  -  4p  exp  ( -/.,  x,)]. 

lf(Af,.  AT,)  have  the  joint  distribution  (2.3).  then  the 
true  system  reliability  is 

■  f*tmin  (Af„  X,)  >  1 1  dependence] 

>exp(-2r)Cl  +  4p(|  -  exp  (-;.,()) 

a  (1 -exp(-;.,f))].  (2.4) 

From  (2.1)  and  (2.4)  we  see  that  the  error  in  mod¬ 
eling  system  reliability  is 

A(r)  «  F^t)  -  F,(i) 

»  4p[|  -  exp  (-;.,()][ I  -  exp  (-;.,  0] 

X  exp  (-(A,  4- ;.,)().  (2.5) 

Note  (hat  |  A(t)|  increases  as  |p|  increases,  for  fixed 
.  and  t.  The  magnitude  of  Alt),  of  course,  depends  on 
r-i.  A, .  t.  and  p.  When  a,  «  «,  ■>  one  can  show  that 
A(()  is  maximized  at  t  >  [In  2]/^  (fixing  p  and  <^).  The 
value  of  |A(i)|  at  this  point  is  |p|/4.  which  is  at  most 
1/16.  Representative  values  of  Fj/t)  for  a,  =  I,  = 

1.5.  and  p  *  —.25.  —.125,0,  .125,  and  .25  are  plotted 
in  Figure  I.  The  curve  with  p  =  0  corresponds  to  the 
system  reliability  if  the  assumption  of  independence  is 
true.  Since  most  applications  of  interest  involve  relia¬ 
bilities  of  .75  or  greater,  in  Figure  2  we  plot  the  ratio 
of  the  100  pth  upper  percentiles  under' dependence  and 
independence  versus  (he  correlation.  From  Figure  2  it 
appears  that  when  the  predicted  system  reliability 
under  independence  is  greater  than  .90.  misspecifying 
the  dependence  parameter  has  little  effect.  In  the  range 
where  the  predicted  system  reliability  under  indepen¬ 
dence  is  less  than  .75.  however,  misspecifying  the  de- 
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Figure  1.  System  ReliebilitY  for  Gumbet’s 
Model, 


pendenoe  perameter  may  lead  to  errors  exceeding  6*/«. 
Maximum  values  of  |^t)|  are  presented  in  Table  I  for 
>1,  -  1  and  various  values  of  ij. 

The  mean  time  to  system  failure  based  on  (2.1), 
assuming  independence,  is 

-  lA-l.  +  (Z-fi) 

and  that  based  on  (Z4)  is 


I 

""  ■  (i,  +  -I,) 


3 

2(A,  +  Xj) 


1 

(2i,  +  -I,) 


(2,  +  22,)]- 


(2.7) 


The  amount  of  error  in  modeling  system  mean  life  is 

_  6p2|2j 

^'“(2,  +2,X22, +2,K2,  +22,) 

(22.  +  2,K2,  +  22,)*  ' 

whose  absolute  value  obviously  increases  as  |p|  in¬ 
creases.  If  2,  -  2, .  this  error  reduces  to  2p^,/3.  which 
has  a  maximum  absolute  value  of  /*,/6. 

It  is  apparent  from  Table  I  and  Equations  (2.5)  and 
(2.8)  that  the  error  in  modeling  system  reliability  and 
mean  system  life,  based  on  independence,  increases  as 


Figure  2.  Ratio  of  100  pth  Percentile  Under  De¬ 
pendence  and  Independence  Versus  Correlation  for 
2,  =1  .Xt=l  5. 


I  p  I  increases  and  is  a  function  of  the  relative  sizes  of  2, 
and  2,.  In  particular,  when  the  mean  life  of  one  com¬ 
ponent  is  substantially  greater  than  the  mean  life  of 
the  second  component,  then  the  behavior  of  the 
system  is  well  approximated  by  the  behavior  of  the 
shorter-lived  component  acting  alone.  This  can  be 
seen  in  (2.4)  and  (2.7)  by  letting  2,  —  0.  In  this  instance 
we  also  see,  from  (2.5)  and  (2.8),  that  the  amount  of 
error  incurred  by  assuming  independence  is  negligible. 

3.  ESTIMATING  SYSTEM  RELIABILITY 
FROM  COMPONENT  DATA 
A  common  practice  in  predicting  system  reliability 
is  to  test  each  of  the  components  independently  and 
then  to  use  the  data  to  obtain  confidence  bounds  on 


Table  1 .  Maximum  Values  of  \  A(f )  |  for  2,  =  f 
and  Various  Values  of  X^ 


Mwr|A(r)| 

2 

.056 

4 

.041 

8 

.025 

16 

014 
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system  reliability  these  bounils.  obtained  by  Mann 
and  Grubbs  (1974),  assume  that  the  component  life¬ 
times  are  exponential  and  that  the  components  act 
independently  when  linked  in  series.  In  the  bivariate 
case  the  bounds  are  computed  as  follows:  For  the  yth 
component,  suppose  that  prototypes  have  been 
tested  until  failures  occur.  Let  /y  be  the  total 

time  on  test  for  the  /th  component.  Define 


and 


Af 


l)/Zy  + 


Ik-  i>/2r 


(3.1) 


IK- 


11/2;  + 


Ik  -  »/2; 

Ik  -  o/z/ 


(3.2) 


An  appru.simaie  '/-level  lower  confidence  bound  for 
system  reliability  at  time  r_  is 

e*p[-i.M*|l  -  ^'•A9/M•^) -I- .r^f'*)'"‘A3Af •)}’]. 

(3.3) 

where  if,  is  the  100/  percentile  of  a  standard  normal 
random  variable. 

When  the  system  being  evaluated  has  dependent 
components,  these  bounds  may  be  misleading.  The 
problem  is  that  component  data  are  independent, 
since  the  components  are  tested  separately,  but  when 
they  are  put  together  into  a  system,  some  interdepen¬ 
dence  may  develop.  Of  course,  such  dependence  is  not 
detectable  in  the  absence  of  some  system  data,  since 
the  data  on  components  we  sec  are  independent.  To 
study  the  performarKe  of  the  bound  (3.3)  when  the 
correct  system  model  is  the  Gumbel  model  (2.2).  a 
simulation  study  was  performed.  For  each  simulated 
sample,  n,  observations  from  exponential  populations 
with  mean  I//.,.  /  »  I.  2.  were  simulated.  The  two 
samples  were  generated  independently.  The  confi¬ 
dence  bound  (3..f)  was  obtained.  This  was  then  com¬ 
pared  to  the  true  system  reliability  at  various  /»’s 
obtained  from  (2.4).  Ten  thousand  such  bounds  were 
simulated  for  each  set  of  parameter  values.  The  esti¬ 
mated  coverage  probabilities  for  the  Mann-Grubbs 
bounds  (i.c  .  the  proportion  of  times  that  the  Mann- 
Grubbs  intervals  assuming  independence  actually 
contained  the  true  system  reliability)  for  n,  =  n.  =  3. 
5,  10.  ,  =  10.  /.}  »  I.  5.  at  f.  .1  are  reported  in 

Table  2  Here  the  true  system  reliability  under  depen¬ 
dence  ranees  from  76X4  .u  /i  =  -  25  to  7X91  at 
fi  =  25.  with  a  value  of  77XX  at  p  =  0 

The  results  in  Table  2  show  that  at  high  negative 
corrclaiions.  the  coverage  probabilities  arc  signifi¬ 
cantly  lower  than  claimed  under  independence,  and 
for  a  high  positive  correlation,  the  intervals  are  con¬ 
servative  3  Ins  trend  becomes  more  exaggerated  as  n,. 
nj  increase  because  the  bound  approaches  the  reliabil¬ 
ity  under  independence.  As  seen  in  Section  2.  the  true 


Table  2.  Estimated  Coverage  Probabilities 
for  Mann  ■  Grubbs  Bounds 
=15) 


Co*f4*9t*On 


"l 

JS 

15  05 

0 

05 

15 

3 

3 

ss 

»3  4I* 

}4  1 1*  94  74 

9S0S 

95  77 

95  80* 

96  77 

3 

3 

90 

87  40* 

88  47*  89  37* 

89  78 

90  70 

91  18* 

97  IS 

3 

3 

75 

71  03* 

77  S3*  74  13* 

74  88 

76  58 

77  34- 

78  81 

S 

S 

95 

13  11* 

94  04*  94  90 

9S76 

95  67* 

96  17- 

96  81 

3 

s 

90 

87  17* 

88  48*  89  8S 

90  39 

91  10 

97  13* 

93  14 

S 

i 

75 

8168* 

77  07*  74  10* 

7513 

76  14- 

78  37* 

80  03 

10 

10 

95 

1703* 

93  47*  94  sa 

95  00 

95  51* 

96  47* 

97  14 

10 

to 

90 

8113* 

8  7  70*  89  34* 

90  71 

91  05* 

97  so¬ 

93  93 

10 

to 

75 

67  77* 

70  90*  74  17* 

75  63 

77  05" 

il  87* 

87  56 

•  Ai  icMi  •«*04«  Above  ••wi 

*  Al  ••Ml  l«wO  ttOMdAfO  OWO**  bC«Ow  (ov*! 

N0T€  lb«AbOv*MtimAI«SAc««pO*08*m«<««v  2to«lb« 

9QI«vH  Afvd  4(o*ib«  7Si«v«i 


reliability  at  t  is  an  increasing  function  of  p  so  that 
asymptotically  coverage  probabilities  approach  0  (or 
I)  for  p  <  0 1  >0).  For  sample  sires  in  the  range  of  3  to 
10.  the  estimated  coverage  probabilities  for  p  <  0  are 
statistically  significantly  lower  than  expected.  On  the 
practical  side,  however,  they  are  not  of  sufficient  mag¬ 
nitude  to  cause  great  concern,  especially  at  >-  9S. 

4  parametric  ESTIMATION  OF 
COMPONENT  PARAMETERS 
In  this  section  we  are  interested  in  examining  how 
the  independence  assumption  aflects  the  magnitude  of 
the  estimation  error  in  estimating  component  mean 
life  from  data  collected  on  series  systems.  That  is,  for 
each  system  tested,  we  observe  its  failure  lime  and  an 
indicator  variable  that  tells  us  which  component 
caused  the  system  to  fail.  We  are  interested  in  how 
varying  degrees  of  dependence  affect  the  bias  and 
mean  squared  error  (MSE)  of  the  maximum  likeli¬ 
hood  estimator  of  component  mean  life  obtained  by 
assuming  •ndc|xndcni  component  lifetimes 

We  assume  that  the  two  components'  survival  func¬ 
tions  arc  F,{t)  M  exp  (  -  /.,().  i  w  1.2.  and  a  life  test  is 
conducted  by  putting  n  systems  on  test.  We  observe  n, 
systems  failing  because  of  failure  of  the  ilh  component. 
I  =  1.2.  Let  T  denote  the  sum  of  all  n  failure  times. 
From  Moeschberger  and  David  (1971).  the  maximum 
likelihood  estimator  of  ,  assuming  independence,  is 

=  '!,/.  1=1.2. 

so  ihc  estimator  of  component  mean  life,  /i,  =  /.  ' .  is 

/I,  =  /  II,  if  II,  >0  (4  1) 

Novi  suppose  that  wo  are  in  fact  sampling  from  the 
Gumbel  distribution  (2.3)  I  or  this  model,  component 
mean  life  is  the  siiine  a>  in  the  independent  case.  The 
random  variables  In,,  /')  are  independent  (the  con- 
ditK'nal  distribution  of  T  given  n.  i>  free  of  n  ).  and  n,  is 
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binomul  with  p^ramcier^  n  and  p,  =  /'|min(A',. 
-V  .)  =  A'.l.  For  lliis  iji<hIc"I. 

P,  =  nX,  <  A', I 

^  ^  f  I  ^  _ •*!'('■  X  -  '  il'  i _ ) 


wiih  Pj  =  I  —  p,.  From  Mendenhall  and  Lehman 
(I960(.  approximaiions  lo  the  moments  of  l/n,.  con¬ 
ditional  on  n,  >  0.  arc 


F(  1  /ii.  1  n.  >  0)  = 


n(u  -  l| 


,  (n  -  2Xn  -  3) 

/■(I  II- I II  >  0)  =  -; - (4  4( 

rt-(ii  -  IXi'  -  2| 

where  a  =  (n  -  Dp,  The  expected  value  of  T  is  given 
by  npo .  vvhere  /<„  is  given  by  (2.7).  and 

r  2  -t-  lO/i  „  /  1 

“  ’'{iSTHi? 

Thus,  the  bias  and  MSR  of  /i,-,  conditional  on  n,  >  0. 
under  this  model  arc 

«i».i  -  ti«:,  -  ,o  -  ‘  |4,6| 


MSE  (//,)  =  F.t.T^)E(\  /n}  \n,  >  0) 


2p.(n  -  2)Pn 
[(ii  -  Dp.  -  I  ] 


-l-p'.  (4.7) 


for  i  =  1.2. 

We  note  that  for  large  samples. 

Iim  S(p,)  =  —  -  p, 
P, 


,)  =  ^  hm  H(p,)^ 


lim  MSI:  (/X 


for  X  =  1.2  For/. ,  =  /,  from  (4,6|.  we  sec  that 

,  I  +  2(11  -  2)p'.^ 
fl(/X|  )  =  - - - - /I, 

(n  -  .1) 

/X|  2(rt  2)p/x, 

=  — 4-*--; - -  (4.10) 

A  similar  expression  holds  for  /K/x.)  Note  that  (4  10) 
consists  of  two  terms.  The  lirst  term,  reflecting  sam¬ 
pling  error,  is  positive  for  all  n  and  dominates  the  bias 
expression  for  small  n.  The  second  term,  reflecting 
modeling  error,  takes  on  ihc  same  sign  ;is  the  corre¬ 


lation  and  dominates  for  large  n.  appro.njlimg  the 
limit  of  2p/i,  1 
When  /,  =  /  .. 

2p;(ii'  —  2ii  +  3i  2;i;('i  2i 

MSI  (p,i 

X  1(19x1  -  2Dp  t-  2(<'  'X'l  Dx>’;  (4.1 1) 

As  in  the  bias  expression,  the  MSI:  relkcts  a  sampling 
error  term  and  a  modeling  error  term  The  modeling 
error  is  a  quadratic  function  of  p  for  lived  n  For 
XI  >  5.  this  error  is  increasing  in  p  for 

I  (19x1  -  2D 

^  ~  4  (n  -  .IXx,  _  1) 
and  decreasing  in  p  for 

I  (19x1  -  2D 
”  4  (XI  -  2)(x)  -  I ) 

For  sample  sizes  between  5  and  21.  the  modeling 
error,  and  hence  the  MSE.  is  a  strictly  increasing 
function  for  all  p€  [  -  i.  i]  For  n  >  21.  the  mini¬ 
mum  MSE  is  achieved  at  p  <  0  As  xi  approaches  x. 
the  value  at  which  the  smallest  MSE  occurs  tends  to  0 
For  unequal  component  means  a  similar  result 
holds.  Figure  3  shows  the  bias  as  a  function  of  p  for 


cantici.ni  tOH 

Figure  3.  Bi3s  o1  p,  Under  Gumbel' s  Mode!  for 
/,  =  f .  f  5 . 
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Figure  4,  Ram  of  JMSE  (m,  lfi)/MS£ 
for  Various  Sample  Sues  n  and  for  X,  «  / ,  A,  «  7  5. 

various  sample  sizes  when  «  1.0  and  a,  »  1.5. 
Figure  4  depicts  the  ratio 

v'MSE(;2,|p)/MSE(>i,lp  -0) 

as  a  function  of  p  for  various  sample  sizes  when  « 
1.;.,  =  1.5 

5  BIAS  OF  THE  PRODUCT 
LIMIT  ESTIMATOR 

A  second  approach  to  the  problem  of  estimating 
component  parameters  is  via  the  nonparametric  esti¬ 
mator  proposed  by  Kaplan  and  Meier  (1958).  Investi¬ 
gators  who  routinely  use  nonparametric  techniques 
may  lake  this  approach  in  hopes  of  obtaining  esti¬ 
mators  that  arc  robust  with  respect  to  the  assumption 
of  exponentiality  The  purpose  of  this  section  is  to 
show  that  such  estimators  are  not  necessarily  robust 
with  respiect  to  the  assumption  of  independence  when 
the  marginals  are,  in  fact,  exponential. 

The  product  limn  cstir'ator,  assuming  independent 
risks.  IS  constructed  as  follows.  As  before,  suppose  n 
systems  are  pul  on  test  at  time  0  and  n,  systems  fail 

owing  to  failure  of  component  i.  Let  . ^ 

denote  the  ordered  times  at  which  these  n,  events 

occur,  and  let  r . .  be  the  ranks  of  those  ordered 

survival  limes  among  all  n  ordered  lifetimes.  The  com¬ 
ponent  reliability  for  the  ith  component  at  lime  x  may 
now  be  estimated  by  the  product  of  the  individual 


conditional  survival  probabilities,  namely,  by 
/■((.x)  -  I  if  X  <  t„,| 


where /(i.  x)  is  the  largest  value  of  j  for  which  x.,^,  <  x 
A  special  note  is  needed  to  cover  the  case  m  which 
is  not  the  largest  observed  death  To  avoid  this 
problem,  we  shall  define  fi(.x)  =  0  for  x  greater  than 
the  largest  observed  failure  time. 

If  the  component  lifetimes  in  fact  follow  the 
Gumbel  bivariate  exponential,  we  can  see  that  the 
Kaptan-Meier  estimator  is  not  consistent.  For  i  =  I. 
the  Kaplan-Meier  estimator  is  not  estimating  F^{[). 
but.  rather,  another  survival  function.  /?  ,(f ),  given  by 


-exol  ;  r 

[I+Ml  -« 

-‘-XI -2e-^-)] 

e*p| 

[l+Ml-e 

-‘-Xl 

aU  >  , 

t  >  0. 

(5.1) 

Note  that  if  . 

i2-«.(5.I)is 

simplified  to 

/?,«)  - . 

+  4p(I 

(5.2) 

which  is  increasing  in  p.  Similarly.  Fj{t)  is  actually 
estimating  /?](().  which  is  defined  analogously. 
Measures  of  the  error  in  estimating  F,{t)  by  f.ii)  are 


Figure  5.  Bias  of  Kaplan-Meier  Estimate.  ^,(f) 
i,  -  f  .A,  -  15. 
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the  bias  and  MSE  of  computed  under  Ihe  depen¬ 
dence  model.  Under  this  model,  the  Kaplan-Meier 
estimator  is  equivalent  to  the  estimator  one  would 
obtain  based  on  n  observations  from  an  independent 
system  with  component  survival  distributions  R, 
given  by  (5.1)  or.  if  A,  «  a,,  by  (5.2).  Hence  from 
Kaplan  and  Meier  (I9S8X  the  variance  of  ^|<i)  is  given 
by 


RM 


■f 


\‘iR,{u)\ 


(5.3) 


Thus  from  (S.  I )  and  (5.2),  the  bias  and  MSE  of  T^t)  are 

=  RM  ~  Pm.  t  ^  a  (5.4) 

and 


MSE  (^,(f))  =  (/?,(t)  -  r^t))' 


+  rm^ 


n<iRM\ 

Jo  «fl<(u)^  ' 


i>0.  (5.5) 


The  estimator  is  not  consistent,  since  B(FM)  inde¬ 
pendent  of  n  and  not 'necessarily  zero.  Also.  MSE 
(PM)  consists  of  a  factor  that  depends  only  on  the 
model  error  and  is  free  of  sample  size  and  of  a  term 
that  tends  to  0  as  n  tends  to  infinity. 

Note  that  in  the  case  of  equal  component  lifetime 
distributions,  x,  -  ■  4,  the  bias  determined  from 

(5.2)  and  (5.4)  simplifies  to 


B{Fm)  -  e-*'{[l  +  4(1  -  ~  1}.  (5.6) 


Figure  6.  MSE  of  Kapfan-Moiar  Estimate.  P,(t). 
2,  -  r.2,  -  f5.rt  -W. 


Figure  7.  MSE  of  Kapian-Meier  Estimate,  P,(l), 
2,  -f.2,  «r5.n  mSO. 


In  the  genera)  case,  the  inugral  in  (5.1)  needs  to  be 
evaluated  numerically.  The  bias  of  tbe  Kaplan-Meier 
estimator  was  calculated  for  various  values  of  2,  and 
p.  A  representative  plot  of  the  bias  appears  in  Figure 
5.  where  2,  -  1. 2,  -  U,  and  |p|  -  0.  .125,  .250.  It  U 
apparent  that  tbe  bias  is  largest  for  values  of  i  in  the 
neighborhood  of  an  interval  that  captures  the  mean 
component  lifetimes.  The  absolute  value  of  the  bias 
ranges  from  0  to  .1 1  in  this  example. 

MSE  (PAO)  ^as  calculated  for  various  values  of  2^. 
R.  and  p.  Its  magnitude  is  typified  in  Figures  6  and  7, 
where  2,  >  I.  2}  »  1.5,  and  n  «  10,  50,  respectively. 
For  2,  K  1,  2}  B  1.5,  and  n  «*  oo,  MSE  (P(i))  may  be 
obtained  by  squaring  (5.4)  or  by  squaring  the  ordinate 
values  in  Figure  5.  The  MSE  of  the  Kaplan-Meier 
estimator  may  be  quite  large  for  small  sample  size  n 
and  moderately  large  for  'large"  p,  the  former  being  a 
more  crucial  factor  than  the  latter. 

6.  SUMMARY 

The  results  presented  here  show  that  for  the 
Gumbel  model,  one  may  be  misled  by  falsely  as¬ 
suming  independence  of  component  lifetimes  in  a 
series  system.  In  modeling  system  reliability  based  on 
complete  information  about  two  marginal  component 
life  distributions,  effects  of  erroneously  assuming  inde¬ 
pendence  of  component  lifetimes  is  most  pronounced 
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for  system  reliabilities  smaller  than  .73.  For  system 
reliabilities  larger  than  .90,  this  effect  is  loo  small  to  be 
of  practical  interest.  The  effects  of  a  departure  from 
independence  on  the  MaiusiGnibbs  bounds  for  small 
sample  sizes  seems  to  be  negligible  for  confidence 
levels  greater  than  .90.  But  for  either  large  sample 
sizes  dr  smaller  confidence  levels,  one  may  be  appre¬ 
ciably  misled. 

For  the  dual  problem  of  estimating  component  re¬ 
liability  based  on  data  from  a  scries  system,  it  appears 
that  departures  from  independence  are  of  a  greater 
consequence.  Both  parametric  and  nonparametric  es¬ 
timators  of  relevant  component  parameters  are  iiKon- 
sisteni.  Although  under  independence,  the  bias  of  the 
estimators  of  interest  clouds  the  issues,  it  is  dear  that 
for  larger  negative  correlations  these  estimators  tend 
to  underestimate  the  parameter,  whereas  for  large 
positive  correlations,  the  reverse  is  true. 
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Abstkact 

A  ocmuDoo  tanimption  made  in  analyzing  competing  risk  experi¬ 
ments  is  that  the  risks  are  stochastically  independent  Under  that 
assumption  the  prodoct  limit  estimator  it  a  consistent  estimator  of  the 
marginal  sorvival  fnnction.  We  show  that  when  the  risks  are  not 
independent  the  product  limit  estimator  converges,  with  probability  one, 
to  a  survival  function  which  may  not  be  the  same  as  the  marginal 
survival  Auction  of  interest. 


1.  iNTtOOUCTlON 

Competing  risks  arise  in  a  wide  range  of  life  testing  problems. 
Typical  areas  of  application  are  the  study  of  series  systems  in  the 
engineering  sciences  and  biological  systems  in  the  medical  sciences. 
An  important  area  of  application  is  the  analysis  of  censored  data  where 
some  systems  or  individuals  are  lost  or  withdrawn  from  a  study  prior 
to  observing  the  endpoint  of  interest.  Competing  risks  are  often 
modeled  by  a  vector  T  =  (Ti,  Tp)  of  nonnegative  random 

Variables  representing  the  potential  times  to  failure  from  each  of  the 
p  Causes.  We  cannot  observe  T  directly  but  instead  we  see  the  system 

failure  time  Y  «  min  ...,p)  and  the  failure  pattern 

g(D  —  I  such  that  Y  =  Ti  for  i«  I  and  Y  <  r<  f  g  I,  where  It/  the 


I 


/ 
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tet  of  all  sntttets  of  Based  on  this  information  we  wish 

to  estimate  the  marginal  survival  probabilities 

-  f'(inin(r<, /«!)> /),  f>0,  !•/. 

A  common  assumption  made  in  analyzing  competing  risk  experi* 
mmits  is  that  the  TfS  are  independent  random  variables.  Such  an 
assumption  is  not  testable  due  lo  the  ideatifiability  dilemma  (see  Basu 
(19S1)).  Under  an  assumption  of  independent  risks  a  consistent  esti¬ 
mator  of  Si(t)  u  the  Kaplan-Meier  (1958)  product  limit  estima¬ 
tor.  In  Section  2  we  show  that,  if  the  risks  are  dependent,  then  the 
product  limit  estimator  may  be  an  inconsistent  estimator  of  5j  (t). 
The  quantity  to  which  this  estimator  converges  is  obtained  so  that  one 
may  investigate  the  estimator’s  robustness  to  departures  from  indepen¬ 
dence.  In  Section  3  we  illustrate  such  robustness  considerations  for  some 
well-known  bivariate  exponential  distributions. 

2.  lNCX)MSISrBNCy  OF  THE  PKODUCT  LIMIT  ESTIMATOR 

The  Kaplan-Meier  product  limit  estimator  is  constructed  as 
follows.  Let  0  =>  T(t)  <  F(x)  <  . . .  <  Y(n)  denote  the  ordered  system 
failure  times  of  n  systems  put  on  test.  The  product-limit  estimator  of 
Si  (t)  is 

1)1  (2.1) 
where  the  product  is  over  the  ranks  f  of  those  ordered  observations  T(iy, 
1  <  /  <  R,  such  that  <  t  and  corresponds  to  a  death  from  the 

simultaneous  cause  (s)  jtJ,  /  D  I  #  {()  is  undefined  for  t  >  ^'(n) 

if  the  largest  failure  time  corresponds  to  causes  in  /  where  7  p  I  ^  ll. 

If  the  assumption  of  independence  is  correct  and  the  crude  proba¬ 
bility  functions  defined  by  F[t,  I)  =  P(F>  t,  £(r)  «I)  have  no 

common  discontinuities  then  Langberg,  Proschan  and  Quinzi  [LPQ 
(1981)]  have  shown  that  the  product  limit  estimator  is  consistent.  They 
also  show  that  if  the  P{t,  I)’s  have  no  common  discontinuities  then  for  a 
very  particular  form  of  dependence  structure  the  product  limit  estimator  is 
consistent.  We  note  in  the  following  theorem,  that  their  results  can  be 
used  to  study  the  robustness  of  the  product  limit  estimator  to  departures 
from  independence  and  that,  in  general,  if  the  risks  are  dependent  then 
the  product  limit  estimator  (2.1)  is  inconsistent. 
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Thtormn  1. 

Let  T  •••>  A  vector  of  non-negative  random  variables 

wHh  system  life  7  =  min  (  T, . I> )  and  failure  pattern 

6tr)-r, if  r  =  r<,/eiand  r’<ry,y#i  (2,2) 

s  4,  otherwise. 

Define  f  (t)  -P(7>  t),  r{  t,  I )  -  (  7<  r,  £  (J)  -  I ),  lei, 

t  >  0,  and  let  <  { /)  -  {  /  :  ^  ( t)  >  0}  be  the  support  of  F.  For  I  e  / 
define /x  =  {/£/ :/n  I#^)*  Based  on  a  random  sample  of  size  n 

let  (0  be  the  product  limit  estimiator  ( 2, 1 ).  If  the  functions  F(  *,  I ) 
have  no  common  discontinuities  on  [  0,  <  (  ^ )]  then 

(2.3) 


^1*11  { I)  ^ 


where 


e,(t)-  n  [F(a)lF(ir)]exp[-  fldP^C,  J)/F)], 
a<t  • 

(2.4) 

where  the  product  is  over  the  set  of  discontinuities  of  F  ( * ,  J  )  and 
fc  ( .  ^  j )  is  the  continuous  part  of  F  ( • ,  J ). 

Proof 

The  proof  follows  directly  by  applying  the  results  ofLangberg, 
Proschan  and  Quinzi  [  LPQ  (  1978 )  ]  and  LPQ  ( 1981  ).  By 
Theorem  4.1  of  LPQ  (  1978  )  T  —  x,  where  /f  is  a  vector  of  ( 2*  —  1 ) 
independent  components  indexed  lexicographically  by  I  £  7  with 

P  (fli  >  t)  «=  <^  {*)  given  by  (2.4). 

(T  =  LPH  if  F (7  >  7,  £  ( F)  =  I)  =  F(min  Hj  >  t,  £  (ff)  -  I)). 

m  j  m 

Let  Ti  =  {Tji,  ..  .tTpi).  f  =  1.  ..  .,  «  be  independent  and  identically 

m 

distributed  as  T.  Replace  T  and  F(*,  J)  in  (2.4)  by  their  empirical 


counterparts  Fn{f)  =  S  X{Fi>  t}  I  n  etid  F*  (t,  J)  ^  Z  ^  t. 
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g  ( r|)  s  J}  /  n,  to  obtain  Gj, «  (f).  Here  X  {■^)  is  the  indicator  function 
of  the  set  A. 

By  Theorem  4.7  of  LPQ  [1981]  » (r)  dj  (r)  a.  s.  for  J  •  /. 

A 

Routioe  algebraic  manipulation  shows  that  n  (/)  =  12  Gj,«(r)sothe 

J  a  /i 

result  now  follows  □ , 

In  general,  as  seen  in  the  examples  in  the  following  section, 

21  5j  (r)  fkSi{t)  so  that  an  investigator  may  be  seriously  misled  by 
J  a  /i 

incorrectly  aMtwwing  that  the  component  lifetimes  are  independent.  This 
has  been  noticed  by  Fisher  and  Kanarek  (1974)  in  the  problem  of  analyzing 
clinical  trials  with  censored  data.  Theorem  1  allows  an  investigator  to 
quantify  the  effects  of  the  independence  assumption  by  computing  the 
light  hand  side  of  (2J)  for  some  plausible  dependent  iLodels. 

LPQ  (1981)  have  shown  that  for  a  special  type  of  dependence  the 
estimator  «  (r)  is  consistent.  We  state  their  result,  without  proof, 
as  a  coroilai  y. 

Corollary  1. 

Assume  that  the  conditions  of  Theorem  1  hold.  Then  i) 
Sj(t)a,s.  if  and  only  if  the  following  two  conditions  hoU. 

(i)  Sj  (a)  /  Sj  (a~)  =  F  [a)  I  F  (a~),  a  discontinuity  point  of  £F(  ,  J) 

where  the  sum  is  over  J  e  fj 

»  1,  otherwise. 

(ii;  F(min  (Tj,  i  a  1'}  >  r  |  min  (Fj,  itl)  =  t) 

IB  F(mjn  (Ti,  i  s  I')  >  r  |  min  (TV,  ts  1)  >  t) 
where  1'  is  the  complement  of  I  s  f. 

3.  Examples 

In  this  section  we  present  some  representative  examples  of  the  use  of 
Theorem  1  in  determining  the  effects,  on  estimating  marginal  survival,  of 
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the  iodependenoe  assumption  for  some  bivariate  e;qK>nential  life  distri¬ 
butions.  Let  {Ti,  denote  the  time  to  failure  from  components  1  and  2, 
respectively>  in  a  series  system.  Let  P  be  the  joint  survival  function 
of  {Ti,  Ti)  and  Si(t)  =  P  {Ti  >  t),  /  l,  2  the  marginal  survival  functions. 

Let  ^  (I)  be  the  estimator  (2.1)  of  Si  (t),  and  let  (r),  /  —  {!},  {2},  {1,  2} 
be  given  by  (2.4).  Then  ti  (!)  ^  j  (tj  2}  1^1  *•  Theorem  1, 

if  the  functions  F(t,  I)  have  no  common  discontinuities.  Note  that  if 

P(T^  —  T,)  =  0  then  2}  (^)  "  1  ^or  all  t.  We  now  give  somi 
examples. 

ExampU  (Block  and  Basu  (1974)) 

Let  P  (fj.  Ig)  =  \X  I  (Ai  -t"  A()]  exp  (—  A|  —  At  4  ***  An  max  (tj,  tg)] 
~  [XttliXi  +  A,)]  exp  (-  A  max  (ti,  t,)), 

for  r„  tt  >  0, 

Agt  At  >  0,  Aii^O,  A  ■■  Ax  +  At  +  Axi. 

Here  Si  (f)  =  exp  (-  (A<  +  Ax,)  t)  -  exp (-  A/), 

t  >  0,  but 

by  theorem  1 

Si  it)  -►  exp  f  a.  s.  r  >  0,  /  =  1,  2. 

Example  2.  Gumbel  (1960) 

Let  P  (ti.  M  =  exp  (-  Ax  rx  -  A,  r,  -  A„  tx  I,)  fx*  ti  >  0, 

Ax  +  A,  >  0,  Ax,  ^  0. 

Here  Si  (f )  =  exp  (—  Aj  t)>  f  >  0  but  by  Theorem  1 

5i(t)  -►  exp  (-  A<  r  -  Ax,  t*  /  2),  a.  s.  for  r  >0,  i  «  1,  2. 
Example  3.  Gumbel  (1960) 

Let  P  i/x,  r,)  «  exp  (”  Ax  tx  “•  A,  t,)  [1  -!-  Ax,  “  Ax,  (exp  (—  Ax  ti) 

+  exp  (-  A,  /,))]  +  Ax,  exp  (-  Ax  tx  -  A,  t^)] 

•  tx»  t,  >  0,  Axi  A,  >  0,  A|,  ^ 

Here  S,  (t)  =■  exp  (—  Aj  r)  but  by  Theorem  1 
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[1  +A..(1  (1-2*-^^! 

n+Au{l-«'^^)0 

where y  lathe  compliment  of  i  in  {1,  2}. 

Examftt  4.  Marshnll'Olkin  (1967) 

Let  F{ti,  y  -  c*p  (- Ai  fi  -  A,  4  -  Au  max  (r^,  t^j) 

*i»  ti  >  Ai,  Aj  ^  0,  All  ^  0. 

I&fe  Si  (!)  =  exp  (—  (Af  +  A^^  *).  In  this  case  the  conditions  of  Corollary 
1  are  met  so  ^  (r)  Si  (t)  a.  t.  ^ 

AOCNOWLSDOBMBNT 

This  reaeardi  was  supported  by  Contract  AFOSR-S2-0307  for  the 
Air  Force  Office  of  Scientific  Research. 


exp{-Ai  J 


U  Base,  A.P.  (1981) 


2.  Blodt,  H.  W.  and 
Base,  A,  P.  (1974) 


RHFBRBNCBS 

:  Identffiability  problems  in  the  theory 
of  competing  and  complimentary 
risks— a  survey,  in  Statistical  Distri¬ 
butions  in  Selmtifte  Work,  eds. 
Taillies,  Patil  and  Baldesaari,  Dore- 
recht,  Holland  :  Reidel  Publishing 
Company,  335-348. 

:  A  continuous  bivariate  exponential 
extension.  Jour.  Amor,  Stat.  Assoc , 
99,  1031-1037. 


3.  Fisher,  L.  and 
Kanarek,  P.  (1974) 


Preseuiiiig  censored  survival  data 
when  censoring  and  survival  times 
may  not  be  independent,  in  Relicbt- 
ttty  and  Biometry  :  Statistical  Ana¬ 
lysis  of  Lifelangth,  Eds.  Proschan 
and  Serfling,  Philadelphia,  Society 
for  Industrial  and  Applied  Mathe¬ 
matics,  303-326. 


APPENDIX  C 


UNCLASSIFIED 


tf  CUM'TV  CLASSIFICATION  OF  TmiS  F*CC 


t*.  ACAOMT  SCCUAlTv  CLASSIFICATION 

UNCLASSIFIED 


>•.  sccunirv  classification  auThOaitv 
NA 


I»L  OCCLAttlFICATIOFT/OOIMNOAAOINC  SChCOULC 

NA  _  .  _ 


4.  AtNAOMtMMO  ONOANIZATIOFF  WCAONT  NUMSCHISI 


REPORT  DOCUMENTATION  PAGE 


lO.  ACSTAICrivC  MAAKINCS 


3.  oistmibution/availasilitv  of  ncFonr 
Approved  for  Public  Release;  Oiscribuclon 
Unllmiced 


S.  MOFUTOniMO  ONOANIZATION  MCAONT  NUMSCAISI 


Sa  NAM«  O#  AtNAOAMINO  OHOANIZATION  IIA  OFFICC  SYMBOL  I  Ta  NAMB  Of  MOMITONINO  OMOANIZATION 

I  ttt  I 


The  Ohio  State  UniversLt 


ba  AooacM  rctiY.  «<■«  mb  z<a  cw«i 

1314  Klnnear  Road 
Columbus,  Ohio  43212 


Ba  NAMB  OF  FUNOinO/SFONSOAino 
onoanization 

AFOSR 


Ba  aOONBSS  TC<I>.  Siam  m4  ZTF  Comi 

Bldg.  410 
Bolling  AFB,  DC 


AFOSR/ NM  _ 


TBl  AOOnBBS  TO«y.  SMM  aaB  Z/F  CaAti 

Bldg.  410 

Bolling  AFB,  DC  20332-6448 


B.  FnOCUNSMCNT  INBTNUMCNT  IDENTIFICATION  NuMBEA 

AFOSR-82-0307 


TO.  souncb  of  funding  nos. 


fnoonam 
BLaMBNT  NO. 

6.1102F 


FNOJCCT 

NO. 


won*  UNIT 
NO. 


1 1.  TiTua  tiacFabf a»FMU»  ci— ummtmt  jj^g  Independence  Assumption  for  a  Series  or  Parallel  System 
when  Component  Lifetimes  are  Exponential  _ 


TZ.  FtnSONAL  AUTMOnmi 

John  P.  Klein  and  M.  L.  Moeschberger 


i3a  tyfb  of  acFonr 

Final 


IB.  SUFFLIMaNTANV  NOTATION 


lA  OATB  OF  NCFONT  rTr..  Ma.  Om>  IS.  FACI  COUNT 

May  31,  1938  6 


IT. 

COBATI  OOOBS  1 

FIBLO 

ONOUF 

BUB.  ON.  I 

Ta  BUBJBCT  TtNMB  TCMBitM  M  mmrm  If  Htttmarr  mB  MMB/y  »t  Mac*  mmm»mn 

Exponential  component  life,  Marshall-Olkin  bivariate 
exponential,  Freund  bivariate  exponential.  Modeling  series 


19.  AMTRACT  rCtfiillAM*  #M  if  nartwry  tmd  9?  i«4fmWr| 

A  conunon  assumption  made  in  modeling  system  life  from  series  and  parallel  systems  is 
that  the  component  lives  are  independent.  This  study  investigates  the  magnitude  of  the 
errors  one  may  incur  by  erroneously  assuming  the  component  lifetimes  have  independent 
exponential  distributions  when  in  fact  the  lifetimes  follow  the  bivariate  exponential 
distribution  of  Marshall  &  Olkin  (series  or  parallel  systems)  or  that  of  Freund 
(parallel  systems). 


M  OtSTNIBUTION/AVAILABILITY  OF  ABSTRACT 
UNCLABBIFIBO/UMLIMiTtO  (S  SAMB  AS  NFT.  □  OTICUBBNB  Q 


tlA  NAMB  OF  MBBFOMBtBLB  INOIVIOUAL 

Brian  U.  Woodruff,  Major 


ti.  abstnact  bbcunitv  classification 
UNCLASSIFIED 


ia«.  OFFICE  SYMBOL 


BIN.  TBLSFMONS  NUMBBN 
C040i 

(202)  767-5027 


AFOSR/NM 


UNCLASSIFIED _ 

SCCUniTV  CLASSirtCATION  Of  this  fAOt 


Block  18-  Subject  terms  (Continued) 
systems.  Modeling  parallel  systems. 


Mean  system  life. 


APPENDIX  D 


UNCLASS  I  FI KD 


tCCUMiTv  Classification  of  TmiS  facC 


HCFOMT  sccuNiTv  Classification 
UNCLASSIFIED 


I*.  SCCUNITV  CLASSIFICATION  AUTHONITV 

NA 


».  OSCLASSISiCATION/OOlWNONAOiNa  SCmCOULC 

NA _ 


4.  SCMSOMMtMO  OMOAMIXATIOFt  NCSOAT  NUMSSNISI 


REPORT  DOCUMENTATION  PAGE 


•a.  mcsthictivC  manaincs 


3.  oiSTmisution/availasilitv  of  ncFonr 

Approved  for  Public  Release;  Dlscribuclon 
Unlimited 


S.  MONITOAINO  OAaANIZATtON  At  FONT  NUMSCAISI 


Ta.  NAMS  OS  MONITOAINO  OAOANIZATION 

AFOSR/ NM _ 


Tau  AOOASSS  fClly.  SMN  aaS  ZIP  Codal 

Bldg.  410 

Bolling  AFB.  DC  20332-6448 


aa.  OFFica  svmsol  s.  faocuas mcnt  instaumcnt  iocntification  numsca 

ilf  m00Uf^t0i 

NM  AFOSR.-82-0307 


10.  SOUACC  OF  FUNOINC  NOS. 


S4.  NAMC  os  SCASOAMINO  OAOANIZAriON 

The  Ohio  State  University 


Sa.  AOOASaa  latt,  SNN  «aa  zip  C»4tl 

1314  Klnnear  Road 
Columbus,  Ohio  43212 


Sa.  NAM  os  FUNOINO/SSONSOAINO 
OAOANIZATION 

AFOSR 


Sc.  AOOASSS  iCIlr.  St»m  m4  ZIP 

Bldg.  410 
Bolling  AFB,  DC 


11.  TlTLt  tfartaSt  SFFaNly  ClaNlAFFWaal 

Independent  or  Dependent  Competing  Risks:  Does  It  Hake  A  Difference? 


la.  SfFiSONAL  AUTNOAMI 

John  P.  Klein  and  M.  L.  Moeschberger  _ 


FAOjeCT 

TASK 

■  LCMSNT  no. 

NO. 

NO. 

6.1102F 

2304 

NOAK  UNIT 
NO. 


13a  TVSf  OS  AtSOAT 

_ Final _ 


IS.  SUSSCSMCNTAAV  NOTATION 


130^  TIMS  eOVSASO 


14.  OATS  OS  ASSOAT  lYr..  «a.  DwrI  I  IS.  SACS  COUNT 


9-1-82  TO  12-31-81  May  31,  1988 


1?.  cesATi  ooess 


SISLO  1  OAOUS  I  SUS.OA. 


ia  SUSJSCT  TS AMS  TCaaSAaF  aa  mrnrm  If  ninmwrr  aaS  Uumtpf  Sr  SlacS  aamSnT 

Competing  risks;  Component  life;  Modeling  series  system; 
Robustness  studies;  System  reliability;  Cumbel  bivariate 


IS.  ASSTAACT  (CaaMaa*  sa  MaNM  U  mrtmarf  aaS  McaS/y  Sr  SlarS  mmmhart 

This  article  investigates  the  consequences  of  departures  from  independence  when  the 
component  lifetimes  in  a  series  system  are  exponentially  distributed.  Such  departures 
are  studied  when  the  joint  distribution  is  assumed  to  follow  either  one  of  the  three 
Gumbel  bivariate  exponential  models,  the  Downton  bivariate  exponential  model,  or  the 
Oakes  bivariate  exponential  model.  Two  distinct  situations  are  considered.  First,  in 
theoretical  modeling  of  series  systems,  when  the  distribution  of  the  component  lifetimes 
is  assumed,  one  wishes  to  compute  system  reliability  and  mean  system  life.  Second, 

J  errors  In  parametric  and  nonparametrlc  estimation  of  component  reliability  and 
I  component  mean  life  are  studied  based  on  life-test  data  collected  on  series  systems 
I  when  the  assumption  of  Independence  is  made  erroneously.  In  both  instances,  one  may 
I  be  appreciably  misled  by  falsely  assuming  Independent  component  lifetimes.  The  amount 

I  of  error  Incurred  depends  upon  the  correlation  be'tween  lifetimes  and  the  relative  mean 
life  of  the  two  components.  In  the  modeling  problem,  the  level  of  reliability  (Continued) 


Za  OItTAISUTION/AVAILAaiLITV  OF  ASSTAACT 
juNCLASSIFiaO/UNLIMITSO  B  SAMS  AS  AFT.  □  OTICUSSAS  □ 


t3A  NAMS  OF  ASSFONSISLS  INOIVIOUAC 

Brian  U.  Woodruff,  Major 


31.  ASSTAACT  tSCUAITV  CLASSIFICATION 

UNCLASSIFIED 


33c.  OFFICC  tVMSOL 


33N  TSLtFMONf  NUMSSA 

(202)  767-5027 


AFOSR/NM 


UNCLASSIFIED _ 

StCUWiTV  CLASIIPICATIQN  0>  TMI$ 


Block  18-  Subject  terms  (Continued) 
Oakes  bivariate  exponential. 


Block  19-  Abstract  (Continued) 

and  t^e  length  of  mean  system  life  also  affects  the  error.  In  the  estimation  problem 
sample  size  may  be  influential  in  determining  the  magnitude  of  the  error. 


S30 


IEEE  TRANSACTIONS  ON  RELIABIUTY ,  VOL.  R-3S,  NO.  3, 1986  AUGUST 
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5-independence  assumption  on  modding  system  life  in 
such  a  series  system  when  the  spedflc  form  of  departure 
from  5-independence  is  that  the  joint  distribution  of  (Xu 

is  the  bivariate  exponential  distribution  of  Marshall 
and  OUdn  (8).  This  model  postulates  the  possibility  of 
simultaneous  failure  of  the  two  components  due  to  a  shock 
simultaneously  felt  by  both  components  or  because  one 
component  (say,  a  rocket  booster)  explodes  and  the  other 
cmnponent  (say,  a  space  shuttle)  is  destroyed  by  the  explo¬ 
sion. 

Secondly,  we  consider  a  2-out-of-2:F  system.  Such  a 
system  functions  as  long  as  one  of  the  components  func¬ 
tions.  We  investigate  in  section  4  the  effects  of  similar 
departures  from  the  5-independence  assumption  on  model¬ 
ing  system  life  when  the  specific  departures  from 
5-independence  follow  either  the  Freund  (Q  bivariate  ex¬ 
ponential  or  that  of  Marshall  ft  Olkin.  The  Freund  model 
introduces  5-dependence  between  Xi  and  Aj  such  that  the 
failure  of  the  flrst  component  changes  the  parameter  of  the 
exponential  life  distribution  of  the  second  component 
from  Xi  to  8a  and  similarly  if  the  second  component  would 
faUfirst. 


2.  PROBLEM  STATEMENT 

Notation 

Xi  lifetime  of  component  i 

Fj(f)  system  Sf  under  5-independence 

Fo(0  system  Sf  under  5-dependence 

mean  system  life  under  5-independence 
ao  mean  system  life  under  5-dependence 

tp.  /  point  at  which  system_reliability  is  p  under 
5-independence,  vt,p  =  Ft  (tp,  i) 
tp,  o  point  at  which  system  retiabiUty  is  p  under 
5-dependence,  ie,  p  =  F  o  (tp.  o)- 
BVE  bivariate  exponentiality 

Other,  standard  notation  is  given  in  “Information  for 
Readers  ft  Authors”  at  rear  of  each  issue. 


2.1  Model  Assumptions 


1.  INTRODUCTION 

First,  we  shall  consider  a  l-out-of'2:F  system.  Such  a 
system  functions  if  and  only  if  both  components  function. 
Suppose  that  if  the  two  components  are  tested  separately, 
the  respective  times  to  failure  are  Xt  and  X^.  A  common 
assumption  made  in  life-testing  is  that  these  component 
failure  times  follow  exponential  distributions  (2,  3,  4,  S,  7]. 
Furthermore  the  assumption  that  Xu  X\  are  5-independent 
(the  preflx  5-  implies  “statistically”)  is  often-dmes  in¬ 
voked.  In  general,  such  an  assumption  is  not  testable  due 
to  the  identifiability  dilemma  [1],  ie,  if  we  observe  T  ■ 
minimum  {Xu  X2}  and  /  ■  x  <  -^s}.  where  x  (•) 
denotes  the  indicator  function,  then  Tsiatis  (9)  and  others 
have  shown  that  the  pair  (T,  I)  provides  insufflcient  infor¬ 
mation  to  determine  the  joint  distribution  of  Xi.  Aj.  That 
is,  there  exists  both  an  5-independent  and  5-dependent 
model  for  (A'u  Xj)  which  produces  the  same  joint  distribu¬ 
tion  for  ( T,  I).  However,  these  equivalent  5-independent 
and  5-dependent  joint  distributions  may  have  quite  dif¬ 
ferent  marginal  distributions.  Also  due  to  this  identiflabil- 
ity  problem  there  may  be  several  5-dependent  models  with 
different  marginal  structures  which  yield  the  same  obser¬ 
vable  information,  ( T,  I). 

The  first  purpose  of  this  study,  as  reported  in  section 
3,  is  to  investigate  the  effects  of  departures  from  this 


1.  Based  on  testing  each  component  separately,  an  in¬ 
vestigator  knows  the  marginal  Sf  (t)  of  the  lifetime  of  i 
component  to  be  exp(-  X,r). 

2.  When  the  components  are  installed  in  a  series 
(l-out-of-2:F)  or  parallel  (2-out-of-2:F)  system,  the  joint 
Sf{x,.  JTi)  of  component  lifetimes  may  follow  the 
Marshall-Olkin  (8)  model: 
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Pr{A'i  >  Xi,  Xi  >  Xi)  -  exp(-XtXi  -  X»ri  -  Xu 
•  niax{xi,>ca}).  for  Xi,  Xi  >  0,  Xu  >  0,  Xi,  Xj  >  0. 

3.  When  the  components  are  installed  in  a 
2*out-of>2:F  system  the  joint  pdf(^i,  JTa)  of  component 
lifetimes  may  follow  the  Freund  (Q  model 

/lx*.  X*)  “ 

Xi  tfaexp{  -Ml  -  (Xi  +  Xa  -  ®a)*i}.  ifO  <  X|  <  Xa 
Xa  ti  exp{  -tfiXi  -  (X|  +  Xa  -  ®i)Xa},  if  0  <  Xa  <  x,. 
for  X|i  Xat  9tt  9i  ^  0. 

4.  Under  the  assumption  of  s-independence  in  a 
l'Out-of-2:F  system  the  system  reliability  at  a  mission  time 
I  is: 

Pr{min(A'i.  Jfa)  >  t  \  “Independence”} 

*  -  exp{-  (Xi  +  XaVJ. 

mean  system  life  *  m/  =  l/(Xi  +  Xa) 
t,j  *  -lnp/(Xi  +  Xa). 

5.  Under  the  assumption  of  Marshall-Olkin  BVE  in  a 
l>out-of*2:F  system  the  system  reliability  at  a  mission  time 
/  is: 

Pr{min  (Xu  A'a)  >  1 1  “BVE”}  »  Fo(r)  =  exp(-Xr) 

X  ■  X|  +  Xa  +  Xiai 

mean  system  life  -  iio  =  1/X, 
tf.  D  =  -  In  p/X. 

6.  Under  the  assumption  of  s-independence  in  a  2-out- 
of-2:F  system  the  system  reliability  at  a  mission  time  t  is: 

Pr{max  (Xx,  A’a)  >  t  \  “Independence”} 

*  Fi(t)  =  exp(-X|/)  4-  exp(-  XaO  -  «sp(-(X|  +  Xa)0. 

mean  system  life  is  =  1/Xi  +  l/^i  ~1/(X|  +  Xa) 

JE  (Xi  +  Xa)  —  X|Xa 
X|Xa(Xt  +  Xa) 

and  tp  must  be  solved  by  numerical  techniques. 

7.  Under  the  assumption  of  Marshall-Olkin  BVE  in  a 
2-out-of-2:F  system  the  system  reliability  is: 

Pr{max  (A„  Aa)  >  / 1  “BVE”}  =  FoU) 

=  exp(-(X|  +  Xia)0  +  exp(-(Xa  +  Xia)r)  -exp(-Xr), 

mean  system  life  is: 

_ (X  Xia) _ _  1 

(Xi  +  Xia)  (Xa  +  Xia)  X 


and  tp  must  be  solved  by  numerical  techniques. 

8.  Under  the  assumption  of  Freund  BVE  in  a  2-out- 
of-2:F  system  the  system  reliability  is: 

F^r)  s  Xiexp(-M)  ^  Xaexp(-gir) 

(X|  +  Xa  —  9^)  (Xi  +  Xa  —  9t) 

_  (Xitfa  ~  9x92  4-  tfiXa)  exp(-(Xi  +  Xa)r) 

(Xi  4-  Xa  —  tfa)  (Xi  4-  Xa  —  9i) 

and  mean  system  life  is: 

=  Xi/[0a(Xi  4-  Xa  —  tfa)l  "*■  Xa/(tfi  (Xi  4-  Xa  —  ^i)J 
—  (Xi^a  —  ^1^2  +  ^iXa)/[(Xi  4-  Xa)  (Xi  4-  Xa  —  tfa) 

*  (Xi  4-  Xa  —  tfi)J*  if  Xi  4-  Xa  ^  tfa  and  Xi  4-  Xa  ^  9x 

For  the  special  instances  when  Xi  4-  Xa  =  9a  and/  or 
X|  4-  Xa  B  9i,  the  pdf  in  model  assumption  3  is  slightly 
simplified  and  the  following  different  equations  for  system 
reliability  and  mean  system  life  must  be  used. 

If  Xi  4-  Xa  ^  9at  and  Xi  4-  Xa  =  9i: 

FoiO  =  Xa  Iexp(-(Xi  4-  Xa)r)  +  — 

(Xi  4-  Xa  -  9a) 

^  {(Xi  4-  Xa)  (Xa  -  Xi9a)  -  Xa9a}  exp(-(Xi  ♦  Xa)I) 

(Xi  4-  Xa)  (Xi  4-  Xa  —  9a) 

MO  =  Xa/(Xi  4-  Xa)*  4-  l/(9a  (X|  4-  Xa  -  9a)l 

(Xi  4-  Xa)  (Xa  —  Xi9a)  —  Xa92 
(Xi  4-  Xa)  (Xi  4-  Xa  —  9a) 

If  Xi  +  X2  —  ^2»  ®nd  Xi  +  X2  ^ 

Fd(0  =  Xi  f  exp(-(Xi  4-  Xa)f)  4- 

(Xi  4-  Xa  —  9i) 

^  {(Xi  4-  Xa)  (Xi  —  Xa9i)  —  Xi9i }  exp(  —  (Xi  ♦  Xa)I) 

(Xi  4-  Xa)  (Xi  4-  Xa  —  9i) 

ftp  =  Xi/(Xi  4-  Xa)  4-  l/t9i  (Xi  4-  Xa  —  9i)] 

(Xi  4-  Xa)  (Xi  —  Xa9i)  —  Xi9i 
(Xi  4-  Xa)  (Xi  4-  Xa  —  9i) 

If  Xi  4-  Xa  =  9i  =  9a: 

F c{t)  =  (1  4-  (Xi  4-  Xa)/}  exp(  — (Xi  4-  Xa)/), 


no  = 


no  =  2/(Xi  4-  Xa). 
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As  before,  t,  mnst  be  eviluaied  by  numerical  techniques. 

The  problem  to  be  addressed  is:  How  far  off  may  a 
researcher  be  in  modeling  system  reliability,  mean  system 
Hfe,  and  mission  time  at  which  system  reUability  is  p  for 
scries  systems  (Marsball-Olkm  BVE)  and  for  parallel 
systems  (Maniiall>011dn  BVE  or  Reund  BVE). 


3.  MODELING  EFFECTS  OF  DEPARTURES  FROM 
s-INDEPENDENCE  IN  SERIES  SYSTEMS 


From  modd  assumptions  4  and  5,  the  relative  error  in 
modding  system  rdiability  under  Marshall-OUdn  BVE  is 


Fpf/)  -  F/(i)  ^  exp(-X/)  -  eRp(-(Xi  +  Xi)t) 
Ft(t)  exp(-(X,  +  Xi)/) 


exp(-\ixt)  -  1 


_ r  ~p  (^t  +  Xi)r) 

expi - 

C  (1  -  P) 


P  w  Xii/X  is  the  correlation  between  Xi  and  Xj. 


This  shows  explicitly  that  the  relative  error  ranges  from  0 
(when  p  B  0)  to  -oo  (when  p  ■>  -f  I).  Thus  assuming 
s-independence  consistently  overestunates  system  reliability 
and  in  some  instances  the  results  may  be  very  far  off.  When 
mission  time  is  t,  =  -In  p/(Xi  +  Xi)  the  relative  error  is 

exp{— tap)  -  1  «  -  1.  From  modd  assump- 

''1  -p  ' 

tions  4  and  5,  the  error  in  modeling  mean  system  life  is: 

po  ~  ^  1/X  —  l/(Xt  Xa)  ^  _  Xu  __  _ 

m  1/(X|  +  Xj)  X 

Again  s-independence  consistently  overestimates  the  mean 
system  life. 


4.  MODELING  EFFECTS  OF  DEPARTURES  FROM 
INDEPENDENCE  IN  PARALLEL  SYSTEMS 

4.1  Under  MarshaU-Olkin  BVE. 

From  modd  assumptions  6  and  7,  the  relative  error  is: 

Foil)  -  Flit)  =  exp(-X|2/)  -  1 
FrU) 

>  exp{ - £— (X,  +  Xj)t}  -  1 

1  -p 

which  interestingly  enough  is  the  same  relative  error  obtained 
in  section  3  and  the  same  comments  apply  here. 


The  rdative  error  in  modeling  mean  system  life  is: 

Mi>  -  A# 

Ai 

-  -  o(k*  +  2k\k^  +  2k+U  +  o(k^  +  4k^i-k)-k^o^ 
(**  +  *+  1)  (1  +  Arp)  (Ac  +  p) 


k  m  Xi/Xi. 

Again  s-independence  consistently  overestimates  mean 
system  life;  the  magnitude  of  this  error  is  plotted  in  figure  1 . 


Fig.  1.  Relative  Error  in  Modeling  Mean  System  Life  Under 
MarshaU-Olkin  BVE  for  =  A:  Xj 


4.2  Under  Freund  BVE. 

From  modd  assumptions  6  and  8  the  relative  errors  of 
mean  system  life  and  system  reliability  are: 

AP  ~  At  Fp(r)  -  Flit) 

Ar  FiU) 

though  not  simple  expressions,  they  may  be  easily  calctilated. 
Figure  2  shows  plots  of  the  rdative  error  of  mean  system  life 
for  some  representive  values  of  X<  and  P,.  viz,  X|  =  1;  X2  = 
O.S,  1.0, 2.0;  0.25  <  <  4.0  (on  horizontal  axis);  and  $2  = 

0.2s,  O.S,  1.0,  2.0,  4.0.  Figure  3  shows  plots 


1 


Iff  W1>l/MrmiiniwmtMM;THHIMnBPBNnBWCBA«gUMynONPOtt  A  SEMES  OK  PARALLEL  SYSTEM 
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of  the  relative  error  of  system  reliability  for  r.9  = 
-  In  (.90)/(X|  +  Xi)  for  the  same  values  of  Xj  and  Bi.  For 
the  case  of  s-independence,  X|  =  0|  »  1  and  X2  -  02  = 
0.5,  1,  2,  the  relative  error  is,  of  course,  zero  in  the  plots. 
For  situations  in  which  failure  of  the  Hrst  component 
causes  the  hazard  rate  B^  of  the  second  component  to  be  in¬ 
creased  (or  decreased),  s-independence  overestimates  (or 
underestimates)  mean  system  life  and  system  reliability. 
This  overestimate  (or  underestimate)  becomes  substantial 
if  the  hazard  rate  B^  is  dramatically  increased  (or  de¬ 
creased)  over  the  hazard  rate  X2  of  the  second  component 
tested  separately.  A  similar  comment  can  be  made  for  Bi 
and  Xi.  Positive  (or  negative  correlation)  of  the  component 
lifetimes  is  a  consequence  of  the  hazard  rate  Bi  being 
greater  (or  less)  than  the  hazard  rate  X(  of  component  i 
tested  separately.  The  magnitude  of  the  relative  error  of 
mean  system  life  and  system  reliability  may  easily  be  found 
in  the  figures  2  A  3,  respectively. 
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ABSTRACT 

This  article  Investigates  the  consequences  of  departures  from 
Independence  when  Che  coaponenc  llfeclaes  in  a  series  systea  are 
exponentially  distributed.  Such  departures  are  studied  when  the 
Joint  dlscclbutlon  is  assuaed  to  follow  either  one  of  the  three 
Guabel  bivariate  exponential  models,  the  Downton  bivariate 
exponential  aodsl,  or  the  Oakes  bivariate  exponential  model.  Two 
distinct  situations  are  considered.  First,  In  theoretical 
modeling  of  series  systems,  when  the  distribution  of  the 
component  lifetimes  is  assumed,  one  wishes  to  compute  system 
reliability  and  mean  system  life.  Second,  errors  In  parametric 
and  nonparaaecric  estimation  of  component  reliability  and 
component  mean  life  ace  studied  based  on  life -test  data  collected 
on  series  systems  when  the  assumption  of  Independence  is  made 
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erroneously.  In  both  Instances,  one  may  be  appreciably  aisled  by 
falsely  assuming  independent  component  lifetimes .  The  amount  of 
error  incurred  depends  upon  the  correlation  between  lifetimes  and 
the  relative  sMsn  life  of  the  two  components.  In  the  modeling 
problem,  the  level  of  "aliability  and  the  length  of  mean  system 
life  also  affects  the  error.  In  the  estimation  problem  sample 
size  may  be  influential  in  determining  the  magnitude  of  the 
error . 


INTRODUCTION 

Consider  a  system  consisting  of  two  components  linked  in 
series.  For  such  a  system  the  failure  of  either  of  the 
components  causes  the  system  to  fail.  In  a  biological  or  medical 
context  the  components  can  be  different  lethal  diseases  and/or 
different  reasons  for  removal  from  a  study.  In  a  clinical  trials 
framework  the  primary  response  of  interest,  death  or  remission, 
and  censoring  can  be  considered  as  components  of  Che  system. 

This  general  formulation  has  been  detailed  in  the  theory  of 
competing  risks  (cf.  David  and  Hoeschberger  (1978)). 

A  common  assuispcion  in  such  a  formulation  is  Chat  the 
component  lifetimes  ace  statistically  independent.  Several 
authors  have  shown  chat  based  on  data  from  secies  systems  only, 
this  assvimpclon,  by  itself,  is  not  testable  because  there  is  no 
way  CO  distinguish  between  independent  or  dependent  component 
lifetimes  (see  Basu  (1981),  Basu  and  Klein  (1982),  Miller  (1977), 
Peterson  (1976),  etc.).  However,  several  authors  (see  Lagakos 
(1979)  p.  152  and  Easterling  (1980)  p.  131)  have  pointed  out  the 
need  Co  determine,  quantitatively,  how  far  off  one  might  be  If  an 
analysis  is  based  on  an  incorrect  assumption  of  independence. 

To  study  the  effects  of  erroneously  assuming  independence  we 
shall  assume  chat  each  of  two  component  lifetimes  is 
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exponentially  distributed  when  tested  separately  and  that  the 
property  of  marginal  exponentlallty  will  be  preserved  even  though 
some  dependence  may  be  Induced  when  the  components  are  linked  In 
series .  The  assumption  of  exponentially  distributed  component 
lifetimes  has  been  made  by  Mann  and  Gmbbs  (1974)  when  finding 
confidence  bounds  on  system  reliability,  Boardman  and  Kendell 
(1970)  when  estimating  component  lifetimes  from  system  data,  and 
Mlyamura  (1982)  when  combining  component  and  system  data.  (See 
Barlow  and  Proschan  (1975)  or  Mann,  Schafer,  and  Slngpurwalla 
(1974)  for  a  more  complete  review.)  We  shall  model  the 
dependence  structure  by  the  three  models  of  Gumbel  (1960),  a 
model  proposed  by  Downton  (1970),  and  a  model  described  by  Oakes 
(1982).  These  models  are  briefly  described  In  Section  1.  The 
effects  of  a  departure  from  the  assumption  of  independent 
component  lifetimes  will  be  addressed  for  two  distinct 
situations . 

The  first  situation  arises  in  modeling  the  performance  of  a 
theoretical  series  system  constructed  from  two  components.  Here, 
based  on  testing  each  component  separately  or  on  engineering 
design  principles.  It  is  reasonable  to  assume  that  the  component 
lifetimes  are  exponeatlally  distributed  with  known  parameter 
values.  Based  on  this  information,  we  wish  to  predict  parameters 
such  as  the  mean  life  or  reliability  of  a  series  system 
constructed  from  these  components.  In  Section  2  we  describe  how 
these  quantities  are  affected  by  departures  from  Independence . 

The  second  situation  Involves  making  inferences  about 
component  lifetime  distributions  from  data  collected  on  series 
systems.  Commonly,  data  collected  on  such  systems  are  analyzed 
by  assuming  a  constant-sum  model,  of  which  independence  is  a 
special  case  (compare  Ulllirjs  and  Lagakos  (1977)  and  Lagakos  and 
Williams  (1978)).  In  Section  3 . 1  we  study  the  properties  of  the 
maximum  likelihood  estimators  of  the  component  mean  life 
calculated  under  an  erroneous  assumption  of  independent 
exponential  component  lifetimes  as  mentioned  above.  Because  of 
the  widespread  use  of  the  nonparametric  estimator  for  component 


510 


KLEIN  AND  MOESCHBERCER 


rallablllcy  proposed  by  Ksplsn-Meler  (1958)  we  study,  In  Section 
3.2,  the  properties  of  this  estinetor  when  the  merginal 
taliebilitles  ere  exponential  and  independence  is  incorrectly 

asauaed. 

1.  The  Models 

Consider  a  two  coisponent  aeries  system  with  component  life 
lengths  X^.  Suppose  that  each  X^  has  an  exponential 
survival  function 

Fj(x)  -  P(Xj  >  x)  -  exp(-  x),  >  0,  X  >  0.  (1.1) 

This  assumption  is  made  on  the  basis  of  extensive  testing  of  each 
component  separately  or  on  knowledge  of  the  underlying  mechanism 
of  failure. 

To  examine  the  effects  of  a  departure  from  independence  we 
consider  five  bivariate  exponential  models,  each  with  marginals 
equivalent  to  (1.1).  The  first  three  models  are  due  to  Gumbel 
(I960):  the  last  two  models  are  due  to  Downton  (1970)  and  Oakes 
(1982). 

1.1  Gumbel ’a  Model  A 

For  this  model  the  Joint  survival  function  is 

P(X^  >  Xj^,  Xj  >  X2)  -  exp(-  -  X2X2  -  Xj^2XiX2), 

Xj,  X2  i  0,  X^,  X2  >  0,  0  S  X12  <  X2. 

(1.2) 

The  correlation  between  X^,  X2  is 

P  ®*P(  ^2^  ^12^  Ej(-  X2/  Xx2^  * 

where  Ej^(z)  «  exp(-u)  du  is  the  integrated  logarithm. 

For  this  model  p  varies  from  -  .40365  to  0  as  Xj^2  decreases 
from  ^2  0-  It  is  never  positive.  The  regression  Xj^ 

on  X2  is  nonlinear  with 

E(X2|X2  “  *2)  ■•  (  Xj^  X2  +  X2  ^12*2  '  ^12^^^  ^1  ^12*2^^' 


IMDEPENDEMT  OR  DEPEHDEMT  COMPETING  RISKS 


511 


1.2  Riii.h«T9  Modal  B 

For  this  Bodel  the  Joint  survive!  function  Is 
P(X^  >  *1^1  ^2  >  X2)  “ 

oxp(-  IjXj  -  X2*2^  (l-«xp(-  (1-  «xp(-  ^2*2^^^’ 

Xj,  X2  >  0.  x^,  X2  S  0.  -  1/4  <  0  £  1/4.  (1.3) 

The  correlation,  p  ,  may  be  positive  or  negative.  The  regression 
of  on  X2  Is  again  nonlinear  with 

E(X^|X2  -  *2^  -  (1  +  2p  -  4p  exp(-  X2X2))/  Xj^. 

The  effects  of  a  departure  from  Independence  on  modeling  system 
reliability  and  estimating  component  reliabilities  has  been 
studied  In  detail  in  Noeschberger  and  Klein  (1964)  for  this 
model. 

1.3  Gumbel^s  Model  C 

For  this  model  the  Joint  survival  function  is 

P(Xi  >  xj,  X2  >  X2)  -  exp  (-((  X^xj^)®  +  (  X2X2)*)  , 

Xj^,  X2  >  0,  m  >  1,  xj,  X2  >  0.  (1.4) 


The  correlation  is 


(4  +2m) 


^n/2 

nJ  0 


(cos  6  sin  S) 


2+2 /m 


d  e  -1 


(cos  e“  +  sin  e“) 
which  varies  from  0  to  1.  For  this  model  m  -  1  corresponds  to 
Independence  and  as  m  " 

P(Xj^  >  Xj,  X2  >  X2)  *  minimum  (exp(-  Xj^xj^),  exp(-  X2X2)). 


(1.5) 


the  Frechet  (1958)  upper  botuid  for  these  marginals. 

1.4  Downton’s  Model 

Downton  (1970)  suggests  modeling  bivariate  exponential 
systems  by  a  successive  danwge  model.  This  model  assumes  chat  in 
a  two  component  system  the  times  between  successive  shocks  on 
each  coisponenC  have  independent  exponential  distributions  and 
chat  Che  number  of  shocks  required  to  cause  each  component  to 
fall  follows  a  bivariate  geometric  distribution.  The  joint 
probability  density  function  of  the  coisponent  lifetimes  is 
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(1.6) 

«fa«r«  Iq(  .  )  is  ths  nodlflsd  Bessel  ftincclon  of  the  first  kind  of 
order  zero,  end  X2>0,  X2^0,  0^  p  <1. 

The  correletion  between  X|^,  X2  is  p  which  spens  the  interval 
(0,1).  As  P  1  the  Joint  survival  function  of  X^,  X2 
approaches  the  upper  Frechet  distribution  (l.S).  For  this  model 
“  *2^  “  P  )/  P  ^2*2^  ^1" 

l.S  nek««*  Nndel 

Oakes  (1982)  has  proposed  a  model  for  bivariate  survival 
data.  This  model  was  first  proposed  by  Clayton  (1978)  to  model 
association  in  bivariate  lifetables.  Special  cases  of  Oakes’ 
general  model  have  been  suggested  by  Lindley  and  Slngpurwalla 
(198S)  and  Hutchinson  (1981). 

For  this  modal  the  joint  survival  probability  is 
P(Xj^  >  x^,  X2  >  X2)  - 

(exp(  \(.  S-Dx^)  +  exp(X  jCe  - Dxj) -1)  ‘ ® 
where  Xj^,  X2>0,6  2.1,  Xj^,  X2SO.  (1.7) 

For  9-1,  Xj^,  X2  are  independent  and  P(Xj^  >  Xj^,  X2  >  X2)  ♦ 
bound  in  (1.5)  as  0  *  For  this  model  Kendall's  coefficient  of 

concordance  is  t  ■  (  g’.l)/(  0+1)  which  spans  the  range  0  to  1.  The 
correlation,  0  ,  also  spans  the  range  0  to  1  and  is  found  numerically. 

This  model  has  the  following  physical  Interpretation.  Let 
r(x^|X2  -  X2)  and  r(x^|X2  >  X2)  be  the  conditional  failure 
rates  of  Xj  given  X2  -  X2  and  X2  >  X2 ,  respectively.  Then 
r(xj|X2  -  X2)  -  9r(XjlX2  >  x^). 

The  model  can  also  be  derived  from  a  random  effects  model.  This 
formulation  assumes  that  when  the  components  are  tested  separately  unde 
ideal  conditions  the  component  survival  functions  are 
Sj^(x)  -  exp(-exp(X  j^x(  0-1))  +  1).  1-1,  2. 

and  that  idien  the  two  components  are  put  in  a  series  system  in 
the  operating  environment  there  is  a  random  factor  W  which 
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slaulcuMously  changes  each  conponenc  life  dlscrlbucion  to 
S^  (x) .  If  V  has  a  gaona  distribution  with  density  function 

9^  -1- 

g(w)  ■  w  e  then,  unconditionally,  the  Joint  survival 

function  (1.7)  holds. 

1.6  Frrfchet  Bounds 

FrdcheC  (1958)  obtained  bounds  of  the  joint  survival 
functions  which  can  be  obtained  for  any  set  of  marginal 
dlatributiona .  For  exponential  marginals  these  are 

MAXIMUM  (e  +  e  ^2*2. ^  ^  ^ 

X-1  “XrtXo 

s  MINIML'M  (e  ^  e  ^  . 

For  this  set  of  marginals  the  lower  Frdchet  distribution  has 
correlation  -  .694  and  the  upper  Frechet  distribution  has 
correlation  l.C.  These  are  the  minimal  and  maximal  correlations 
for  exponential  marginals. 

2.  Errors  in  Modeling  System  Life 

Suppose  that  based  on  extensive  testing  or  based  on 

theoretical  considerations  each  of  the  two  components  in  a  series 

system  is  known  to  have  an  exponential  distribution,  (1.1)  with 

marginal  means  1/  1/  X2,  respectively.  It  is  of  interest 

to  predict  the  system  reliability  F(x)  -  >  x,X2  >  x)  and  the 

system  mean  life  U  ■>  /  F(t)  dt.  If  the  investigator  assumes 

o 

that  the  two  components  are  independent  then  the  system 
reliability  is 

Fj(x)  -  exp(-(  X  +  X  2)x)  (2.1) 

and  system  mean  life  is  w  j  -  l/(  ^  ^  2^  ’ 

If  the  components  are  not  Independent,  but  in  fact  follow  one 
of  the  models  in  Section  1,  then  convenient  measures  of  the 
effects  of  incorrectly  assuming  Independence  are 

6(x)  -  (f(x)  -  Fj(x))/lFj(x)  and  5  -  (  u  -  yj)/iJj, 
for  predicting  system  reliability  and  system  mean  life, 


314 


KLEIN  AND  MOESCHBERGER 


rcapactlvcly.  In  th«a«,  F(x)  and  u  are  conputed  under  the 
appropriate  dependent  aodel.  Valuea  of  F(x)  can  be  computed 
directly  for  (1.2),  (1.3),  (1.4),  (1.6)  (by  numerical 
Integration)  or  from  (1.7).  Expreaalona  for  u  are  given  In 
Appendix  1.  All  expreaalona  for  A(x)  and  S  depend  on  the 
valuea  of  X  and  X  2  only  through  the  ratio  X  X  2  ^  K 
and,  for  X  <  1,  the  valuea  are  equivalent  to  thoae  for  K’  > 
For  the  upper  Frdchet  dlatrlbutlon 

/JL\ 

A  (Xp)  -  where  K  ^  1 

and  Xp  la  the  upper  percentile  of  ,  l.e.,  Fj(Xp)  -  p. 

Alao  S  -  1/K  for  K  >  1.  For  the  lower  Frdchet  dlatrlbutlon 


and  «  -  K^  -t-  K  1  -  (K-t-1)^  Y  +  (K+1)  ln(Y) 

K  K 

where  Y  la  the  solution  of  the  equality  X^  -t-  X  -  1.  Table  I 
glvaa  the  values  of  A(Xp)  x  lOOt  and  S  x  lOOt  for  p  -  .9,  .7, 
.3,  .3,  .1  for  the  upper  and  lower  Frechet  distributions. 

From  Table  I  we  see  that  the  largest  percent  error  occurs 
when  the  X  parasMters  are  equal  (K>1) .  Also  for  fixed  K  there 
Is  relatively  small  error  (smaller  than  3.41%)  In  estimating 
system  reliability  by  modeling  a  dependent  system  by  an 
Independent  system  when  F(x)  Is  large  (say,  F(x)  >  .9).  For 
soull  values  of  system  reliability,  one  can  be  appreciably 
misled.  Errors  In  estimating  system  mean  life  appear  to  be 
substantial  unless  one  component  has  considerably  longer  marginal 
life  chan  the  second  one.  In  Chat  Instance,  one  can  see 
Instinctively  Chat  the  correlation  would  have  a  minimal  impact. 

Figures  lA,  IB  and  2A,  2B  are  plots  of  4  (Xp)  for  p  -  .25, 

.75  and  for  K  -  X  j^/X  2  ”  1,  .67,  respectively,  for  the  five 
■odels  described  in  Section  1  as  a  function  of  correlation.  It 
appears  chat  substantial  errors  may  be  made  in  modeling  system 
reliability  with  moderate  amounts  of  dependence. 
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Figures  3A,  3B  srs  plots  of  S  for  all  five  models  and  for 
K~X^/X2  •  1.  .67,  respectively,  as  a  function  of  the 
correlation.  Here  It  appears  that  substantial  errors  are  made  In 
modeling  mean  system  life  for  even  a  small  amount  of  dependence . 


In  this  section  we  examine  the  effects  of  incorrectly 
assuming  Independent  component  lifetimes  on  the  magnitude  of  the 
estimation  error  in  estimating  the  first  component  mean  life 
based  on  data  from  series  systems .  Suppose  that  n  series  systems 
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FIGURE  3A  FIGURE  3B 

Relative  Error  In  Modeling  Mean  System  Life  Relative  Error  in  Modeling  Mean  System  Life 
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arc  put  on  tost.  For  each  syatea  we  observe  the  system  failure 
time  and  which  component  caused  the  failure.  Let  n^  denote  the 
number  of  systems  where  the  system  failure  was  caused  by  failure 
of  the  1^^. component,  1-1,  2,  and  let  T  be  the  total  time  on 
cast  for  all  n  systems.  If  we  assume  Chat  the  component 
lifetimes  are  Independent  and  exponentially  distributed  Chen 
Moeschberger  and  David  (1971)  show  chat  the  maximum  likelihood 
estimator  of  y  the  first  component  mean  life  Is 

-  T/n^  for  n^  >  0.  (3.1) 

This  estisMtor  Is  asymptotically  unbiased  and  for  n  finite 
E  (Vj^)  -  E(T)  E(l/n^|n^  >0)  due  to  Che  Independence  of  T  and  n^^ 

Suppose  now  chat  the  two  component  lifetimes  are  not 
Independent  but  follow  one  of  Che  models  described  In  Section  1 . 
If  we  Incorrectly  assume  Independence  then  a  measure  of  the 
excess  bias  due  to  Incorrectly  assuming  Independence  Is  B  - 
(E(yj^ (Dependence)  -  E(y^ |  Independence) )/  y^.  For  each  of' the 
dependent  models  under  consideration  T  and  n^^  are  Independent. 

For  large  n,  B  converges  to  ( y  /p  -y  y^  where  y  Is  the 
mean  system  life  and  p  Is  Che  probability  the  first  component 
falls  first,  computed  under  the  dependent  model.  For  finite  n, 

E  (  Cj^)  -  n  y  Ep(l/nj|nj^  >  0)  cosiputed  under  the 
appropriate  model, where ^ 

Ep(l/ni|ni  >  0)  -  ({[)p''(l-p)'‘A  /  (l-d-p)"). 

Expressions  for  y  and  p  are  given  In  Appendix  1  and  Appendix  2, 
respectively.  The  expressions  depend  on  X2  only 

through  Che  ratio  K  -  X  For  all  models .  p  -  1/2  when 

K  -  1. 

For  the  upper  Frechet  distribution  p  -  0  if  K  <  1 ;  1/2  if  K  - 
1;  and  1  if  K  >  1.  Hence  for  K  <  1  no  failures  from  Che  first 
coan>onenc  are  ever  observed  so  that  Che  modeling  error  B  becomes 
Infinite  for  all  n.  For  K  >  1,  p  -  1  and  y  -  y  so  that  B  - 
(1  -  E(  y  I  Independence)/  y  j^)  which  tends  to  0  as  n  -►  «>.  In 
this  case  Che  models  with  correlation  ranging  from  0  Co  1  have  B 
Increasing  for  p  <  pq  and  decreasing  for  p  >  pg.  For  the 
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lomr  Frachet  distribution,  p  is  th«  valu*  of  X  which  solvas  the 
aquation  -f  X  -  1  •>  0.  For  K  <  1  wa  hava  p  <  1/2  and  for  K  > 

I  wa  hava  p  >  1/2 .  Tabla  II  gtvas  tha  valua  of  B  for  n  -  25 , 

50.  <•  for  tha  two  Frachat  distributions .  It  also  gives  the 
masinusi  aodaling  error  for  tha  Guiibal  C  nodal  which  is  an 
indication  of  aaxinal  excess  nodeling  error. 

Fron  Tabla  II  wa  note  that  the  dependence  structure  exerts  a 
large  affect  on  astlaatlng  tha  snallar  of  the  two  component  means 
and  that  either  effect  is  most  exaggerated  for  small  sample 
sizes.  For  K  ^  1  there  is  very  little  sample  size  effect  on  the 
modeling  error.  For  K  strictly  larger  chan  one  the  maximum  bias 
under  the  Gusibal  C  model  decreases  with  K  and  the  correlation  at 
which  this  maximum  is  attained  also  decreases  to  0. 

Figures  AA,  4B  are  plots  of  the  relative  excess  bias,  B,  due 
to  Incorrectly  assuming  independence ,  as  n  for  K  -  1.5,  and 
.67,  respectively.  Figures  5A,  SB  ace  plots. of  B  for  n  -  10  with 
K  -  1.5,  and  .67,  caspaccively .  For  K  -  1.5  the  sample  size 
affect  Is  negligible  In  assessing  the  relative  excess  bias.  For 
K  ~  .67  Che  sample  size  has  a  noticeable  effect  on  determining  B. 

3.2  Nonoarametrlc  Estimation 


A  second  approach  to  the  problem  of  estimating  component 
parameters  Is  via  Che  nonparaawcrlc  escixsator  of  Kaplan  and  Meier 
(1958).  Investigators  who  routinely  use  nonparamecrlc  techniques 
may  Cake  this  approach  In  hopes  of  obtaining  estimators  chat  are 
robust  with  respect  to  the  assustptlon  of  exponenciallcy .  However 
this  estimator  Is  not  necessarily  robust  to  the  assustptlon  of 
Independence . 

The  product  limit  estimator,  assuming  Independent  risks  Is 
constructed  as  follows.  Suppose  that  n  systems  are  put  on  test 


and  let  r 


11' 


in. 


be  the  ranks  of  the  ordered  n. 


failures  from  cause  1,  x 


I  (1)' 
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order  IlfeClaes.  The  esclaecor  of  Che  component  reliability  for 
the  i^^  component  is 

X  < 


S\(x)  - 


H(l) 

n  -  rjj 


X  >  X 


(id)) 


^ij 


+  1 , 


(3.2.1) 


<  X, 


where  j(l.x)  is  the  largest  value  of  j  for  which 
This  estimator  is  asymptotically  unbiased  when  the  component 
lifetimes  are  independent. 

When  Che  risks  ace  dependent  Klein  and  Moeschberger  (1984) 
show  chat  Sj^(x)  does  not  estimate  the  marginal  component 
reliability,  but  rather  it  estimates  consistently  another 
survival  function 


fl^(x)  -  expj- 


(- 

\  F(t)  / 


(3.2.2) 


where  F(x)  -  P(mlnimum  (X^,X2)  >  x)  and  Qj^(x) 

-  P  (min(Xj^.X2)  <  x,  min(Xj^,X2)  -  Xj^).  i  -  1,  2. 
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0.271 

0.78 

-18.x 

0.x 

0.271 

1.37 

Expressions  for  Hj(x)  for  the  five  models  of  InCeresC  are  given 
In  Appendix  3. 

A  measure  of  the  effect  of  dependence  In  using  the  product 
limit  estimator  with  dependent  risks  Is  “  (Hj(Xp)  ■ 

p)/p  where  Xp  is  the  time  where  the  true  component  reliability 
is  p.  i  j^(p)  Is  again  only  a  function  of  K  -  ^  2' 

the  upper  Frifchet  distribution 


fp-^  -I 

for 

K  <  1 

A,(P)  -  A  -1 

for 

K  -  1 

lo 

for 

K  >  1 

for  K  <  1  Hj^(x)  -  1  for  all  x  since  the  first  component  never 
falls,  irtiile  for  K  >  1  all  failures  are  due  to  the  first 
component.  For^-those  models  with  correlation  spanning  the  range 
(0.  1),  4^(p)  is  increasing  for  correlations  less  than  p  and 

decreasing  for  correlations  greater  than  p  when  K  >  1,  For  the 
lower  Fr<chet  distribution 


FIGURE  6A  FIGURE  6B  ^  . 

Asymptotic  Error  in  the  Nonparametrlc  Estimator  of  the  Asymptotic  Error  in  the  Nonparametrlc  Estimator  of  the 
First  Component  Survival  Function  at  First  Component  Survival  Function  at 
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Hi(Xp)  -Wp 


[■ 


du  I  for  p  >  (1-Y) 


^  0  othervlse,  ^ 

whar«  Y  la  Cha  solution  to  tha  equation  X  -  1.  Table  III 

shows  tha  valua  of  Aj^(p)  x  100%  for  p  -  .7,  .5,  .3  for  the  two 
Frtfchat  distributions.  For  K  >  1,  the  naxlnum  value  under  the 
Guabal  C  aodal  Is  also  given.  As  in  tha  paranetrlc  estimation 
problem  tha  largest  errors  are  Incurred  whan  K  <  1.  In  all  cases 
Cha  affect  of  a  daparcure  from  Independence  Is  the  largest  when  p 
Is  small  (l.a.  for  large  x) .  The  affect  decreases  as  K  Increases 
reflecting  the  fact  chat  tihan  K  >  >  X^  the  majority  of 
the  system  failures  are  due  to  the  failure  of  the  first  component . 

Figures  6A,  6B  for  p  >  .25  and  7A,  7B  for  p  -  .5  are  plots  of 
A  ^(p)  for  Che  five  models  and  K  -  1.5,  .67, 

respectively.  As  In  the  prevloiis  figures  one  can  see  chat  for 
even  a  small  departure  from  Independence  the  relative  effect  of 
dependence  can  be  quite  large. 


4.  Conclusions 


The  results  presented  In  this  paper  show  chat  for  all  five 
bivariate  exponential  models  one  may  be  appreciably  misled  by 
falsely  assuming  independence  of  component  lifetimes  in  a  secies 
system.  The  amount  of  error  incurred  in  modeling  system 
reliability  not  only  depends  upon  Che  correlation  between 
component  lifetimes  but  also  on  the  level  of  system  reliability. 
The  error  in  sradeling  mean  system  life  similarly  depends  upon  the 
correlation  and  Che  length  of  mean  system  life.  Both  quantities 
depend  on  Che  relative  magnitudes  of  the  parameters . 

For  Che  dual  problem  of  estimating  component  reliability 
baaed  on  data  from  a  secies  system,  it  appears  chat  departures 
from  independence  are  of  greater  consequence.  Both  parametric 
and  nonparamecric  estimators  of  relevant  component  parameters  are 
inconsistent.  Bias  increases  dramatically  as  the  correlation 
gets  further  from  zero. 
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APPENDIX  1 


Poraulaa  for  expected  systea  life. 


Guabel  A:  exp 

'‘2 


|4‘(S4) 


(Al.l) 


where  •( * )  is  the  survival  function  of  a  standard  nornal  randon 
variable. 


Qunbel  B 


6  P  AjAg 


Gunbel  C: 


Domton 


(Aj+AgXl-p) 


2X^X^HX^*A^r  -  4p 


Oakes  found  by  nunerlcal  integration 


(A1.2) 

(A1.3) 

(A1 .4) 


♦  t'*l*‘*2>  ■  -  *p  -  2p 


A2) 


APPENDIX  2 


Pornulas  for  p  «  P(Xj  <  X^): 
Gunbel  A  -  P(Xj  <  X^) 


1/2 


♦  IT  "■>/’!!£!!!!)»(  \z  > » 

Via  \  «ia  I  \  ' 


where  •(•)  la  the  survival  function  of  a  standard  nornal 
randon  variable.  (A2.1) 


Gunbel  B  -  P(Xj  <  X^) 
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Ouabel  C  -  P(Xj  <  X^) 

-  JL_ 

*“*1*^2^  (A2.3) 

Downton  -  P(Xj  <  x^) 

-  22j22(1-p) 

-  4pX^A^ 

(A2.4) 


Oakes  -  P(Xj  <  Xg)  found  nuaerlcally. 


APPENDIX  3 


Guabel  A  -  Hj(x)  -  exp(-2jX  - 


(A3.1) 


Ouabel  B  -  Hj(x)  *  expj  - 


(1- 

(  Jo  (1  ♦ 


4p( l-exp( ) ) ( l-2exp( 


4p(l-exp(-22t))(l-exp( 


(-^,t))) 

— i—  dt> 

--»jt)))  J 


Ouabel  C  -  Hj(x)  ■  exp  I  - 


(A3. 2) 


(A3. 3) 


Ooanton  -  Found  nuaerlcally  due  to  no  closed  fora  solution  for 
P(x). 


Oakes  -  Hj(x) 


2jexp(2j(9-l)t) 


dt 


(exp(2j(8-l)t)  ♦  exp(2g(9-l)t)  -1) 


(A3. 4) 
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SUMMARY 

Bounds  on  the  marginal  survival  function  based  on  data  from  a 
competing  risks  experiment  are  obtained.  These  bounds  require  an 
investigator  to  specify  a  range  of  possible  concordances  for  tiie  times  ti) 
occurrences  of  the  competing  risks.  These  bounds  are  tighter  than  those 
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1 .  Introduction 


A  common  problem  encountered  in  biological  and  medical  studies  (both 
animal  and  human)  is  to  estimate  the  marginal  survival  function  of  the 
time  X,  from  some  appropriate  starting  point,  until  some  event  of  interest 
(such  as  the  occurrence  of  a  particular  disease,  remission,  relapse,  death 
due  to  some  specific  disease  or  simply  death)  occurs.  Often  it  is 
impossible  to  measure  X  due  to  the  occurrence  of  some  other  competing 
event,  usually  termed  a  competing  risk,  at  some  time  Y(<  X).  This 
competing  event  may  be  the  withdrawal  of  the  subject  from  the  study  (for 
whatever  reason),  death  from  some  cause  other  than  the  one  of  interest,  or 
any  eventuality  which  precludes  the  main  event  of  interest  from 
occurring.  In  such  instances  the  actual  time  until  the  main  evf;nt  of 
interest  occurs  can  be  regarded  as  censored  (see  David  and  Moeschberger 
(1978)  for  further  discussion  of  such  censoring).  Witii  such  a  competing 
risks  representation,  it  is  often  assumed  that  this  censoring  time  is 
independent  of  the  main  event  of  interest.  Tills  allows  for  tl  consistent 
estimation  of  the  marginal  distribution  of  X,  S(x)  =  P[X>^.'<].  This 
assumption  of  independence  is  also  made  in  more  complex  analyses  of 
competing  risks  experiments  such  as  the  use  of  log-linear  models  for  the 
analysis  of  survival  data  (Holford  (1980)),  the  analysis  of  propor I ional 
hazards  regression  of  censored  data  (Cox  (1972)),  computation  of 
(lodges -r.ehmann  like  estimators  with  censored  data  (Wei  and  Gail  (198.'!)), 
to  name  a  few. 

A  standard  statistical  est  imatoi-  of  the  survival  function  wtijch 
assumes  such  competing  events  (or  risks)  to  he  indepeinient  is  the  Prcjducf 
Limit  fistimalor  of  Kaplan  and  Meier  (j9r>8).  This  estimatoi-  is 
nonparamet  r  i  c  and  consistent  for  the  (;lass  of  constant  sum  survival  mo<l('ls 


defined  hy  Williams  and  [.agakos  (1977). 


When  the  risks  tire  not  in  this 


II 


I 


I 


class  the  Product  Limit  Estimator  is  inconsistent  and,  in  such  cases,  the 
investigator  may  be  appreciably  misled  by  assuming  independence  (see 
Lagakos  (1979),  Lagakos  and  Williams  (1978),  Moeschberger  and  Klein  (1984) 
for  details) . 

In  the  competing  risks  framework  we  observe  T  =  minimum  (X,  Y)  and  I  = 
X(X  <  Y)  where  x  (*)  denotes  the  indicator  function.  It  is  well  known 
(see  Basu  and  Klein  (1982)  for  details  and  references)  that  the  pair  (T,I) 
provide  insufficient  information  to  determine  the  joint  distribution  of  X 
and  Y.  That  is,  there  exists  both  an  independent  and  one  or  more 
dependent  models  for  (X,Y)  which  produces  the  same  joint  distribution  for 
(T,I).  However,  these  "equivalent"  independent  and  dependent  joint 
distributions  may  have  quite  different  marginal  distributions.  In  light 
of  the  consequences  of  the  untestable  independence  assumption  in  using  the 
Product  Limit  Estimator  to  estimate  the  marginal  survival  function  of  X, 
it  is  important  to  have  bounds  on  this  function  based  on  the  observable 
random  variables  (T,I)  and  some  assumptions  on  the  joint  behavior  of  X  and 
Y. 

Peterson  (1976)  has  obtained  general  bounds  on  the  marginal  survival 
function  of  X,  S(x),  based  on  the  minimal  and  maximal  dependence  structure 
for  (X,Y)  obtained  by  Frechet  (1951).  Let  Pj(x)  =  r’(T  >  x,  1=1)  and 
P2(x)  =  P(T  >  x,  1=0)  be  the  crude  survival  functions  of  T.  The  bounds 
are  Pj(x)  4-  p^(x)  ^  S(x)  $  Pj(x)  ^  PgfO)- 

These  bounds  allow  for  any  possible  dependence  structure  and  can  be 
very  wide. 
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Slud  and  Rubensteln  (1983)  have  obtained  tighter  bounds  on  S(x)  in 
this  framework  by  utilizing  some  additional  information.  Their  method 
requires  the  investigator  to  bound  the  function 

p(t)  =  ({s(t)/q^(t)}  -  1]| [{S(t)/F(t)}  -  1],  (1.1) 

where 

s(t)  =  -  d  S(t)/d  t,  F(t)  =  P(min(X,Y)  >  t)  and 

q^ (t)  =  ^  P(T  <  t,  X  <  Y) .  Knowledge  of  the  function,  p (t) , 
dt 

and  the  observable  information,  (T,l),  is  sufficient  to  uniquely  determine 

the  marginal  distribution  of  X.  The  resulting  estimators  S  (t)  are 

P 

decreasing  functions  of  p(').  The  resulting  bounds  are  obtained  by  the 

investigator's  specification  of  two  functions,  p^(x)  ,(0j^(x)  <  P2(x))  so 

that  if  the  true  p  (x)  function  is  in  the  interval  [Pj^(x),  P2(x)],  for 

all  X,  then  S  (x)  <  S(x)  <  S  (x) . 

P2  Pi 

In  the  sequel  we  obtain  alternative  bounds  on  the  marginal  survival 

function  utilizing  slightly  different  additional  information.  We  assume 

that  the  joint  distribution  of  the  time  until  death  and  censoring,  (X,Y), 

belongs  to  a  family  of  distributions  indexed  by  a  dependence  measure  0 

with  arbitrary  marginals.  For  this  family,  knowledge  of  0,  along  with 

the  observable  information,  (T,I),  is  sufficient  to  uniquely  determine  the 

marginal  distributions  of  X  and  Y.  The  resulting  estimator  S  (t)  is  a 

6 

decreasing  func tion  of  9  so  that  bounds  on  S(t)  for  the  family  of  joint 

distributions  is  obtained  by  specifying  a  range  of  possible  values  for  9. 
2.  r  e  Model 

The  dependence  structure  we  shall  employ  to  model  the  joint  distri¬ 
bution  of  time  until  death  and  censoring  time  was  first  introduced  by 
Cliyton  (1978)  to  model  association  in  bivariate  lifetables,  and,  later, 
by  Oakes  (1982)  to  model  bivariate  survival  data.  A  revision  of  this 
model,  with  an  underlying  exponential  structure,  has  been  proposed 
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by  Lindley  and  Sigpurwalla  (1985)  and  Hutchinson  (1981)  as  a  model  for 
system  reliability  in  an  engineering  context. 

Let  S(x)  =  P(X  x)  be  the  univariate  survival  function  of  death  and 
R(y)  =  P(Y  >  y)  be  the  probability  of  not  being  censored  before  time 
y  (S(0)  =  R(0)  =  1,  S  and  R  continuous  functions).  For  0  >  1,  define 
F(x,y)  =  P(X  >  x,  Y  >  y)  by 

F(x,y)  .  [f-i-V-'  .  /-i-l  -I  ,2  ,1 

(S(xlj  lR(y)) 

This  joint  distribution  has  marginals  S  and  R.  As  0-*l ,  then  (2.1)  reduces 
to  the  Joint  distribution  with  independent  marginals.  For  0-“,F(x,y)  - 
min  (S(x),  R(y))  the  bivariate  distribution  with  maximal  positive 
association  for  these  marginals.  If  (X..  Y^)  and  (X^,  Y^ )  are 
independent  bivariate  random  variables  with  survival  function  (2.1)  then 
the  probability  of  concordance  is  P  ((X^  -  Xj )  (Y.  -  Y^ )  >  0]  =  d/{0  *  1) 

so  that  Kendall's  (1962)  coefficient  of  concordance  is  r  =  (0  -  l)/(0*^  1) 
which  spans  the  range  0  to  1 . 

The  model  (2.1)  can  also  be  derived  from  the  following  random 

environmental  effects  model.  i.et  and  Y^^  denote  tlie  pi;t(;ntial  time 

to  failure  from  the  two  risks,  say  death  from  a  particular  cause  and  death 

from  some  other  cause  or  causes.  Suppose  that  in  a  perfect  environmenl 

X^  and  are  independent  with  survival  functions  Sq(x)  = 

exp(-  S(x)  +  1)  and  RqIy)  =  cxp(-  R(y)  *-  1).  The  individual 

lives  in  an  environment  where  various  environmental  stresses  or  biological 

exposures  may  produce  a  random  effect  W  which,  in  turn,  changes  the 

potential  times  to  occurrences,  and  Y^ ,  to  X  and  Y  with  survival 
w  w 

functions  find  R^(y)  ,  respectively.  A  value  of  w  l(;ss 

than  otie  implies  a  Joint  improvement  in  the  survival  prcjbabi  1 1 1, i es  for  the 

two  risks,  whilfr  a  value  of  w  greater  than  one  implies  a  Joirii 

degradation.^  if  W  has  a  gamma  distribution  with  density 

(01)  ^  w 

g ( w)  =  w  *  '  e 


then  t die  uncondi t ional  distribution  of 


(X,Y)  follows  the  form  (2.1).  The  stresses  or  exposures  which  produce 

this  randow  effect  w  way  be  different  biological  exposures  that  are 

characteristic  of  the  individual's  behavior,  such  as  swoking  or  they  way 

consist,  in  part,  by  exposure  to  an  environmental  agent,  such  as  asbestos. 

This  aodel  also  has  a  physical  interpretation  in  terms  of  the 

functions  ^(x|Y  =  y)  =  11m  f ^ x<X<x-t- Ax | ^y ,  X>x ) 

Ax-ki  (, 

and  ^(x|Y  >  y)  =  lim  hazard  functions 

of  X  given  Y  *  y  and  X  given  Y  >  y,  respectively.  These  hazard  functions 
specify  the  Instantaneous  rate  of  death  or  failure  at  tine  x,  given  that 
the  individual  is  censored  at  time  y  or  later  than  y,  respectively.  From 
(2.1)  one  can  see  that 

i<(x|Y  =  y)  =  F.^(x|Y  >  y) 
or 

P(X  >  x|Y  =  y)  =  (P(X  >  xiY  >  y)]® 

For  0  >  1  the  hazard  rate  of  death,  if  censoring  occurs  at  time  y,  is  9 
times  the  hazard  rate  of  death,  if  censoring  does  not  occur  at  time  y. 

This  implies  that  the  hazard  rate,  after  censoring  occurs,  is  accelerated 
by  a  factor  of  9  over  the  hazard  rate  if  censoring  had  not  occurred.  Also 
when  9=1,  (2.2)  reduces  to  the  condition  required  by  Williams  and 
Lagakos  (1977)  for  a  model  to  be  constant  sum  and  hence  for  the  usual 
product  limit  estimator  of  S(t)  to  be  consistent  (See  Basu  and  Klein 
(1982)  for  details). 

For  fixed  marginals  S  and  R  the  joint  probability  density  function, 
f(x,y),  can  be  shown  to  be  totally  positive  of  order  2  for  all  9  >  1. 

This  implies  that  (X,Y)  are  positive  quadrant  dependent.  In  particular, 
one  can  show  that,  for  S,  R  fixed,  the  family  of  distributions 
F  =  {F(x,y):  9  >  1)  is  increasing  positive  quadrant  dependent  in  9  as 


defined  by  Ahmed,  et  al .  (1979). 


3.  Bounds  on  Marginal  Survival 

Suppose  that  X  and  Y  have  the  joint  distribution  (2.1)  and  let 
T  =  min  (X,Y) ,  then  the  survival  function  of  T  is 


F(t)  =  [[ 


S(t) 


1  ,6-1 


R(t) 


-  !]■ 


1 

6-1 


(3.1) 


and  the  crude  density  function  associated  with  X, 
q]^(t)  =  ^  P(T  <  t,  X  <  Y),  is  given  by 

qi(t)  »  (F(t)f ,  (3.2) 

S®(t) 

where  s(t)  =  -dS(t)/dt. 

Now  consider  the  differential  equation 


s(t)/S®(t)  =  q^(t)/lF(t)f 


(3.3) 


and  suppose  6  is  known.  Then  the  solution  of  (3.3)  for  S(t)  is 


Sg(C)  - 


^  dul-"’-!)  Ife>i 
°  [F(u)f  J 


(3.4) 


t  q,  (u) 


du) 


if  6  =  1, 


The  functions  F(')  and  qj^(')  are  directly  estimable  from  the  data  one 
sees  in  a  competing  risks  experiment.  Let  T^^,  ...,  T^  denote  the  observed 
test  times  of  n  individuals  put  on  test  and  let  i  =  1,  ....  n  be  1  or  0 

according  to  whether  the  T^  was  an  observation  on  X^  or  Y^,  respectively. 
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Define  p(t)  -  £x(T  >  t)/n  and  Q  (t)  -  1  c,  -  l)/n. 

1-1  ^  i-1 


Then  if  0  is  know,  a  natural  estinator  of  S^(t)  is 


Sg(t) 


C  *1“  (8-1) 


(F(u)f 


t  dQ, (u) 

|exp(  -  i  -  ) 

0  F(u) 


if  6  >  1 


if  6  -  1 


(3.5) 


For  0  °  1.  this  estimator  Is  of  the  form  of  the  hazard  rate  estimator 
proposed  by  Nelson  (1972).  The  estimators  (3.5)  can  be  expressed  in  the 
following  forms  for  computation  purposes  when  there  are  no  ties. 


VO 


1 

(n-i+l) 


V. 


1 


1 

(n-i+l) 


•] 


1 

*  0-1 
if  0  >  1 


if  0  =  1 


(3.6) 


where  T,,. . T,  .  are  the  ordered  death  times  or  censoring  times. 

O)  (n) 

For  0  known  and  if  the  true  underlying  Joint  distribution  of  (X,Y)  is 
of  the  form  (2.1)  then  S  (t)  is  a  consistent  estimator  of  S(t)  as 
shown  in  the  Appendix. 

To  obtain  bounds  on  the  net  survival  function  based  on  data  from  a 
competing  risks  experiment,  we  proceed  as  follows.  First,  note  that  from 
(3.4)  it  is  true  that  S^(t)  Is  a  decreasing  function  of  0  for  fixed  t. 
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Also,  as  -*  1^  we  have  S-(t)  t  exp  (-/  F  ^(u)dQ,(u)) 

^  0  ^ 

which  provides  an  upper  bound  on  S(t).  Notice  that  this  upper  bound 
corresponds  to  an  assumption  of  independence.  As  0  “  one  can  show  that 

Sg(t)  +  F(t)  which  corresponds  to  Peterson's  (1976)  lower  bound. 

In  practice  the  above  bounds,  with  0  =  1,  «»,  while  shorter  than 
Peterson's  bounds  may  still  be  quite  wide.  Tighter  bounds,  in  the  spirit 
of  Slud  and  Rubenstein,  may  be  obtained  if  an  investigator  can  specify  a 
range  of  possible  values  for  0,  (0^,  9^).  If  the  sample  size  is 
sufficiently  large  and  0,  ^  0  <  0„,  then  S-  (t)  >  S(t)  >  S,  (t). 

1  2  0j  02 

Two  approaches  to  specifying  0^,  0^  are  appropriate.  From  (2.2)  note 
that  0  =  ,l(x|Y=y)//^(x|  Y>y)  for  all  x.  y,  so  that  0^  and  0^  are 
reflections  of  the  investigators  belief  in  how  the  hazar  1  rate  of  X  would 
be  effected  by  knowledge  of  the  occurrence  of  censoring  at  time  y. 
Secondly,  specification  of  0  0  is  equivalent  to  specifying  a  range 

of  values  for  the  coefficient  of  concordance,  r,  between  failure  time  X 
and  censoring  time  Y,  since  0  =  (1  +  r)/(l  -  r). 

4.  Kxamples  and  Discussion 

To  illustrate  the  bounds  obtained  in  the  previous  section  consider  an 
experiment  performed  at  the  Oak  Ridge  National  Laboratory.  The  experiment 
we  consider  consists  of  treating  a  group  of  246  RFM  female  mice  with  75 
rads  of  gamma  radiation  delivered  at  45  rads/mln.  at  12  weeks  of  age. 

Mice  which  were  judged  by  the  biologist  to  be  moribund  and  not  likely  to 
survive  until  the  next  observation  period  (either  overnight  or  over  the 
weekend)  were  sacrificed.  This  action,  which  caused  mice  to  be  removed 
from  the  study  before  the  endpoint  of  death  was  observed,  was  necessitated 
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by  the  need  to  determine  by  necropsy  which  of  several  types  of  tumors  the 
animals  had  at  death  since  the  status  of  such  tumors  was  difficult  to 
determine  in  animals  which  lay  dead  in  their  cages  for  an  extended  period 
of  time.  The  value  of  r=l  (fl=®)  assumes  that  the  moribund  animals  would 
die  at  a  time  coincidental  with  the  sacrifice  time.  It  should  be  noted 
that  the  data  was  actually  analyzed  under  this  assumption.  Animals  which 
were  sacrificed  prior  to  a  weekend  were  probably  more  likely  to  live  an 
additional  time  due  to  the  conservative  nature  of  the  decision  making.  It 

is  clear  that  the  sacrifice  (censoring)  time  and  death  time  of  these 
animals  are  highly  associated,  the  value  of  r  probably  being  somewhat  less 
than  one. 

A  lower  bound  of  r,  though  somewhat  subjective,  may  be  based  on  the 
investigator's  experience  with  such  experiments  where  moribund  mice  were 
not  sacrificed.  In  this  instance,  r  of  .8  seems  reasonable.  The  value  of 
Sg(t)  for  r  =  .8  and  1.0  as  well  as  the  product  limit  estimator 
assuming  independence  (a  statistical  procedure  which  may  also  be  used  by 
some  people)  is  depicted  in  Figure  1.  One  can  see  that  the  bounds  for  the 
survival  function  (assuming  .8  ^  r  <  1.0)  provide  a  relatively  tight  band 
of  survival  functions.  It  is  also  clear  that  the  product  limit  estimator 
assuming  censoring  times  independent  of  death  times  is  probably  not 
appropriate . 

Consider  a  second  study  which  illustrates  a  different  type  of 
censoring  mechanism.  A  clinical  trial  was  conducted  at  The  Ohio  State 
University  to  determine  the  objective  response  rate  of  patients  with 
refractory  advanced  non-Hodgkin's  lymphoma  to  a  chemotherapy  regimen 
consisting  of  ifosfamide,  VH-16,  cis-platinum,  and  bleomycin.  Twenty-four 
patients  were  entered  (staggered  entry)  and  treated  with  ifosfamide  750 


FIGURE  1 

ESTIMATES  OF  SURVIVAL  FOR  RFM/UM  MICE 


■e/B2/day  by  continuous  I.V.  infusion  on  days  1-5,  VP-16  40  mg/m2  I.V.  on 
days  1-5,  cls-platlnua  50  mg/m2  I.V.  on  day  14,  and  bleonycin  15  units/n2 
I.M.  on  day  14.  The  reginen  was  repeated  every  four  weeks.  Patients  were 
evaluated  at  the  beginning  of  each  course  for  objective  response  based  on 
change  in  size  of  bidiaensionally  aeasurable  solid  lesions.  Ten  patients 
were  removed  from  study  due  to  progressive  disease  [defined  as  a  25%  or 
greater  increase  in  the  size  of  measurable  lesions].  This  is  an 
indication  that  the  patients  are  doing  quite  poorly.  Eight  patients  were 
removed  from  study  due  to  stable  disease  after  three  courses  (an 
indication  that  the  disease  is  still  not  in  remission) .  Six  patients  died 
during  study  course.  This  study  is  fairly  typical  of  snail  scale 
chemotherapy  trials  conducted  at  the  center. 

As  in  the  previous  example,  here  the  times  for  patient  removal  from 
the  study  (censoring  tines)  are  clearly  not  independent  of  death  times. 

The  determination  of  bounds  for  r,  in  this  instance,  is  not  as  obvious. 
However,  we  think  there  are  some  reasonable  possibilities  which  utilize 
the  clinician's  subjective  understanding  of  the  history  and  progression  of 
the  disease. 

First,  the  clinician  nay  be  asked  to  select  an  upper  and  lower  bound 
for  T  from  a  set  of  classifications  for  association  such  as  no 
association,  r  =  0;  weak  association,  r  =  .25;  moderate  association,  r  = 
.50;  strong  association,  r  =  .75;  or  perfect  association  z  =  1.0.  Second, 
the  clinician  may  be  asked  to  give  a  range  of  r  on  a  scale  of  0  to  1 .  We 
note  that  this  nay  be  hard  to  obtain  due  to  the  physician's  unfaniliarity 
with  the  concordance  coefficient  (see  Kadane  (1980)  or  Winkler  (1980)  for 
a  discussion  of  this  problem  in  the  elicitation  of  opinion  in  the  linear 
model  framework).  Third,  if  the  clinician  cannot  make  either  of  the  first 
two  judgments  then  he/she  could  be  presented  with  a  set  of  partial  death 
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or  censoring  tines,  such  as  (  ,  120),  (77,  ),  (82,  ),  (  ,  113),  etc. 


i 


f. 


■ 

I 


and  asked  to  guess  upper  and  lower  bounds  for  each  missing  time,  or  as  in 
Kadane  et.  al .  (1980)  to  provide  quantiles  of  the  predictive  distribution 
of  the  missing  times.  Based  on  this  information  an  upper  and  lower  z 
could  be  computed.  The  program  TROLL,  described  in  Kadane  et.  ai.  (1980), 
which  was  designed  to  elicit  opinion  about  the  prior  distributions  of  use 
in  linear  regression  could  be  used  to  obtain  a  prior  confidence  interval 
for  the  value  of  the  correlation  coefficient  p  under  an  assumption  of 
normality  and  then  using  the  transformation  r=(2/7T)  arcsin  VP  a  range  of 
values  for  r  is  obtained.  In  an  attempt  to  provide  a  more  stable  estimate 
of  this  range,  a  group  of  clinicians  may  be  asked  to  make  such  estimations 
and  the  group's  values  may  be  used  to  obtain  a  range  on  , 

Finally,  charts  of  patients  treated  with  this  regimen  might  be 
reviewed  and  information  from  these  charts  be  used  to  estimate  the  missing 
times.  Information  in  the  literature  may  also  be  used  to  estimate  the 
missing  times.  Confidence  interval  methodology  for  r  may  than  be  used  to 
obtain  a  range  of  z. 

In  Figure  2,  we  have  plotted  S(t)  for  various  values  of  r  which 
correspond  to  a  broad  subjective  range  of  z.  Based  on  discussion  with 
physicians  in  the  OSU  Comprehen..'ive  Cancer  Center,  a  subjective  range  for 
r  was  from  weak  to  strong  association  between  times  to  progression  or 
stable  times  and  death  times.  This  suggests  using  bounds  corresponding  to 
z  =  .25  to  r  =  .75. 
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FIGURE  2 

BOUNDS  ON  SURVIVRL  FOR  NON-HODGKINS 

LTMPHOMfl  PATIENTS 
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Appendix 


Theorem  1.  Let  (X.Y)  have  the  form  (2.1)  with  marginals  S(t),  R(t) 
respectively.  Let  6  ^  1  be  known.  Then  on  the  set  where  S(t)  >  0  we  have 
Sg(t)  -  S<t)  a.s. 

Proof  of  Theorem  1: 

For  0=1,  the  result  is  well  known.  Suppose  that  0  >  1.  Note 
that  Q^(t)  -*■  Q^(t)  •  P(T  <  t,  x-y)  a.s.  and  F(u)  -►  F(u)  a.s.  by  the  strong 

law  of  large  numbers.  Since  Sg(t)  is  a  continuous  function  of 
dQ  (u) 

^  - - —  in  the  support  of  F(u),  it  suffices  to  show 

0  lF(u)]® 

dQ  (u)  ^  dQ^(u) 

^  - S’  ^  a.s. 

0  [F(u)r  0  (F(u)r 

Now,  after  an  integration  by  part?. 


^  dQj^(u)  Q,  (t)  ^ 


0 


0  (F(u)]"  [F(t)]"  0 


- - Q-  '  Q  (U)d(^g  ) 


F"(u) 


Qi(t)  t  ^  t  . 

■  /  [Qi(u)  -  Qi(‘^)]d(Te  )  +  /  ) 

[F(t)]  Q  F  (u)  Q 


f"(u) 


Q,(t)  -  Q  (t)  ^ 

^  -T - s— ^ - '  ^ 

[F  (u)]®  0  ^  ^  F^u) 


dQ  (u) 

+  '  . 

0  F  (u)^ 

By  Che  dominated  convergence  theorem 


lim 

n-wo 


dQ,  (u) 
0  [F(u)f 


t 


;  dQj^(u) 
°  lF(u)f 


a.s. , 


=  0  a.s 


11m 

nr+oo 


Q^(t)  -  Q^(t) 

If  (u)]® 


and 

lim  sup  {|Qj^(u)  -  Qj^(u)|}  =  0,  a.s. 

n-*«> 


Hence,  applying  the  above  results  to  (3.7),  the  result  now  follows:  // 
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The  problem  of  testing  for  indeperxtence  ot  the  component  lifetimes  when  the  components  are 
linked  in  series  is  considered.  To  ai^  the  problem  of  nonidentifiability,  the  marginal  component 
lifetimes  are  assumed  to  be  known.  In  this  setting,  a  modHisd  version  of  Kendairs  tau  is  proposed. 
This  test  statistic  is  obtained  by  replacing  those  component  lifetimes  which  cannot  be  observed,  due 
to  system  failure,  by  conditianaj  probabilities  computed  under  independence.  A  small  scale 
simulation  study  of  the  power  of  this  test  shows  the  test  has  reasonable  power  for  relatively  small 
samplesizes. 

I.  SVSTB/G 

A  common  assumption  made  in  rrxjdeling  series  systems  is  that  the  component  lifetimes  are 
statistically  independent  This  assumption  is  also  routinely  made  in  analyzing  data  collected  from 
series  systems.  Recently,  Klein  and  Moeschberger  (1983)  and  Moeschberger  and  Klein  p  984) 
have  shown  that  one  may  be  appreciably  misled  by  this  independence  assumption  for  certain 
bivariate  exponential  sy^ems. 

To  illustrate  the  effects  of  this  independence  assumptioa  consider  the  following  two  models 
for  the  joint  sunrKral  function  of  the  component  lifetimes  (X,Y).  The  first  model,  due  to  Oakes 
(1982)  has  joint  survival  function 

H(x,y)  -  P(X>x.  Y>y)  .  ({1/F(x))»*U  {1/Q(y)}^1  e  >1  (1.1) 

where  F('),  G(-)  are  the  marginal  survival  functions  of  X  and  Y  respectively.  This  distribution  has 
a  coefficient  of  concordance  t  >  (e-1  )/(e^1 )  and  e  <•  1  corresporxis  to  independent  component 
failure  times.  If  Mx(Y»y)  and  x(x|Y>y)  denote  the  conditional  hazard  functions  for  the  conditional 
distributions  of  X  given  Y  -  y  and  given  Y  >  y,  respectively,  then  M*|Y>y)  -  0M’<|Y>y). 

A  secorxt  model,  due  to  Gumbel  (1960),  has  joint  survival  function 

H(x.y)  -  F(x)G(y)(Ua(1-F(x))(1-G(y))],  -  1  <  a  <  1  (1.2) 

This  model  has  coefficient  of  concordance  t  -•2a/9  which,  unlike  the  Oakes  model,  may  be  both 
positive  and  negative. 

To  illustrate  the  importance  of  the  iirfeperxlence  assumption  in  modeling  the  system  life, 
consider  figures  1  and  2  where  the  95th  and  99th  percentile  ct  system  life  is  plotted  for  the  two 
models  with  exponential  marginals.  Here  in  all  cases  the  first  component  has  unit  mean  life.  For 
the  Gumbel  model,  the  true  percentile  ranges  from  80%  to  1 1 5%  the  percentile  computed  under 
independence,  while  in  the  Oakes  model,  the  true  percentile  can  be  as  much  as  twice  m  big  as  the 
percentile  computed  under  independence  when  ^2  -  >.1  and  as  much  as  1. 5  times  as  big  when  X2  =  2. 
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Since  one  may  be  appredabty  misled  ^  erroneously  assuming  iridependent  component 
Heiimes,  it  is  desirable  to  test  this  hypothesis  based  on  data  from  series  systems.  However,  if  no 
assumpttons  about  the  underyfng  dtetiibution  of  the  component  lifetimes  is  mads,  such  a  test  is 
impossible  due  to  the  identifiability  problem  (see,  e.g.,  Tsiatis  (1978),  Miller  (1977),  Basu  and 
Kl^  (1982)).  This  is,  given  any  set  of  observable  information  (such  as  system  life,  crude 
system  IHe,  etc.)  collected  from  a  series  system  with  dependent  component  lifetimes,  there  exists  a 
series  system  with  independent  component  Wetimes  with  same  observable  information  (see 
Lartgberg,  Proschan  arid  Quinzi  (1961)).  However,  this  comparable  system  of  independent  rarxfoni 
variables  need  not  have  the  same  marginal  component  life  distributions  as  the  dependent  structure. 
In  particular,  the  marginal  dstributiorts  of  the  two  systems  are  the  same  only  for  the  class  of 
constarS  sum  models  defined  by  Wiliams  and  Lagaim  (1977). 

In  the  next  sectioa  a  modfication  of  KendalTs  (1938)  test  for  irtdepertdence  is  proposed. 
This  test  assumes  that  the  marginal  component  life  distributions  are  completely  sper^ied.  This 
inibrmalian  could  be  obtained  by  testing  each  oomponed  separately,  as  is  often  done  in  the 
developmant  stages  of  system  design  (see,  e.g.,  Easterling  and  Prairie  (1971),  Mastran  (1976), 
or  Miyamura  (1 982)).  In  section  3,  a  simulation  study  compares  the  power  of  this  test  to  the 
pararnelic  tests  based  on  the  Oakes  and  Gumbel  models. 

2.  TVCTESTPROCSXnE 

Suppose  that  n  two  componets  series  systems  are  put  on  test  Let  X^.Yj  denote  the  potential 

(unobservable)  failure  times  d  the  first  and  second  components  of  the  ith  systems.  We  are  not 
allowed  to  observe  (X^,  Yj)  directly,  but  instead  we  obssn«  Tj  >  min(Xj,  Yj),  the  system  failure 

timearxl 


1  ifT^  -Xj, 

tj  -  (  the  cause  of  the  system  failure 

OifTi-Yj 

Also  suppose  that  the  maginal  survival  functions  of  Xj  and  Yj,  P(x)  >  P(Xj  >  x)  and  G(y)  -  P(Y|  > 
y).  i  ■  1, ..,  n  are  known. 

If  we  could  observe  both  Xj  and  Yj,  then  a  test  of  independerx»,  due  to  Kendall  (1938),  is  to 
count  the  number  of  concordant  pairs  arxf  the  number  of  discoardant  pairs.  A  pair  (Xj,  Yj),  (Xj, 

Yj)  is  concordant  if  Xj  -  Xj  arxl  Yj  •  Yj  have  the  same  sign  ard  is  discordant  if  these  differences 
have  different  signs.  The  test  statistic  is  then  the  number  of  concordant  pairs  minus  the  number  of 
discordant  pairs. 

If  the  data  comes  from  a  series  system,  then  only  Tj,  Ij  is  observed.  Suppose  we  consider  a 
pair  (Tj,  Ij ),  (Tj,  Ij)  with  Tj  <  Tj.  If  Ij  »  1  and  Ij  «  1,  then  we  know  that  Xj  «  Tj  <  Xj  =  Tj,  and  Xj 
<  Yj,  Xj  <  Yj.  This  pair  would  be  concordant,  regardless  of  the  value  of  Yj,  if  Tj  <  Yj  <  Tj.  If  Yj  >  Tj 
oonoordanosordtecordancedeperxlsonthevalueof  Yj.  Under  the  null  hypothesis  of  independence, 
the  conditional  probablity  that  the  pair  is  concordant  is  [G(Tj)  •  G(Tj)]/G(T j)  -  P(T|  <  Y  <  Tj|Y  > 
Tj)  since  average  cortcordance  over  the  range  Y  >  Tj  is  0.  When  Ij  -  1  and  Ij  -  0,  then  Tj «  Xj  <  Yj  = 
Tj,  Xj  <  Yj  .Yj  <  Xj.  Here  if  Tj<  Yj  <  Tj,  the  pair  would  be  concordant,  and  if  Yj  >  Tj,  the  pair  would 
be  discordant,  whatever  the  value  of  Xj.  Under  independence,  the  conditional  probablities  of  these 
two  events  are  (G(Tj)  -  G(Tj))/G(Tj)  and  G(Tj)/G(Ti),  respectively.  Should  Ij  «  0,  similar 
probabilities,  involving  F,  could  be  obtained.  This  motivation  suggests  the  following  score  function 
for  Tj  <Tj. 
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♦CTiilj.Tj.lj)  I 


[  tG(Ti)*G(Tj)lA3(Ti)  iflj-lj-l 

J  [F(Ti)*F0)l/F(Ti)_  tflj-lj-O 

I 


[G(Tj)  -  2G0)1A30)  if  I,  -  1 ,  Ij  -  0 


(2.1) 


IF(Tj)  -  2FCTj)I/F(Ti)  if  1;  -  0.  Ij  -  1 

and  similarty  for  Tj  >  Tj. 

The  modmed  version  of  Kendairs  test  statistic  is 


t-I  I 


♦(Tj.  lj.Tj,lj)/  (n(n-1)/2) 


(2.2) 


To  find  the  moments  Oft,  under  indepandenee,  consider  ihe  pairs 


(Tl.  Ii).  (T2.  I2).  Let  -(T.,  <T2,  h  -  I2  -  1).  A2- {Ti<T2.  h  -  1, 12-O},  A3-fTi< 

T2.  H  -  0, 12  •  0}  and  A4  ■  {T.)  <  T2, 1^  •  0,  I2  -  1}.  In  terms  of  the  unobservable  component 
lifetimes.  (Xj.  Yj).  A^  -  {Xi< X2.  X2 <  Y2.  X,  <  Y^}  Ag -  {Xi  <  Y2.  X,  <  Y^ .  Y2  <  Xg).  A3  -  {Y,  < 
Y2.Y1  <X.|,Y2<X^arxj  A4b{Y^  <Xi.X2<Y^.  Since,  by  symmetry,  is  equally 

likely  to  either  smaller  or  larger  than  T2  we  have 
G(xi)-G(X2) 

(l/2)E(e(T.j,lf  ,T2,l2))  — B - dF(x^)dF(x2)dG(y.i)dG(y2) 

A,  G(xi) 


♦  I 


G(x,)-2G(y2) 
'2  G(x.() 

F(yi)-F(y2) 
4  F(yi) 

F(yi).2F(x2) 
V4  p(yi) 


dF(xi  )dF(X2)dG(y,  XlG(y2) 
dF(x,)dF(x2)dG(y,  )dG(y2) 
dF(xi)dF(X2)dG(yi)dG(y2) 


(2.3) 


>  Jl  ♦  J2  +  J3  +  J4  (say). 


Now,  consider 

00  OO 

Jl  J2  -  f  ((  {lG(x)-G(y)]G(y)dF(y)  + )  (G(x)-2S(y)lF(y)dG(y)ldF(x)  (2.4) 

—  X  x 

Integrating  the  first  inner  integral  in  (2.4)  by  parts  yields  the  negative  of  the  second  integral  so 
that  J,  +  Jg  -  0.  Similar  compulations  show  that  J3  +  J4  -  0.  Thus  E(4(Ti ,  I, ,  Tg.  Ig))  and 
hence  E(t)  are  both  0.  By  similar  computations,  one  can  show  that 


n(n-1)V(?)  »  (4/3)  ( G(x)2dF(x)  +  (4/3)  /  F(x)2dG(x) 
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m  m 

-4  jG(x)*''  /F(y)G(y)2dG(y)dF{x) 

X 


-  4  ll(x)-1l  G(y)F(y)2dF(y)dG{x) 

X 


+  4(n-2)  (2/3-21  F(x)G(x)d(F(x)  +  G(x)) 


(2.5) 


-  2  I  F(x)2G(x)2d(F{x)  +  G(x)) 


♦  3  I  F(x)2G(x)dF(x)  ♦  3 1  F(x)G(x)2dG(x)}.  where  F(x)  -  1  -  F(x) 

—  —  andG(x)-1 -G(x). 

Theasymp(oticnormalityoftfo(1awsbytheresultsof  Hoeffding  (1948).  Hence,  a  test  of 
independence  versus  dependence  reje^  if  V(f)|  is  greater  than  the  appropriate  percentage 

poM  of  a  standard  rxxmai  random  vatiaPle.  A  test  of  independence  versus  positive  dependence 
rejects  if  (/ V(()  is  too  large. 

The  variance  of  t  (2.5)  can  be  expressed  explidtiy  in  several  cases. 

Casel.  Ffx)-G(x).  In  this  case  (2.5)  reduces  to 

V(?)  -  (4n+7)/(30n{n-1)l.  _  (2.6) 

Case  2.  (Lehmann  structure)  F(x)  -  G(x)'*.  Here  (2.5)  reduces  to 

n(n-1)V(f)  -  8Q(35a  f  n(9a2  +  2a  +  9)M3(3a  ♦  1)(3  +  a)(2o  +  3)(3a  +  2)).  (2.7) 

Case  3.  (X,  Y  exponentiai),  F(X)  ■  e'  G(y)  ■  e'®^,  then  (2.5)  reduces  to 

n(n-1  )V(?)  -  8X8{35W  +  n(9x2  +  218  +  ge^)]  (2.8) 


3(3x  >  e)(}.  *  3e}(2x  *  3e)(3x  2e) 

When  the  true  valugs^  F,  G  are  misspecified,  then  E(^  is  not  zero.  If  the  true  component 
lifetime  distributions  are  F,  G  but  G?  are  used  in  formula  (2.3),  then  one  can  show  that,  under 
independenas, 

E(t)  -  2(1-5)  J  5(x)H  jf(y)G(y)PdG(y)dF(x) 

X 

•o  «■ 

♦  2(1-a)  I  F(x)'-«f  G(y)F(y)«dF(y)dG(x),  a,  5  >  0. 

—*  X 

If  F(  )  -  G(  ),  then  E(f)  -  (p-1)/2(P+2)  +  (a-1)/2(a+2). 
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If  F(x)  -  G(x)®  then  E(f)  -  («/(e+l))  {{tt-l)/(9+oa+l)  +  0-i)/(e+p+l)}. 

Similar  expressions  can  be  obtained  for  the  null  variance  of^ 

3.  SMILATION  SnfUDV 

To  Study  the  effectiveness  of  the  modified  Kendaifs  x  described  in  section  2,  a  simulation 
study  was  conducted.  The  study  was  perlomned  by  generating  IjXX)  samples  ofj]i- 20  or  40  series 
systems  with  exponentially  distribute  component  life  times,  F(x)  >  e*^  and  G(y)  >  e'^2i^,  X.2  « 

1,  2.  Both  the  Oakes  joint  distribution  (1.1)  arxJ  the  bivariate  Gumbel  distribution  (1.2)  were 
used.  The  bivariate  obsenrations  from  the  oees  distribution  were  generated  using  the  technique 
described Jn  sedion  2  of  that  paper.  To  generate  Gumbel  random  variables  with  marginal  survival 
functions  F(x),  G(y),  let  U.| ,  U2  be  independent  uniform  random  deviates.  Note  that 

F(x|y)  -  P(X  >  x(Y  -  y)  -  F(x)(1.Mx-2aG(y))  -  aF(x)2(l.2e(y)).  (3.1) 

Let  -  G(y)  and  U2  -  Ffxjy)  -  F(x)I1+a-2aUi)  -  aF(x)2(l.2Ui). 

Salving  this  equation  for  F(x)  yields 

?(x)  -  U*  -  ((1 +0(1 -20,))  -  o(1+a2(i.2Ui)2  +  2o(1-2Ui)(1-2Ui))^''2  ] 

/2a(1-2Ui),  U,  ;t1/2  (3.2) 

which  is  the  root  which  lies  in  tlw  interval  (0,1].  If  -  1/2,  then  U*  ■  U2.  The  pair  (X,  Y)  is 
then  found  by  X  -  (U*).  Y  -  G^l  (U^ ). 

For  the  purpose  of  oomparisoa  the  parametric  tests  for  independence,  based  on  the  efficient 
scores  statistics,  for  the  Gumbel  and  Oakes  model  were  obtained.  Consider  first  the  Gumbel  model 
(1 .2).  Using  the  notation  in  section  2,  ttte  obsenrable  crude  density  for  l  ■  1  is 

•  (d/dt)  P(T>t,l.1)  -  Pid)  -  f(t)G(t)I1+o(1-F(t)-2Q(t)  +  r(t)Q(t))) 

where  f(t)  « -(d/dt)  F(t),  and  a  similar  expression  for  qQ(t)  when  I  -  0.  Based  on  a  sample  of  n 
series  systems,  the  likelihood  function  is 
n 

L(«)-nqi(tj)'jqo(tj)’-'i.  (3.3) 

i-1 

After  some  simplification,  the  likelihood  equation  at  a  «  0  is 

n  _ 

(d/da)  InL(o)  (  ^  ^  +  G«j)  -  ^ 

Also,  when  X  arxi  Y  are  exponemial  with  parameters  X2.  respectively,  then 
o2q  .  .  E(d2  ln(a)/do2)  -  n  (7/3  +  ( Xi  +  4  X2)/  ( X^  +  3  X2) 

+  (  X2f  4  Xi)/(  X,  +  3X2)  -4t(  Xi  +  2X2)/(2  Xi+  3  X2)  +  (2  X^  +  X2)/ 

(3Xi  i.2X2)l}. 
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The  efficient  scores  test  of  the  hypothesis  a-  0  is  then  W/oq  which  has  an  approximate  standard 
normal  distribution  when  a  «  0. 


For  the  Oakes  model  (1 .1 ),  the  cnide  density  functions  are  of  the  form 
qi(t)-f(t)^(t)S(t)®  where 
S(t)®  -  ({l/F(t)]®  +  {l/G(t)}®  -^-11  -  -■') 

From  (3.3),  the  log  likelihood  for  e  is 
n 

lnL(0)  -  -  10  Ijaj  +  (l-lj)bj  +  0  (lnDj)/(0  -1) 

where  aj  -  -lnF(^).  bj « -  lnG(tp.  and  Dj » {e(®  +  e(®  -l}. 

The  Rkettiood  equation  is 

n  n 

(d/do)ln  L(0)  -  1  +  (l-li)bj  -  (1  ♦  1/(0  -1))I  (aj  e(®-l)«j  +  bj  e(®-’)*^]/Oj 

n 

>(1/(0 -1)2)  I  inOi 
i-1 

n  n 

which  is  equal  to  V  - 1  (aj^>(1-^)b^)  >  I  (aijbj-aj-l^) 

as  0  -»1  The  E(-(d2/d02)  lnL(s))  at  s  -  1 .  under  the  exponential  model  is 
<^Q  -  2n  x^(  Xi>  X2)2  so  the  resulting  score  statistic  is 


(3.4) 

(3.5) 


(3.6) 


(3.7) 

(3.8) 


2 


(I  lj(  ilT|)  >  (Mj)  XgTj  >  X  X,  X2T2j  -  ( x,>  X2)T|))  •  (X,  >  X2)/(2n  X,  Xg)’/^ 
j-1  j-1 


which  is  approximately  starxlard  nomnal  for  large  n  when  0  >  1. 

The  resuits  of  this  study  are  reported  in  table  1.  From  this  table  it  seems  like  the  modified  t 
test  has  reasonably  good  power  when  compared  to  the  parametric  tests,  although  comparison  with 
the  Oakes  score  test  is  hard  since  the  significance  level  of  that  test  is  inflated.  Also  the  test  based  on 
the  Gumbel  scores  has  oomparabte  power  when  the  data  is  trom  the  Oakes  model.  Atestfor 
normality  done  on  the  samples  e4iere  tie  components  were  independent  accepted  the  normaTity 
assumption  fdr  the  modffied  t  test 

Table  2  reports  the  observed  number  of  rejections  when  the  component  parameters  are 
estimated  based  on  independent  sanplas  of  size  50  for  each  oorrvonent  A  .05  significance  level  was 
used.  Here,  when  X.)  >  X2,  afl  tests  have  inflated  levels.  When  X.)  *  X2  the  tests  are  consenrative. 
All  tests  have  comparable  power  when  x.)  >  X2,  however,  the  rrxxfrfied  x  test  has  significantly 
higher  power  when  X.)  *  X2. 


I 
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In  addWon  to  the  power  a(  our  modHied  test,  the  was  estimated  for  each  sample.  Except 

in  the  Mependence  case,  the  simulation  showed  that  E(^  -  .35t,  suggesting  t  is  of  limited  use  as  a 
point  estimator  oft. 


TABLE  1 

Estimated  Power  Using  True  Parameter  Values 
Based  On  1000  Replications 


MQPFEDi 

Qftsaocre 

fitMTI 

sees 

MODS- 

0 

I 

«» .os  a  -  .025 

a  •>  .05 

a  -  .025 

a -.05 

a  • 

Independent  20 

0 

50 

25 

71  + 

52+ 

58 

37 

Independent  (X2-'l)  40 

0 

42 

21 

57 

34 

54 

36 

Independent  (X2-2)  20 

0 

53 

25 

74+ 

52+ 

62 

34 

Independent  (X2-2)  40 

0 

55 

32 

74+ 

49+ 

69 

37 

Gumbel 

(X2-I)  20 

.125 

99 

55 

115 

88 

133 

78 

Gumbel 

.125 

158 

96 

159 

124 

192 

124 

Gumbel 

(X2-2) 

20 

.125 

119 

74 

128 

88 

141 

100 

Gumbel 

(X2-2)  40 

.125 

158 

88 

146 

111 

176 

116 

Gumbel 

(X2-I)  20 

.222 

182 

117 

172 

130 

245 

175 

Gumbel 

(X2-I)  40 

.222 

283 

199 

239 

179 

323 

257 

Gumbel 

(X2-2)  20 

.222 

188 

110 

160 

130 

205 

143 

Gumbel 

(X2-2)  40 

.222 

278 

181 

221 

159 

316 

237 

Oakes 

(312-1) 

20 

.125 

170 

114 

236 

202 

184 

137 

Oakes 

(X2-I) 

40 

.1J» 

224 

154 

327 

273 

247 

185 

Oakes 

(312-2) 

20 

.125 

166 

101 

231 

207 

179 

125 

Oakes 

(I2-2) 

40 

.125 

228 

148 

313 

253 

248 

166 

Oakes 

(>2-1) 

20 

.25 

318 

243 

421 

377 

379 

295 

Oakes 

(3^2-1) 

40 

.25 

484 

394 

614 

551 

510 

443 

Oakes 

(312-2) 

20 

.25 

334 

223 

386 

335 

354 

273 

Oakes 

(3^2-2) 

40 

.25 

513 

338 

555 

483 

522 

407 

Oakes 

(3^2-1) 

20 

.50 

638 

535 

704 

670 

680 

606 

Oakes 

(^1) 

40 

.50 

880 

802 

903 

875 

881 

851 

Oakes 

(3^2) 

20 

.50 

657 

589 

615 

547 

674 

593 

Oakes 

(>2-2) 

40 

.50 

894 

823 

816 

772 

873 

820 

Oakes 

(3^1) 

20 

.75 

799 

722 

803 

763 

858 

795 

Oakes 

(>2-1) 

40 

.75 

973 

946 

983 

968 

925 

900 

Oakes 

(3^) 

20 

.75 

899 

847 

699 

631 

823 

763 

Oakes 

(3^2-2) 

40 

.75 

995 

989 

924 

884 

985 

961 

II  II  II  II 
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TABLE2 

Estimated  Power  Using  EstfmatBd  Pararneler  Values 
and  0.05  SigriHicanca  Level 


Motlfiedt 

Oates  SCdB 

Gumbel  Score 

has. 

n 

t 

Xi-1 

X2-2 

Xl-1 

i2-2 

X1-1 

X  2*2 

Independent  20 

0 

83 

18 

96 

1 

89 

1 

Indepandent  40 

0 

64 

17 

83 

1 

81 

1 

Gumbel 

20 

.125 

136 

42 

141 

3 

159 

4 

Gurbel 

40 

.125 

214 

30 

200 

3 

242 

4 

Gumbel 

20 

.22 

209 

68 

201 

6 

255 

10 

Gumbel 

40 

.22 

331 

62 

276 

10 

360 

9 

Oel«B 

20 

.125 

202 

48 

263 

40 

211 

8 

Odres 

40 

.125 

276 

54 

354 

13 

284 

1 

Odres 

20 

.25 

327 

146 

430 

55 

388 

29 

Odes 

40 

.25 

513 

156 

628 

48 

542 

20 

Gehae 

20 

.50 

638 

400 

699 

93 

655 

92 

OelaB 

40 

.50 

858 

558 

827 

99 

865 

102 

Oetaa 

20 

.75 

781 

737 

793 

76 

828 

84 

Od«6 

40 

.75 

956 

916 

947 

112 

962 
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Summary 

When  there  b  extreme  censoring  on  the  ri^t,  the  Kaplan-Meier  product-limit  estimator  b  known  to 
be  a  biased  estimator  of  the  survival  function.  Several  modifications  of  the  Kaplan-Meier  estimator 
are  examined  and  compared  with  respect  to  bias  and  mean  squared  error. 


1.  IntrodoctHM 

In  human  and  animal  survival  studies,  as  well  as  in  life-testing  experiments  in  the  physical 
sciences,  one  method  of  estimating  the  underlying  survival  distribution  (or  the  reliability 
of  a  piece  of  equipment)  which  has  received  widespread  attention  is  the  Kaplan-Meier 
product-limit  estimator  (Kaplan  and  Meier,  1958). 

For  the  situation  in  which  the  longest  time  an  individual  b  in  a  study  (or  on  test)  is  not 
a  foilure  time,  but  rather  a  censored  observation,  it  is  well  known  that  there  are  many 
complex  problems  associated  with  any  statistical  analysis  (Lagakos,  1979).  In  particular, 
the  Kaplan-Meier  product-limit  estimator  is  biased  on  the  low  side  (Gross  and  Clark, 
1975).  In  the  case  of  many  censored  observations  larger  than  the  largest  observed  failure 
time,  this  bias  tends  to  be  worse.  Estimated  mean  survival  time  and  selected  percentiles,  as 
well  as  other  quantities  dependent  on  knowledge  of  the  tail  of  the  survival  function,  will 
also  exhibit  such  biases. 

A  practical  situation  which  motivates  this  study  b  a  large-scale  animal  experiment 
conducted  at  the  National  Center  for  Toxicological  Research  (NCTR),  in  which  mice  were 
fed  a  particular  dose  of  a  carcinogen.  The  goal  of  the  experiment  was  to  assess  the  effects 
of  the  carcinogen  on  survival  and  on  age-specific  tumor  incidence.  Toward  this  end,  mice 
were  randomly  divided  into  three  groups  and  followed  until  death  or  until  a  prespecified 
group  censoring  time  (280, 420,  or  560  days)  was  reached,  at  which  time  all  those  still  alive 
in  a  given  group  were  sacrificed.  Often  there  were  many  surviving  mice  in  all  three  groups 
at  the  sacrifice  times. 

In  general,  we  consider  an  experiment  in  which  n  individuals  are  under  study  and 
censoring  is  permitted.  Let  tfiy,  . . . ,  {«„)  denote  the  m  ordered  failure  times  of  those  m 
individuals  whose  failure  times  are  actually  observed  (((■><  •  ■  ■  <  The  remaining 
n-m  individuals  have  been  censored  at  various  points  in  time.  It  will  be  useful  to  introduce 
the  notation  S/  to  denote  the  number  of  survivors  just  prior  to  time  {(;>;  that  is,  Sj  is  the 
number  of  individuals  still  under  observation  at  time  t^Jy,  including  the  one  that  died  at 
t,j).  Then  the  Kaplan-Meier  product-limit  estimator  (assuming  no  ties  among  the  l(j))  of 


Key  words:  Adjusted  Kaplan-Meier  survival  estimation;  Bias  of  survival  function:  Life-testing;  Right 
censoring;  Survival  analysis. 
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Estimators  of  Survival  with  Right  Censoring 

So,  by  the  theorem  on  order  statistics  stated  at  the  beginning  of  this  section,  the  conditional 
distribution  of  Tiu),  given  («*«-«,+  will  be  approximated 

by  the  (u  -  n  +  nr)th  order  statistic  in  a  sample  of  ric  drawn  from  (3).  For  simplicity,  let 
y  *  «  -  n  +  flc,  so  that  y  *  1, . . . , Now  the  expected  value  of  the  Jth  order  statistic  from 
(3)  is 

E(7>.^)  -  JT  nPADr'lPAOr-^'ikt^-fe)  dt 

-  J /)  X*  ^ ^  y)]'^-^‘iky^-'/«)  dy  (4) 

where  P(y)^  exp(-y*/0),  » (i*  - 1*)'/*  >  o  and  is  the^  order  statistic  in  a  sample 

of  size  Ac.  ^uation  (4)  can  also  be  written  as 

^Tj,g,)  -  J X  dz  (5) 

where  Piz)  *  exp(-z*),  z  *  ( y/®)*''*  >  0.  Now  may  be  crudely  estimated  by 

+  (6) 

where  E(Zy;„,)  is  the  expected  value  of  the  ^  order  statistic  froin  a  sample  of  size 
determined  i^m  Harter’s  (1969)  tables  or  recurrence  relation,  and  0  and  Ic  are  maximum 
likelihood  estimators  of  9  and  k,  respectively. 

These  n,  estimated  expected  order  statistics  may  then  be  treated  as  ’’observed”  lifetimes 
in  adjusting  (or  “completing”)  the  estimated  survival  function  computed  in  ( I ).  The  area 
under  the  estimated  survival  function  up  to  tc  remains  unchanged.  The  area  under  the 
extended  estimated  survival  function  bas^  on  the  He  estimated  expected  order  statistics  is 
then  added  to  the  initial  area  to  obtain  a  more  precise  estimate  of  Pit)  [estimated  order 
statistic  (EOS)  extension). 

2.2  WeibuU  Maximum  Likelihood  Techniques 

A  straightforward  approach  to  completing  Pit)  is  to  set 

Pit)  »  exji{-l^/e)  for  t  >  h.  (7) 

Estimates  of  k  and  9  based  on  ail  observations  can  be  obtained  by  either  the  maximum 
likelihood  (WTAIL)  or  the  least  squares  method.  However,  our  study  found  the  completion 
using  maximum  likelihood  estimators  was  always  better  in  terms  of  bias  and  mean  squared 
error. 

One  suggestion  for  ostenriUy  improving  this  estimator  would  be  to  “tie”  the  estimated 
tail  to  the  product-limit  estimator  at  u.  Two  methods  were  attempted  to  accomplish  this 
goal.  First,  the  likelihood  was  maximized  with  respect  to  k  and  9  subject  to  the  constraint 
that  expi-ti/9)  ■  PiL).  This  method  will  be  referred  to  as  the  restricted  MLE  tail  probability 
estimate  (RWTAIL  extension).  Second,  a  scale-shift  was  performed  on  the  tail  probability 
in  (7)  to  tie  it  to  the  product-limit  estimator.  This  method  led  to  higher  biases  and  mean 
squared  errors  of  the  survival  function  and  will  be  dropped  from  further  discussion  in  this 
paper. 

2.3  BHK-Type  Methods 

The  Brown-Hollander-Korwar  completion  of  the  product-limit  estimator  sets 

Pit)  =  exp(-t/9*)  for  t  >  tc 


(8) 
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3.  A  Cbmpwisoa  of  the  Various  Methods 

A  siinulation  study  of  data  such  as  that  collected  at  NCTR  was  performed.  Three  groups 
of  48  lifetimes  were  Emulated  with  all  testing  stopping  at  280,  420,  and  560  days, 
respectively,  for  the  three  groups.  Distributions  with  mean  survival  times  of 400,  500,  and 
600  days  were  used.  The  generated  lifetimes  greater  than  or  equal  to  the  sacrifice  time  for 
each  particular  group  were  considered  as  censored.  The  remaining  set  of  observed  lifetimes, 
along  with  the  number  censored  at  the  three  sacrifice  times,  constituted  a  single  sample. 
For  each  of  the  distributions  studied,  1000  sudi  samples  were  generated.  WeibuU  distribu¬ 
tions  with  shape  parameters  .5,  decreasing  failure  rate,  1,  constant  failure  rate,  and  4, 


TbU»2 

Buu/lOO  {and  MSE/lOO^  far  estimating  90th  percentile  for  various  methods  of  completion 


Distribiitioa 

IC-M 

BHK 

exteaskm 

Estiiiiated 
order  statistic 
ettenskm 

WeibuU 

WTAIL 

extensioD 

Restricted 

WeibuU 

RWTAIL 

.extension 

WeibuU 

400 

-3.017- 

-2.838 

1.691 

134* 

.458 

(25.IS5)- 

(9.358) 

(16.424) 

(7.524)* 

(10.812) 

*-.5 

300 

-7.633- 

-4.620 

1.897 

.418* 

.642 

(38.604r 

(22.711) 

(24.276) 

(14.319)^ 

(21.442) 

600 

-10.306- 

-6.390 

1213 

.734* 

1.064 

(I06.2ir 

(41449) 

(36.895) 

(25.419)* 

(37.911) 

400 

-3.610- 

.064* 

.248 

.084 

.067 

(13.033)- 

(1.892)^ 

(2.423) 

(1.980) 

(1945) 

1 

300 

-3.913- 

.096* 

189 

.121 

.306 

(34.963)- 

{2.99Sf 

(4.681) 

(4.361) 

(5.903) 

600 

-8.216- 

.244* 

.610 

.418 

.550 

(67.439r 

{4.mf 

(9.247) 

(8.331) 

(10.792) 

400 

-.045 

.098’ 

-.007* 

-.037 

-.oil 

{jont 

(.236)’ 

(.060) 

(.047) 

(.063) 

k-4 

300 

-1.195 

5.324’ 

-.031 

-.026 

.024* 

(1.429) 

(33.091)’ 

(.146) 

(.141)* 

(.177) 

600 

-2.354 

17.913’ 

.120 

.090 

.068* 

(6.524) 

(355.02)’ 

(.794) 

(.676) 

(.641)* 

Losnonnal 

400 

-2,62S’ 

-.044* 

-1.263 

-1.758 

-.967 

(6.908>- 

(1.326)* 

(1.979) 

(3.407) 

(1.673) 

km  1 

300 

-4.6W 

.213* 

-2.354 

-1718 

-1.908 

(21.902)- 

(1708)^ 

(6.153) 

(7.909) 

(4.751) 

600 

-6.736- 

.759* 

-3.507 

-3.766 

-2.980 

(45.373)’ 

(4.764)* 

(13.123) 

(14.981) 

(10.257) 

400 

-.085 

.161 

-.038 

-.162’ 

-.024* 

(.060)* 

(.409)’ 

(.081) 

(.065) 

(.093) 

kmA 

300 

-1.251 

3.72r 

-.584 

-.657 

-.484* 

(1.566) 

(17.654)’ 

(.403) 

(.495) 

(.318)* 

600 

-2.621 

13.695’ 

-1114 

-1.236 

-1.158* 

(6.872) 

(210.30)’ 

(1.616) 

(1.662) 

(1.498)* 

Bathtub 

400 

-3.629- 

-.177 

.053* 

-.104 

.105 

(13.167)- 

(1.717)* 

(2.052) 

(2.058) 

(3.190) 

pm.\ 

300 

-6.068- 

-.457 

-.071 

-.208 

.004* 

(36.826)’ 

(2.955)* 

(4.702) 

(3.619) 

(5.245) 

600 

-7.99r 

-.318 

.043 

-.244 

-.014* 

(63.954)’ 

(4.330)* 

(7.786) 

(7.608) 

(9.923) 

400 

-.347 

.143* 

.276 

1.154’ 

.981 

(.273)* 

(.844) 

(1.078) 

(3.877) 

(4.747)’ 

pm  A 

300 

-1.425 

.521* 

.764 

1.699 

1.718’ 

(2.033) 

(1.540)* 

(2.067) 

(8.574) 

(10.714)' 

600 

-3.554’ 

-.137 

.132* 

1304 

2.450 

(12.628)’ 

(1.804)1‘ 

(1352) 

(17.530) 

(22.456) 

*  Best  estimation  method. 

*  Worst  estimation  method. 
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observations  nonparametrically  and  uses  a  parametric  model  only  for  the  censored 
observations.  One  version  of  this  proposed  estimator  always  has  a  smaller  bias  and 
mean  squared  error  than  the  product-limit  estimator.  An  example  estimating  the 
survival  function  of  patients  enrolled  in  The  Ohio  State  University  Bone  Marrow 
Transplant  Program  is  presented. 
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Summary 

Many  biological  or  medical  experiments  have  as  their  goal  to  estimate 
the  survival  function  of  a  specified  population  of  subjects  when  the  time 
to  the  specified  event  may  oe  censored  due  to  loss  to  follow-up,  the 
occurrence  of  another  event  which  precludes  the  occurrence  or  the  event  of 
interest,  or  the  study  being  terminated  before  the  event  oi  interest 
occurs.  This  paper  suggests  an  improvement  or  the  Kapian-Meier 
proouct-l imit  estimator  when  tne  censoring  mechanism  is  random.  The 
proposed  estimator  treats  the  uncensored  observations  nonparametrica 1 ly 
ana  uses  a  parametric  model  only  for  tne  censored  observations.  One 
version  or  this  proposed  estimator  always  has  a  smaller  bias  and  mean 
squared  error  than  the  product-limit  estimator.  An  example  estimating  the 
survival  function  of  patients  enrolled  in  The  Ohio  State  University  Bone 
Marrow  Transplant  Program  is  presented. 

Key  words:  Censored  Observations,  Survival  Function  Estimation. 
Product-limit  Estimator 


1 .  INTROOUCTION 

The  problem  of  analyzing  oata  from  experiments  or  clinical  trials  for 
v«rfi1ch  the  time  to  occurrence  of  tne  primary  event  of  interest  (.sucn  as 
death,  appearance  of  a  tumor  or  other  morcid  condition,  component  failure, 
etc.;  may  not  be  directly  ocservable  due  to  the  occurrence  of  some 
competing  risk  of  removal  from  the  study  (such  as  loss  to  follow-up,  early 
termination  of  the  study,  failure  of  a  different  cause  or  component  tnan 
the  one  of  Interest,  etc.;  arises  in  biological,  medical,  or  engineering 
sciences.  In  engineering  applications,  tne  data  may  be  censored  wnen  one 
analyzes  experiments  Involving  series  systems  with  several  failure  mooes, 
testing  of  field  equipment  with  a  fixed  test  time  and  random  or  staggered 
entry.  Type  I  or  Type  II  censored  life  tests,  or  any  combination  tnereof. 
In  medical  applications,  data  may  be  censored  if  wo  are  conducting  a 
clinical  trial  with  fixed  study  time  and  random  or  staggered  patient 
entry,  a  clinical  trial  in  whicn  patients  are  lost  to  follow-up,  or  a 
clinical  trial  in  which  there  are  multiple  causes  of  failure  but  interest 
centers  on  only  one  of  them.  In  all  of  these  studies,  interest  focuses  on 
estimating  the  underlying  survival  distribution  of  the  time  to  occurrence 
of  tne  primary  event  of  interest. 

In  the  above  settings  one  of  two  primary  methods  of  analysis  is 
usually  employed.  First,  a  distribution-free  estimator,  suggested  by 
Kaplan  and  Meier  (1958)  is  often  routinely  used.  Alternatively,  maximum 
likelihood  methods  may  oe  used  to  estimate  tne  survival  function  when  tne 
survival  distribution  belongs  to  some  parametric  family. 

Both  of  these  approaches  nave  some  shortcomings.  While  the 
Kaplan-Meier  nonparametric  estimator  has  many  desirable  large  sample 
properties,  its  small  sample  properties  are  suspect.  In  particular,  it  is 


biased  for  finite  samp'les  and  the  magnitude  of  this  bias  is  inversely 
related  to  sample  size  (.cf.  Gross  ana  Clark  (1975;).  Recently,  Miller 
(1983)  shoMed  that  the  asymptotic  efficiencies  cf  the  Kaplan-Meier 
proOuct-limit  estimator,  relative  to  the  maximum  Hkelihooa  estimator  of  a 
parametric  survival  function,  are  low  when  the  censoring  proportions  are 
nigh  or  for  surviving  fractions  that  are  close  to  zero.  For  low  surviving 
fractions  tne  variance  of  the  Kaplan-Meier  estimator  is  large  and  any  drop 
in  efficiency  represents  a  real  loss  of  accurancy.  Thus,  Miller  concludes 
that  “parametric  modelling  should  be  considered  as  a  means  of  increasing 
the  precision  in  the  estimation  of  small  tail  probabilities. '  In 
addition,  the  haplan-Meier  estimator's  performance  is  suspect  for  small 
samples  as  noted  by  Geurts  (1985;,  for  non proportional  hazard  rate 
censoring,  and  by  Chen,  Hollander,  and  uangberg  (1982)  who  state  that,  for 
proportional  hazard  censoring,  'for  small  samples  tne  Kaplan-Meier 
estimator  is  biased  ana  non-negligibly  so  under  heavy  censoring  at  median 
to  low  values  of  the  survival  function.* 

If  the  underlying  parametric  survival  distribution  is  Known,  then 
parametric  maximum  likelihood  methods  are  preferred.  However,  in  reality, 
one  rarely  has  this  kiowledge  available.  This  approach  assumes  a 
plausible  parametric  model  and  estimation  is  carried  out  by  the  method  of 
maximum  liKelinood  (c.f.  Nelson  (1982;  or  Bain  (1978)).  Typical  models 
used  are  the  exponential  (McCool  (1974;),  the  Weibull  (Sain  and  Antle 
(1970)),  tne  normal  and  log  normal  (Harter  and  Moore  (1965)),  the  ganmia 
(Engelhardt  and  Sain  (1978)),  the  log-logistic  (Bam,  Eastman  ana 
Engelhardt  (1973)),  the  Pareto  (Proschan  (1963);,  and  tne  exponential 
power  distribution  (Smith  and  Bain  (1975;;.  In  light  of  the  fact  that  it 
IS  often  difficult  to  distinguish  between  the  candidate  distributions 
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(cf.  Bain  and  Englehardt  (1980),  SiSMadi  and  Quesenberry  (1982),  Kent  and 
Quesenberry  (.13B2))  the  investigator  may  very  mbH  choose  the  incorrect 
distribution.  If  the  wrong  model  Is  cnosen,  tnen  we  i<jtow  the  parametric 
maximum  likelihood  method  will  lead  to  asymptotically  biased  results  and 
will  pernaps  be  quite  inappropriate.  This  problem  of  misspecif icaticn 
bias  is  pernaps  the  largest  concern  in  using  this  method. 

kecencly,  Moeschoerger  and  Klein  (1985)  nave  described  a  method  for 
improving  the  product-limit  estimator's  performance  whan  the  data  are 
censored  at  some  fixed  time  point.  The  approach  involved  estimating  the 
survival  function  beyond  the  last  death  by  an  appropriately  chosen 
parametric  function.  In  this  paper  we  present  an  extension  of  this  metfoo 
to  randomly  censored  data.  The  proposed  estimator  treats  the  uncensoreo 
ooservations  nonparametncal ly  and  uses  a  parametric  model  only  for  the 
censored  observations.  This  new  estimator  retains  most  of  the 
distribution-free  properties  of  Kaplan-Meier  and,  yet,  allows  one  to 
estimate  the  function  with  reasonaole  accuracy  in  the  tails.  in  the  next 
section  the  motivation  and  construction  of  the  proposed  estimator  is 
discussed.  In  Section  3  properties  of  the  estimator,  when  the  correct 
parametric  model  is  chosen,  are  presented.  Results  of  a  Monte  Carlo 
robustness  study  which  compares  the  proposed  estimator  with  the 
Kaplan-Meier  approacn,  a  smoothed  Kaplan-Meier  approach,  and  tne  maximum 
likelihood  approacn  are  presented  in  Section  4.  Finally,  an  example  of 
estimating  the  survival  distribution  of  transplant  patients  enrolled  in 
The  Ohio  State  University  6one  Marrow  Transplant  Program  is  discussed  in 
Section  5. 
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2 •  CONSTRUCTION  OF  THE  ESTIMATOR 

For  the  jth  individual  under  observaticxi  or  on  test,  let  denote 
the  potential  time  to  occurrence  of  the  event  of  interest  and  lot 

denote  the  potential  time  to  censoring,  j  =  1 . n.  In  this  discussion 

MB  shall  make  the  cornnon  assumption  that  X^,  Yj  are  independent  with 
survival  functions  F(*)  and  G(*).  respectively.  We  observe  Tj  = 
minimum  ^  (®  death!  and  =  0  if 

(a  censored  odsorvation; .  Our  goal  is  to  estimate  F(x)  ■  P  [X  >  x). 

Suppose,  that  cased  on  a  preliminary  graphical  analysis  of  the  data 
(cf.  £landt-Johnson  and  Johnson  (1980i,  Nelson  tl9d2))  or  based  on  a 
tneoretical  model  of  tne  disease  process,  a  plausible  model  for  P(x! 
is  selected  to  be  S(x|0),  where  0  is  a  vector  of  unknown  paraseters. 

Let  be  a  consistent  estlsator  of  $  based  on  the  censored 
sample  j  =  l....n. 

The  proposed  estimator  is  constructed  by  analogy  to  the  complete  data 

problem  wnore  a  natural  estimator  of  F(x)  is  the  proportion  of 

(X  ,Y.;  pairs  with  X.  >  x.  In  the  censored  data  problem  we  observe 
J  J  J 

points  along  the  line  X  =  Y  =  T  along  witn  a  ray  of  possible  values  of  tne 


unobservable  coordinate  (see  Figure  1).  For  those  pairs  (T  d  ) 

J 

with  T^.  >  X  (rays  a  and  b  in  Figure  I)  we  are  sure  that  the 
corresponding  X  is  greater  than  x.  For  pairs  (T.,  d.J  with  T.  £  x 
and  dj  •  1  (ray  c)  in  Figure  1  we  are  positive  that  Xj  is  Jess  than  or 
equal  to  x.  When  <  x  and  d^  -  0  (ray  d  in  Figure  1)  we  can  not 
determine  witn  certainty  if  the  true  unobservable  X^  is  greater  than 
X  or  not.  In  this  case  an  estimate  of  tne  cnance  of  the  true  X^  being 
greater  than  x,  in  light  of  tne  ooservable  information  (Tj.  ^ 
P(Xj>x|Tj  =  r..  d^-0)  =  P(X^>x|X^>T..  Y^=T,)  which. 


using  the  assumed  parametric  rtodel  S(*19)  for  F,  is 
S(x|fl)/S(Tj I .  This  suggests  the  following  estimator; 


,  n 

F(x)  =  E  0.  (x|S(.|i))/n 

j  =  l  ^ 


(1) 


where  ( x 1 S ( • | ) )  = 


1  if  T .  >x,  S .  =  0  or  1 
J  J 

0  if  T.  <  X,  5,  =  1 
J  -  J 


(2) 


S(xli)/S(Tj(i)  if  Tj  <  X.  (5j  =  0 


3.  PTOPERTieS_gF,.,7>iE_ESTIi;^T.0R^_i^ 

In  this  section  we  assume,  up  to  the  unknown  parameter  6,  that 
S(x)  =  F(x)  for  all  x.  Before  deriving  properties  of  F  (x).  in 
this  case,  we  present  an  alternate  expression  for  F(x).  Let  x(A) 
denote  the  indicator  function  of  the  event  A  and  define 

n  .  n 

0  (x)  =  E  x(T  >x)/n  and  Q__(x)  =  E  z(T,  <  x.5  =  0)/n. 

j=l  J  j=l  ^  ^ 

Then  one  can  show  that 

f  (X)  =  Qj^(x)  +  S(x\i)  d  Qon(u).  (3) 

S(u|fl) 

This  representation  allows  us  to  prove  the  following  theorem  (proof  in  the 


Appendix) . 


Tneoreiti  1 .  Under  tne  random  censoring  model  with  X^. ,  independent 
and  S(x|9)  -  P(x).  P(x)  -»  P(x)  uniforely  in  x  with  probability 
one  if  9  -•  9  with  probability  one. 

Tne  representation  (A. 4)  in  the  Appendix  allows  us  to  prove,  tiy 
arguments  very  closely  related  to  those  in  Sreslow  and  Crowley  the 

following  weak  convergence  result. 

Theorem  2.  Assume  the  independent  random  censoring  nodel  with 
S(x|9)  P(xi.  If  Vn  9  is  a  consistent  estimator  of  9 
whicn  converges  in  distribution  to  a  normal  random  variable  tnen 
Vn  (P(x)  -  P(x))  converees  weakly  to  a  Gaussian  process  with 
mean  0. 

While  the  proof  (which  we  outline  in  the  Appendix)  of  the  above  result 

is  straignt-forward,  evaluation  of  the  limiting  covariance  is  difficult, 

especially  for  estimators  of  9  obtained  by  iterative  techniques,  since 

this  covariance  involves  the  limiting  covariance  of 

Cn^'^^(Q^(x)-Q(x)).  n*''^(9-9))  and 
1/2  '  1/2  ‘ 

(n  ^ '  **  i9-9j).  However  in  some  special 

cases  this  limiting  covariance  can  oe  obtained.  One  such  special  case  is 

given  below. 

Corollary  1.  If  X^,  and  are  independent  exponential  random 
variables  with  hazard  rates  A,  $  respectively,  and  S(x|9^ 

*  exp(.-x/9)  in  (1)  and  9  »  ET^/d  where  d  is  the  observed 
number  of  deaths  (.9  is  the  maximum  likelihood  estimator  of 


0=1/A).  then 


Z^(x)  =  Vn(F(x)  -exp(-x/®))  -►  Gaussian  process  with  mean  0 


The  details  of  the  proof  of  this  corollary  may  also  be  found  in  the 
Appendix. 

From  Kaplan  and  Meier  (1958)  we  note  that  in  the  exponential  case  the 
asymptotic  variance  of  the  product  limit  estimator  is 
-lexp(  -  2,lx)  (exp(  (-l+0)x)-l)/(A+0)  (5) 

which  is  always  greater  than  (4).  Figure  2  shows  a  plot  of  the  asymptotic 
relative  efficiency  ((5)/(4))  as  a  function  of  the  censoring  fraction 
p  =  ^/{A  *■  0)  for  ^  =  1,  0  <  p  <  .5  at  the  10th,  50th  and  90th 
percentile  of  the  survival  distribution.  Note  from  this  figure  that  the 
relative  efficiency  of  our  proposed  estimator  improves  with  increased 
censoring  and  increasing  time.  While  this  result  is  true  for  the 
exponential  case  our  Monte  Carlo  study  presented  in  the  next  section  seems 
to  indicate  it  is  true  for  the  Weibull  case  as  well. 

4  .  monte  CARLO  ROBUST 

To  study  the  performances  of  our  estimator  when  the  incorrect 
parametric  form  is  chosen  for  3,  a  Monte  Carlo  study  was  performed.  Thie 
study  consisted  of  simulating  1,000  samples  of  size  25  or  50  with  10%,  30% 
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ex’  50%  censoring  from  the  following  distributions:  (In  each  case  we  fixed 
the  mean  life  at  1  to  make  comparisons  easier.) 

1.  E:  Exponential; 

2.  W(a):  Weibull  with  S(t)  °  exp(-3t"): 

3.  G(a):  Gaua  with  probability  density  function 

f(t)  =  «M“^exp(-^t)/rO): 

4.  LN(s):  Log  normal  with  second  moment  equal  to  the  secona  moment 

of  a  Weibull  (a,^); 

5.  N((7):  Noreal  with  mean  1  and  standard  deviation  a; 

6.  EPO):  Exponential  power  distribution  (Seith  &  Bain  (1975))  with 

S(t)  =  exp(i-exp((t/a)^) ) 

7.  GOM  (r):  Goeertz  with  S(t)  =  exp  0(l-exp(rt) )/rl .  $,  7,  t  >  o; 

8.  P(a):  Pareto  with  S(t)  » 

9.  8r(p);  A  bathtub  shaped  hazard  distribution  (Glaser  (1980))  which  is  a 
mixture  of  an  exponential  with  probability  (1-p)  and  a  gamma  (3,-1) 
with  probability  p;  and 

10.  LL  O) :  Log  logistic  with  S(t)  =  (l+rt^)”^,  p,  j  >  o. 

Censoring  distributions  were  the  exponential  for  all  distributions.  In 
addition,  proportional  hazards  censoring  was  used  for  the  W(a)  and 
EPO).  The  distributions  selected  contain  a  variety  of  shapes  for  the 
hazard  rate;  decreasing  hazard  rates  for  the  W(a),  a  <  1,  G(o), 

o<l,  P(a);  constant  hazard  rates  for  B;  Increasing  hazard  rates  for 
the  W(a),  a  >  1,  G(a),  a  >1.  EPO).  0  >1;  and  U  shaped  hazard 
rates  for  the  BT(p),  EPO).  (9  <  1 . 

Table  l  summarizes  the  results  of  the  study  by  reporting  the  observed 
ratio  of  the  mean  squared  error  of  tne  product-limit  estimator  to  our 
suggested  estimator  based  on  either  the  exponential  or  Weibull 
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disCnbutior^  c^xnce  for  3.  For  Ujth  node  is.  paradieners  were  estimated  by 
tne  metnocJ  of  fnaximum  likeliixxxl.  In  this  table  a  value  cireater  tfian  i 
implies  ctiat  the  product- limit  estimator  tiad  a  laraer  nKvian  squareti  error. 

Several  conciusicxis  can  be  drawn  rroni  the  study.  First,  i  he 
estimator,  tjaseo  on  3  following  a  Weibull  distribution,  always  has  MSF 
less  than  or  equal  to  tliat  of  the  product i  mi  t  estimator.-  A  sinn  i.ar 
ri'suit  i-ield  true  for  the  bias  aittiougti  these  values  are  not  -siKiwn.  These 
ditrerences  setam  to  become  more  pronounced  as  t  increases.  Tne 
perrormance  of  tfie  est  imator  based  on  3  foi  lowing  an  extxxientia  1 
distribijtion  is  not  as  clear-cut.  It  works  better  Tor  those  distributions 
With  a  decreasing  or  U  shaped  hazard  rate,  but  pei  rt'rnis  poorer  ror 
increasing  rvazard  rate  aistriutirums  especially  at.  large  t.  Cxir 
recoiiimet  1- lat  lori  m  I  ight  oT  tins  study  i;;  '•!  l,...■.n  tin-  iN«->ihni  i  .Uiice  i  oi  -j 
wi'ien  t.nt-'fe  is  no  obvious  rear.on  to  ctioiase  anotf».^r  cln-ti  iiiit  loti. 

Secondly,  in  ail  cases  where  our  estimator  hod  a  sitvailer  mean  sauared 
erroi'  it  also  had  a  sina'lier  vai'iance.  This  suggests  tTwit  a  conservative 
estimator  or  the  variance  or  F(t»  is  the  estimated  vrtrirtnce  of  the 
oroduct  limit  estimator. 

[n  an  attempt  to  assess  ikjw  much  oT  trie  success  oi  the  oroposeo 
estimator  may  be  due  to  sniorjthing.  we  coirit>3r'eO  the  various  estimators  with 
a  simple  -jimoothinq  or  a  kap  i.an-Me  ler  by  connect  mg  i  he  miriocnni-  .n  the 
'Steps  HI  Kapian-Meier  estiniator.  r- igcre-r  ::  throu'iii  '  n  iot  I'-i  it  i  ve 

M  il-  c  OI  r  hio  sirifxith  kap  lan-Me  ler  .  e,y(a  ,,  lent  la  i  toixiiiiuni  '  n-, .-r  i  i  tioi ju  .  i-ile  i  bu  m 
Ilka- iin  mi  i  1  Ke  1  i  I'kXjO  ,  e.xfxxient  ia  i  scores,  and  Wfi’ioiii  scores  est  mators  ot 
.-urviviji  with  '3U  (.lercetit  ct.'nsor  tnu  ver'-ms  ttie  Mtib  ot  the  uh-sm.iothea 
K.-1I)  Ian  'M«:>  ler-  estiiiv.itor  tor  various  tyrncai  distrihtii  ion-.,  tor  .-t.iinoie  size 
n-SO.  -iiiil  tor  SO  iiercent  cencoring.  As  one  cmh  se>>.  t  l¥e  i iii(3i 'ovenn't it  ot 
tiie  I  txi  I  I  scorejs  estimator  -jppears  to  t>‘  sonietinnu  m  e<ijes'':.  ol  just 


'.:>morjt  h  1  iiQ 


As  a  aieasure  of  tfie  overall  p6:r’for(f«nce  of  an  estimator,  we  cc/risidened 


an  estimator  of  the  integrated  meart  squared  error  defined  as 


IMSE  (F)  =  E  {/  (Fix)  -  F{x))^  dx), 
o 

where  F(x)  is  the  true  survival  function.  We  estimate  the  quantity  by 


.  1000  x 

E^MSE  (F)  =  E  / 

J  =  1  o 


(Fj(x) 


F(x))^  dx/1000 


where  F(x  )  =  p  and  F,(x)  is  the  estimator  of  survival  on  the 
P  .1 

simulat  iori.  fhe  ratio  of  this  quantity  for  the  Kaplan-Meief' 
est  im=it  or  to  th.it  of  rine  ot  I>?  otlei'  proposed  specific  est  itivfi'oi"'. 

( sniTothed  Kac'lar, -Me  ief  ■ ,  e  <;.>onenv  ia  1  MLE.  Weibul  1  MI.F,  ex.'xct  )ent  ial  scores, 
and  Weibull  scores)  is  reported  in  parentheses  in  the  legend  of  each  of 
the  Figures  3-7.  A  value  greater  than  one  implies  that  the  estimator 
under  considerat  ion  per'fornr?  ix?tter,  on  the  whole,  than  the  Kaplan-Meier- 
estimator.  These  ratios  can  also  be  used  to  rtvake  other  comparisons 
between  the  various  estimators.  For  example,  we  note  that  the  Weibull  MLE 
and  Weibull  scores  metiiods  are  ccxisistent ly  better  than  the  Kaplan-Meier 
and  smoothed  Kaplaii-Me  ier .  .;ilthough  there  is  no  clear  winner  between  the 
Weibull  MLE  and  Weil'Ajl  !  scfx’es  me-tbiod  when  the  underlying  survival 
distribution  is  not.  Weibull.  Also,  it  c-an  bee  seer,  tliat  ttie  exponef\rial 
scores  rriethod  is  censistenr  ly  bel  ter  than  tf>.'  (^-.Hponential  MLE,  fiowever , 
neither  of  tliese  metlyj>ds  ccins  i  iterir  1y  better'  thari  Kaplan-Meier  or’  its 
srrKxnthed  counterp.n’' 


to 


5 .  ex^LE 

We  Illustrate  the  estimator  using  the  times  to  death,  post -transplant 
of  42  patients  enrolled  in  The  Ohio  State  University  bone  Marrow 
Transplant  Program.  The  data  represents  three  years  of  patient  accrual  at 
the  end  of  this  Phase  11  trial.  Censoring  arises  due  to  random  entry  into 
the  study.  The  data  is  in  Table  2.  There  were  13  deaths  so  that  69%  of 
tne  patients  were  still  alive  at  study's  end.  The  estimate  of  the 
exponential  parameter  was  A  =■  9.38xl0~^.  The  estimate  of  the 
Weioul'i  parameters  were  a  «  .0033.  fi  *  .7895  which 

suggests  a  rapidly  decreasing  hazard  rate.  This  is  to  be  expected  since 
graft  versus  host  disease  and  other  complications  tend  to  kill  patients 
early,  if  at  all. 

Figure  8  is  a  plot  of  the  Kaplan-Meier  estimator  and  the  new  estimator 
based  on  both  a  Waibul'l  and  an  exponential  choice  of  S.  Notice  that  all 
throe  estimators  agree  until  the  censored  observations  begin  to  appear. 

For  tne  newly  proposed  estimators  the  jump  sizes  at  each  death  is  1/n 
while  the  haplan-Meier  estimator  has  random  jump  sizes  increasing  with 
time. 


I  I 
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Appendix  -  Proof  of  Theorem  1 


First  note  that  Q^(x)-*Q(x)=F(x)H(x)  uniformly 
in  X  with  probability  one  (w.p.l) 

Qon(x)'*Q(x)  =/*  F(u)(-dH(u))  uniformly 
in  X  w.p.l;  and 

S(x(F)  ^  F(x)  almost  surely  (a.s.). 

S(u|fl)  F(u) 

Also  note  that  P(x)  =  Q(x)  ^  F(x)  dO  (u).  (A.l) 

o  — —  o 

F{u) 

Let  Yj^(x)  =  [Q^(x)  -  Q(x)]. 

=  tQon<">  - 

S(x|i)  F{x) 

and  W  (x.u)  =  - = —  —  - 

”  S(u|F)  F(u) 

It  follows  that 

F(x)-F(x)  =  Vjjj(x)  +  W^(x,u)dQ^(u) 

<  mi  dY2„(u) 

F(u) 

*  V  (x,u)dY  (u) .  (A. 4) 

o  n  2n 

Since  F(x)  -  F(x)  is  a  continuous  function  of  Yj^(x),  Y2j^(x), 

and  W  (x.u)  in  the  sup  norm  and  each  of  these  processes  converge  to  0 
n 

uniformly,  the  uniform  consistency  of  F(x)  follows. 


(A. 2) 

(A. 3) 


I 

Outline  of  the  Proof  of  Theorem  2: 

From  A.4  it  follows  that 

X 

Vn(F(x)-F(x))=VnY^  n(x)+J^VnWn(x.u)ciQo(u)WnY2n(x)  * 

X  X 

-  F(i<)J^  VnY2n(u  )d(F-1  (u))  J^>/nWn()C,u)dY2„(u)  (A.5)  , 

=Ap(x)+B^(x)+C^(x)-Dp(x)+R^(x),  say.  Expanding  W^(x,u)  as  a  function  of  0  , 

in  a  Taylor  Series  about  0  yields 

Vn  Wn(x.u)  =  Vn  (  0-0)d[So(x|0)/So(u|0)]/d0+Op(1 ).  {A.6) 

So  Vn  Wp(x,u)  converges  to  W(x,u),  a  Gaussian  Process  in  x  and  u.  Also 
VnY.|  ^(x ) ,  VnY2n(x)  converge  weakly  to  a  bivariate  Gaussian  process, 

(Y^  (x) ,  Y2(x)).  To  prove  limiting  normality  of  Vn(F(x)-F(x))  note  that  A^, 

Bp,  Cp  and  Dp  all  converge  weakly  in  the  supremum  metric  to  Gaussian 
processes  A,B,C  and  D,  respectively  and  Rp  converges  a.s.  to  0  in  this 
metric. 

Evaluation  of  the  limiting  Variance  of  Zfxl  in  the  Exponential  Case 
(needed  for  Corollary  1) 

First  note  that  Vn  (  §-6)  converges  in  distribution  to  a  normal  random 
variable  with  mean  0  and  variance  (X+P)/X^.  By  A.6  we  have 

Vn  Wp(x,u)»  Vn  (  0-0)  (x-u)exp{-{x-u)/0}/0^+o(1)  ,  (A. 7) 

hence 


Cov(  W(x,u),W(y,r))*X(X+P)  (x-u)  (y-r)  exp(-X(x+y-u-r)}  . 


(A.S) 


(A.9) 


Now  by  A.7 

Cov(  Vn  Wp(y.u))=n  (y-u)x2  exp{-X(y-u)}Cov(Qp(x).0). 

A  A 

To  evaluate  Cov(Qp(x),0)  we  have 
Cov(Qn(x),0)=E[Qn(x)4E[  6„M1  E[0J 

-Et  x(Ti>x)0i-Q(x)E[£TilE(d-'] 

=E(0|T,>x]  Q(x)-  n  Q(x)  Ef^'j/M) 


={(ElTi  IT,  >x]H.E[£T|])-n/(»,-f  P)}.Q(x)  Eld''  ] 

2 

=(x+1/(X+p)+(n-1)/(X+p)-  n/(X+P))  Q(x)E[d*''] 

=xQ(x)E[cl’‘']  (A.  10) 

From  Mendenhall  and  Lehman{1960)  we  note  that 
Eld'll  -  (n-2)/{n[(n-1)X/(Up)I(. 

Combining  A.9,  A.10  and  A.1 1  and  taking  the  limit  as  n  tends  to  infinity 
we  obtain 

n  Cov(Y.,(x),  W{y,u))  =  X  (X+p)  (y-u)  x  exp{-[  (X+p)  x+X(y-u)]}  . 
A  similar  argument  is  used  to  show  that 
n  Cov(Y2(x),  W(y,u))= 

A6  (y-u)  exp{  -  A  (y-u)  }{*^®^p{’(^+P)^}+{^‘®^P{'(^'*'P)  ^))/(^+P)}- 
Routine  calculations  yield  the  following  (for  x  <  y): 

n  Cov(Y^(x),Y^(y))  =  exp{  -{X+P)y}-  exp{-{X+P)  (x-hy)}, 


(A.11) 

(A.  12) 

(A.  13) 
(A.  14) 


n  Cov(Y2(x),Y2(y))  =p{X.+pexp{-(X+P)yHexp{-<X4-P)x} 


-p  expHX+P)  (x+y)}]/  (A  +  6)  ^  (A.15) 

and 

nCov(Y^(x),Y2(y))  =  -p[-  expHX+p)x}  +  exp{-(X+p)  (x+y)}]/(x^6) .  (A.16) 

From  the  representation  A.5  it  follows  that 
V(Z(x))  =  V(A<x))+V(B(x))+V(C(x))+V(D(x))+2Cov(A(x),B(x)) 

+2Cov(A(x),C(x))  -2Cov(A(x).D(x))+2(Cov(B(x),C(x))  (A.17) 

-2Cov{B(x).D{x))-2Cov(C(x).D(x)). 

From  A.  14  we  have 

V(A(x))  =exp{-(X+p)x}- exp{-2(X+p)x};  (A.  18) 

from  A.8 

x  y 

V(B(x))=2  Jg  /g  Cov(W(x,r).W(x,W)dQo(r)dQo(y) 


=X(X+P)  exp{-2Xx}  [exp{-px}+px-1]2/p2;  ^  9) 

from  A.15 

V(C(X))«P[X+((S-X)  exp{-  (X+P)x)-P  exp{-2(X+P)x}J/  ( j.b)  ^  (A.20) 

from  A.15 


V(D(x)).2  Jg  Ip  Cov(Y2(r),Y2(y))x2  exp(-X«c-r+)fy)  dr  dy 

=2  px2exp{-2Xx}[-  (X+p]?'(2pX(X-p)+exp{2Xx}/{2X) 
+(p2+x2)exp{x(X-p)}/(  XP(X-p))-  (X+P)exp{Xx}/(pX)  (A.21 ) 

+  (X+p)exp{-px}/  (pX)-exp{-2Px}/(2p)]/(X+p)2,  if  p  ^  X 
=exp{-2Xx}[exp{2Xx}/4+Xx-exp{Xx}+exp{-Xx}-exp{-2Xx}/4],  if  p  =  X; 


from  A.12 


X 

Cov(A(x),B(x)).J|j  Cov(Y,  (x),W(x,u)  dQo(u) 


-(X+P)Xxexp{-(2X+P)x}[(lix-1  )+exp{-  px}]  /8 ;  (A.22) 

from  A.  16 

Cov(A{x).C(x))-P[-  exp(.(X+p)x}4exp{-2(Up)x}]/  (x+B) ;  {A.23) 

from  A.  16 

X 

Cov(A(x).D(x))»/qCov(Y^  (x).Y2(u))Xexp{-X^-u)}du  (A.24) 

-(iexp{-(X+p)x)/(X+p)+exp{-(2X+P)x}-Xexp{-2(X+p)x}/(X+P); 

from  A.  13 

x 

Cov(B(x).C(x))=/QCov(Y2(x).W(x.u))dQo(u)  (A.25) 

-Aexp(-Ajc)[px-1+exp{-  px}]{-xexp{  -(X+p)x}+(1-exp{-  (X+P)x})/  (X+p) } 

from  A.  13 

X  y 

Cov(B(x).D(x))»  jQCov(W(x,y).Y2(r))pxexp{-XGry)}exp{-  (X+p)r}drdy 
X  y 

{X+p)r}drdy 

=exp{-2  (X+P)x}  [  x2(px+1)/p2+x2/(B  (X+p))] 

+exp{-  {X+p)x}(X/(X+p))+eKp{-Xx}  <px-1)  (X/(X+P)) 

+exp{-(  2X+p)x}[  (px-1)  x2/(p(X+P))+x2x2-2x2/p2.x/p] 

-exp{-2Xx}  (px-1 )  [x2/p2+  ^^/(p  (X+p))+  (M^^+p)];  (A.26) 


a 


and  from  A.15 


X 

Cov(C(x),D(x))»jQCov(Y2(x),Y2(u))Xexp{-X{3eu)}du 

*pXy(X+p)2-Xexp{-Xx}/(X+p)-K^2^j^2)exp{.(X+Ji)x}/(X+p)2 
-pexp{-(2X+p)x}/(X+p)  +pXexp{-2(X+P)}/(X+p)2.  (A.27) 

Substituting  A.18-A.27  Into  A.  17  we  obtain  (4)  after  some  very  tedious 
simplifications. 


I 


■ia)le  1 .  Ratio  of  RJE  of  protluct  limit  estimator  to  MSE  of  new  estimator  for  various 
distributions,  percent  censored,  and  percentiles  of  survival. 


F(x  ^)=.l  F(x  ^^)=.5  F(x  gl=.9 

n=25  n=50  n=25  n=50  n^25  _ n=50 

Distr.  Distr. 
of  of  Percent 


lieattis 

Ixisses 

censored 

Wie 

Wie 

Exp  Wie 

E: 

O)  Wie 

Exp 

Wie 

E; 

Wie 

E 

E 

10 

1.01 

1.01 

1.01 

1.01 

1 

.05 

1.01 

1 

.05 

1 

.04 

1.22 

1.18 

1 

.22 

1.18 

30 

1.04 

1.02 

1.03 

1.02 

1 

.18 

1.17 

1 

.15 

1 

.15 

2.06 

1.79 

1 

.95 

1.65 

50 

1.09 

1.06 

1.09 

1.05 

1 

.33 

1.29 

1 

.29 

1 

.28 

3.85 

2.96 

4 

.34 

2.74  ; 

W(l/2) 

L 

10 

1.00 

1.00 

1.00 

1.00 

1 

.01 

1.01 

1 

.01 

1 

.02 

1.26 

1.25 

1 

.20 

1.24  ' 

30 

1.00 

1.00 

1.00 

1.00 

1 

.05 

1.08 

1 

.03 

1 

.06 

2.10 

2.34 

1 

.20 

2.55 

.50 

1.01 

1.01 

1.01 

1.01 

1 

.00 

1.18 

.97 

1 

.19 

5.99 

5.64 

3 

.59 

7.59 

W|2) 

E 

10 

1.03 

1.03 

1.04 

1.03 

1 

.10 

1.06 

1 

.12 

1 

.07 

1.03 

1.12 

.96 

1.12 

30 

1.11 

1.09 

1.08 

1.10 

1 

.40 

1.22 

1 

.36 

1 

.20 

.70 

1.48 

.48 

1.46 

.50 

1.21 

1.17 

1.13 

1.19 

1 

.63 

1.38 

1 

.51 

1 

.36 

.47 

2.07 

.29 

1 .90  • 

W(4) 

E 

10 

1.06 

1.06 

1.01 

1.05 

1 

.15 

1.07 

1 

.14 

1 

.06 

.85 

1.10 

.70 

1.09 

30 

1.00 

1.16 

.84 

1.19 

1 

.53 

1.21 

1 

.39 

1 

.22 

..'i4 

1.32 

.20 

1 .31 

50 

1.02 

1.34 

.74 

1.30 

1 

.81 

1.33 

1 

.29 

1 

.37 

.18 

1.57 

.10 

1.54 

W(8I 

E 

in 

1.04 

1.07 

.95 

1.06 

1 

.17 

1.06 

1 

.15 

1 

.06 

.68 

1.09 

..56 

1.08 

30 

.86 

1.22 

.62 

1.21 

1 

.42 

1.18 

1 

.36 

1 

.19 

.26 

1.27 

.14 

1  .25 

50 

.78 

1.38 

.51 

1.39 

1 

.59 

1,28 

1 

.14 

1 

.31 

.14 

1.55 

.07 

1  .42 

W(l/21 

W(l/21 

.  10 

1.01 

1.01 

1.01 

1.01 

1 

.03 

1.04 

1 

.03 

1 

.04 

1,19 

1.19 

1 

.13 

1,16  — 

30 

1.04 

1.02 

1.04 

1.02 

1 

.08 

1,15 

1 

.02 

1 

.15 

1.65 

1.65 

1 

.09 

1.65 

50 

1.10 

1.06 

1.10 

1.06 

1 

.08 

1.29 

1 

.08 

1 

.30 

2.87 

2.91 

1 

.56 

2.86 

W(2I 

W(2i 

10 

.99 

1.00 

1.01 

1. 01 

1 

.04 

1.04 

1 

.05 

1 

.04 

.67 

1.03 

.90 

1.17 

30 

1.01 

1.03 

1.04 

1.03 

1 

.21 

1.15 

1 

.18 

1 

.17 

.64 

1.74 

.46 

1.81 

50 

1.09 

1.06 

1.08 

1.06 

1 

.33 

1.30 

1 

.16 

1 

,30 

.63 

2.98 

.36 

2.95 

W(4) 

W(4) 

10  j 

1  1.01 

1.01 

1.01 

1.01 

1 

.05 

1.04 

1 

.05 

1 

.05 

.68 

1.20 

.55 

1.16 

30 

1.04 

1.03 

1.04 

1.03 

1 

.16 

1.16 

1 

.07 

1 

,14 

.27 

1.73 

.17 

1.75 

50 

1.09 

1.06 

1.09 

1.06 

1 

.00 

1.31 

.73 

1 

.28 

.23 

2.68 

.13 

2.89 

W(8) 

W(8) 

10 

1.01 

1.00 

1.01 

1.01 

1 

.05 

1.04 

1 

.03 

1 

.04 

.51 

1.18 

.38 

1.17 

30 

1.04 

1.02 

1.04 

1.02 

1 

.05 

1.15 

.89 

1 

.15 

.20 

1.76 

.09 

1.60 

50 

1. 10 

1.06 

1.10 

1.06 

.84 

1.30 

.53 

1 

.30 

.17 

2.91 

.09 

2.89 

Gtl/2) 

E 

10 

1.00 

1.00 

1.00 

1.00 

1 

.02 

1.02 

1 

,02 

1 

.03 

1.24 

1.20 

1 

.23 

1.21  i 

30 

1.00 

1.00 

1.01 

1.00 

1 

.06 

1.10 

1 

,07 

1 

.10 

2.63 

1.88 

1 

.72 

1.66 

.50 

1.01 

1.01 

1.01 

1.01 

1 

.09 

1.24 

1 

,00 

1 

.22 

6.78 

3.37 

4 

.a) 

3.45 

0(21 

E 

10 

1.03 

1.02 

1.03 

1 .02 

1 

.09 

1 .05 

1 

,07 

1 

.05 

1.13 

1.12 

1 

.Ofs 

1.13 

;i0 

1.10 

1.07 

1.12 

1.09 

1 

1 .  19 

1 

.28 

I 

.  (9 

1 .23 

1.51 

.93 

1.-18  1 

50 

1.23 

1.17 

1.17 

1.16 

1 

.57 

1.34 

1 

.45 

1 

.36 

1.20 

2.50 

.76 

2.15  1 

0(4) 

E 

10 

i.a5 

i.a5 

1  .a5 

l.(» 

1 

.11 

1.06 

1 

11 

1 

,06 

1.01 

1.12 

iKi 

B" 

c 

30 

1.12 

1.15 

1.03 

1.14 

1 

.37 

1.19 

1 

,.'J5 

1 

.18 

.65 

1.36 

,46 

1 .29 

50 

1.24 

1.27 

1.10 

1.28 

1 

.43 

1.26 

1 

1 

.32 

.39 

1.80 

,26 

1.61 

0(81 

E 

10 

1.06 

1.06 

1.06 

1.07 

1 

.15 

1.07 

1 

.14 

1 

.07 

.89 

1.08 

,78 

1 .06 

.30 

1.12 

1.21 

.90 

1.21 

1 

.43 

1.18 

1 

,38 

1 

,21 

.41 

1.26 

,25 

1,20 

50 

1.23 

1.45 

.91 

1.45 

1 

.51 

1.29 

1 

.22 

1 

.27 

.24 

1.59 

.14 

1.39 

'Htble  1  (continued) 
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F(x  )=.l  F(X^J=.5  Fix  )-.9 

.1  . 0  • 

n=25  n=50  n=25  n=50  0^25  n=?iCJ 

Dlstr.  Distr. 
of  of  Percent 


Deaths 

Losses 

censored 

Wie 

Exp 

Wie 

Exp 

Wie 

Wie 

Exp 

Wie 

Exp 

Wie 

LN(.37) 

E 

10 

1.05 

1.07 

1.03 

1.07 

1.12 

1.06 

1.13 

1.07 

.93 

1.08 

.81 

1.04 

30 

1.15 

1.23 

.92 

1.23 

1.41 

1.19 

1.30 

1.15 

.45 

1.18 

.29 

1.14 

50 

1.16 

1.47 

.91 

1.48 

1.40 

1.18 

1.06 

1.15 

.27 

1.39 

.15 

1.31 

LN(. 511 

E 

10 

1.05 

1.05 

1.06 

1.06 

1.10 

1.05 

1.09 

1.05 

1.03 

1.10 

.92 

1.06 

30 

1.16 

1.18 

1.08 

1.18 

1.36 

1.17 

1.27 

1.14 

.68 

1.23 

.49 

1.23 

50 

1.30 

1.37 

1.13 

1.40 

1.47 

1.22 

1.27 

1.25 

.46 

1.68 

.26 

1.47 

m.61) 

E 

10 

1.05 

1.04 

1.04 

1.04 

1.09 

1.05 

1.09 

1.05 

1.10 

1.09 

1.05 

1.07 

30 

1.13 

1.16 

1.10 

1.16 

1.33 

1.18 

1.27 

1.17 

.97 

1.34 

.75 

1.28 

50 

1.29 

1.31 

1.26 

1.33 

1.49 

1.23 

1.26 

1.22 

.69 

1.74 

.41 

1.51 

EP(.25) 

E 

10 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.01 

1.23 

1.25 

1.04 

1.18 

30 

1.00 

1.00 

1.00 

1.00 

1.02 

1.04 

1.02 

)  .04 

1.79 

2.18 

1.07 

2.28 

50 

1.00 

I.IXD 

1.00 

1.00 

.88 

1.18 

.77 

1.16 

8.11 

4.71 

6.56 

5.80 

EP(.5l 

E 

10 

1.00 

1.00 

1.00 

1.00 

1.02 

1.03 

1.02 

1.03 

1.32 

1.27 

1.26 

1.22 

30 

1.00 

1.00 

1.01 

1.00 

1.06 

1.10 

1.08 

1.12 

2.53 

1  .77 

2.00 

1.60 

50 

1.01 

1.01 

1.02 

1.01 

1.10 

1.25 

I.a5 

1.26 

7.26 

2.70 

4.71 

2.47 

EPd ) 

E 

10 

1.01 

1.01 

1.02 

1.01 

1.07 

1.05 

1.06 

1.05 

1.17 

1.19 

1.09 

1.16 

30 

1.06 

1.03 

1.06 

i.ao 

1.27 

1.20 

1.26 

1.22 

1.25 

1.65 

1.02 

t.53 

50 

1.12 

1.07 

1.13 

1.06 

1.53 

1.35 

1.57 

1.43 

1.35 

1.94 

.96 

1,77 

EP(8) 

E 

10 

1.03 

1.07 

.95 

1.06 

1.17 

1.07 

1.17 

1,06 

.58 

1.13 

.46 

1.11 

30 

.80 

1.21 

,52 

1.18 

1.55 

1.16 

1.32 

1.19 

.22 

l.:r7 

.11 

1.39 

50 

.79 

1.39 

.45 

1.35 

1.46 

1.23 

.95 

1.30 

.10 

1.77 

.06 

1.70 

EP( .25) 

EP(.25) 

10 

1.01 

1.01 

1.01 

1.01 

1.03 

1.04 

1,01 

i.a5 

1.17 

1.22 

1.10 

1.19 

30 

1.04 

1.02 

1.03 

1.02 

1.00 

1.15 

.92 

1.15 

1.47 

1.66 

.98 

1.51 

50 

1.09 

1.04 

1.10 

1.04 

.90 

1.32 

.84 

1.26 

2.77 

2.07 

1.41 

1.93 

EP(.5) 

EP(.5) 

10 

1.01 

1.01 

1.01 

1.01 

1.04 

1.05 

1.03 

1.03 

1.23 

1.20 

1.23 

1.19 

30 

1.04 

1.02 

1.04 

1.02 

1.12 

1.17 

1.11 

1.14 

2.17 

1.66 

1.71 

1.58 

50 

1.09 

1.04 

1.10 

1.05 

1.16 

1.32 

1.13 

1.34 

4.89 

2.05 

3.19 

1.91 

EP(1) 

EP(1) 

10 

1.01 

1,01 

1.01 

1.01 

1.06 

1.05 

1.05 

1.04 

1.20 

1.21 

1.12 

1.20 

30 

1.04 

1.02 

1.04 

1.02 

1.20 

1.16 

1.18 

1.15 

1.15 

1.57 

.98 

1.56 

50 

1.08 

1.04 

1.08 

1.04 

1.37 

1.32 

1.36 

1.33 

1.47 

2.29 

1.01 

1.86 

1P18) 

EP(8I 

10 

1.01 

1,01 

1.01 

1.01 

1.06 

i.ro 

]  .02 

1 .04 

.53 

1.22 

..38 

1.20 

30 

1,04 

1.02 

1.04 

1.02 

1 ,06 

1.16 

1 . 15 

.17 

1  ..54 

.30 

1 . 57 

r>o 

1.11 

1.00 

I  .0!) 

J.Ol 

.75 

1,29 

.53 

1.28 

.15 

2.05 

.OO 

1 .  :V,'» 

U.(2I 

t; 

10 

1.02 

1.02 

1 .02 

1 .02 

1.05 

1.04 

1.05 

1.04 

1.11 

i.a5 

l.ll 

1 .06 

3f) 

1.10 

1.08 

1.09 

1.08 

1.22 

1.15 

1.17 

1.12 

1.59 

1.36 

1  .48 

1  .28 

50 

1.23 

1.19 

1.20 

1.17 

1.46 

1.28 

1.34 

1.29 

2.23 

2.26 

2.01 

1 .87 

LL(3) 

10 

1.04 

1.04 

1.04 

1.04 

1.08 

i.a5 

1.10 

1.07 

i.a3 

1.03 

1  .02 

1 .03 

:» 

l.)3 

1.15 

1.08 

1  15 

1.32 

1.16 

1.27 

1,16 

.82 

1.19 

.59 

1  .08 

50 

1.26 

1.31 

1.09 

1.28 

1,39 

1.21 

1.33 

1.30 

.57 

1.75 

.39 

1  .40 

LL(4) 

10 

1.07 

1.06 

1.02 

1.05 

1.10 

1.06 

1.11 

1.06 

.92 

1.01 

.85 

1.00 

30 

1.08 

1  .20 

1,03 

1.20 

1.43 

1.21 

1.27 

1.14 

.57 

1.15 

.  35 

1  .(X) 

50 

1.17 

1  .:ifi 

.92 

1.37 

1.51 

1.25 

1.15 

1.17 

.34 

J  .48 

19 

1.15 

LL(4) 
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F(x  j)=.l 


F(x  ^)=.5 
.5 


F(x  g)=.9 


n=25  n=50  n=25  _ »-=50  n=25  n=50 

Distr.  Distr. 
of  of  Percent 


Deaths 

I/isses 

censored 

Wie 

Wie 

Exp 

Wie 

Exp 

Wie 

Exp 

Wie 

Exp 

Wie 

P(2) 

E 

10 

1.01 

1.00 

1.01 

1.00 

1.02 

1.02 

1.03 

1.03 

1.24 

1.17 

1.19 

1.13 

30 

1.03 

1.02 

1.03 

1.02 

1.11 

1.11 

1.12 

1.13 

2.21 

1.84 

1.74 

1.71 

50 

1.07 

1.04 

1.07 

1.05 

1 .23 

1.23 

1.24 

1.26 

5.79 

4.14 

3.86 

3.93 

P(3) 

E 

10 

1.01 

1.01 

1.01 

1.01 

1.03 

1.03 

1.04 

1.04 

1.25 

1.17 

1.21 

1.15 

30 

1.03 

1.02 

1.03 

I.Q2 

1.13 

1.13 

1.13 

1.14 

2.26 

1.78 

2.02 

1.73 

50 

1.07 

1.04 

1.08 

1.05 

1.25 

1.24 

1.27 

1.27 

6.04 

3.67 

4.85 

3.74 

P(5I 

E 

10 

1.01 

1.01 

1.01 

1.01 

1.04 

1.03 

1.04 

1.04 

1.26 

1.19 

1.22 

1.16 

30 

1.03 

1.02 

1.04 

1.02 

1.15 

1.14 

1.15 

1.15 

2.18 

1.72 

2.11 

1.73 

50 

1.07 

1.04 

1.08 

1.C6 

1.28 

1.25 

1.30 

1.30 

5.78 

3.41 

5.60 

3.40 

lir(.]5) 

E 

10 

1.01 

1.01 

1.01 

1.01 

1.04 

1.03 

1.04 

1.04 

1.26 

1.20 

1.24 

1.19 

30 

1.94 

1.03 

1.04 

1.02 

1.14 

1.14 

1.14 

1.14 

2.06 

1.75 

2.10 

1.76 

50 

1.09 

1.06 

1.08 

1.05 

1.29 

1.27 

1.27 

1.28 

4.95 

3.32 

4.98 

3.14 

rfn  .25) 

E 

10 

1.01 

l.«) 

1.01 

1.01 

1.01 

1.04 

1.05 

1 .04 

1.24 

1.19 

1.24 

1.19 

:«J 

1.03 

1.02 

1.04 

1.02 

1.15 

1.14 

1.15 

) .  15 

2.20 

1.83 

2.23 

1.83 

5(1 

1  .08 

1.(15 

1.08 

1.05 

1.31 

1.29 

1.:K) 

1 .30 

4.33 

3.00 

5.33 

3.42 

nrr(  .40) 

E 

10 

1.01 

1.01 

1.01 

1.01 

1 .05 

!  .04 

1.05 

1.04 

1.27 

1.23 

1.23 

1.19 

30 

1 .04 

1.02 

1.04 

1.02 

1.16 

1.15 

1.16 

1.15 

1.94 

1 .75’ 

1.97 

1.74  - 

50 

1.08 

1.05 

1.08 

l.(K 

1.34 

1.30 

1.32 

1.32 

3.48 

2.69 

3.64 

2.59 

BT(.6) 

E 

10 

1.01 

1.01 

1.01 

1.01 

1.06 

1.05 

1.06 

1.05 

1.22 

1.19 

1.18 

1.17 

30 

1.04 

1.02 

1.04 

1.02 

1.23 

1.19 

1.21 

1.18 

1.55 

1.58 

1.34 

1.48 

50 

1.09 

1.05 

1.10 

1.05 

1.48 

1.36 

1.40 

1.36 

1.91 

1.99 

1.66 

1.86 

(XW  .5) 

E 

10 

1.02 

1.01 

1.02 

1.01 

1.07 

1.05 

1.07 

1.05 

1.17 

1.18 

1.16 

1.19 

30 

1.05 

1.03 

1.05 

1.03 

1.25 

1.19 

1.23 

1.19 

1.33 

1.58 

1.22 

1.58 

50 

1.11 

1.07 

1.11 

1.06 

1.45 

1.34 

1.45 

1.37 

1.69 

2.30 

1.11 

1.86 

aM(  ] ) 

E 

10 

1.02 

1.01 

1.02 

1.01 

1.09 

1.06 

1.09 

1.06 

1.09 

1.18 

.99 

1.17 

30 

1.06 

1.03 

1.06 

1.03 

1.31 

1.21 

1.28 

1.18 

.91 

1.52 

.67 

1.50 

50 

1.14 

1.07 

1.12 

1.07 

1.66 

1.43 

1.63 

1.46 

.76 

1.74 

.47 

1.54 

GfW(2) 

F, 

10 

1.04 

1.02 

1.02 

1.01 

1.15 

1.09 

1.15 

1.09 

.92 

1.21 

.75 

1.19 

30  I 

1.07 

1.04 

1.07 

1.03 

1.43 

1.22 

1.46 

1.26 

.52 

1.52 

.29 

1.34 

50 

1.14 

1.08 

1.07 

1.07 

1.80 

1.38 

1.76 

1.44 

.33 

1.63 

.18 

1.32 

N(  .a5) 

10 

.97 

1.12 

.86 

1.11 

1.18 

1.08 

1.17 

1.08 

.58 

1.05 

.39 

1.03 

30 

.70 

1.36 

.45 

1.31 

1.41 

1 .21 

1.20 

1 .22 

.16 

1.13 

.09 

1  .09 

ro 

.86 

1 .71 

.3(i 

1.50 

1.23 

1 . 20 

.r«i 

1,35 

.rw 

)  .22 

.05 

1.11 

N(  .10) 

10 

1.00 

1.10 

.93 

1.10 

1.18 

1.07 

1.14 

l.Oi 

.64 

1.06 

.47 

1  .CM 

30 

.78 

l.X) 

.56 

1.34 

1.49 

1.18 

1.15 

1.16 

.20 

1.15 

.11 

1.13 

50 

.72 

1.65 

.41 

1.60 

1.38 

1.27 

.87 

1.27 

.11 

1.35 

.06 

1.1. i 

N( .15) 

10 

1.02 

1.09 

.90 

1.08 

1.18 

1.07 

1.17 

1.08 

.67 

1.06 

.53 

1.07 

30 

.88 

1.27 

eo 

i.;i2 

1.50 

1.18 

i,:?o 

1.21 

.24 

1.21 

.12 

1.15 

5CJ 

.86 

1.55 

.51 

1.53 

1.41 

1.31 

1  .01 

1.28 

.12 

1.39 

.06 

1.24 

Table  2.  Tiaes  to  death  (in  days  post-transplant)  of  patients  in  OSU  Bone 
Marrow  Transplant  Program  (+  denotes  still  alive). 


2,  27,  32+,  43+,  50.  55+.  62.  82+.  102+,  103+,  122,  145+.  148,  158,  162. 
194+,  250+,  251,  267+,  276.  284+,  292+,  319+.  326+,  346+,  365+,  404+,  417, 
418,  423+,  438+,  491.  584+.  595+,  613+,  642+,  649+,  693+,  707+,  746+, 

755+,  826+ 


Figure  2. 


Asymptotic  Relative  Efficiency  (A.R.E.)  as  a  function 
of  the  censoring  fraction  at  the  10th_(0),  50th  (A), 
and  90th  (+)  percentile  of  F(x). 
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Figure  3. 

Relative  MSE  of  Estimators  of  Survival  for  the 
Weibull  Distribution  with  50Z  Censoring,  n=50,  a=0.5 
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Figure  A. 

Relative  MSE  of  EsClmators  of  Survival  for  the 
Exponential  Power  Distribution  with  50Z  Censoring,  n=50,  3=0.5 
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Figure  5. 

Relative  MSE  of  Estioiators  of  Survival  for  the 
Log  Normal  Distribution  with  50Z  Censoring,  n=50,  S=.6096 
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Figure  7. 


Relative  MSE  of  Estimators  of  Survival  for  the 
Log  Logistic  Distribution  with  50Z  Censoring,  n=50,  6=3.0 


X— 'X— X:  SMOOTHED  KAPLAN-MEIEH  (1.03) 

•I - F — f;  exponential  MLE(0.27) 

H—W— -W:  MEIBULL  MLE(l.ll) 

K — M — K:  exponential  scores  (0.60) 

« — #— #;  HEiaULL  SCORES  (1.27) 


PERCENTILE  (x  ) 

P 


Figure  8. 


Estimated  survival  function  for  Kaplan-Meier  and 
proposed  estimates  for  OSU  transplant  data 
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1  .  INTRODUCTION 

Consider  a  two  component  series  system  functioning  in  some  environment  A  common, 
though  untestable,  assumption  is  that  the  two  components  of  the  system  function 
independently.  If  this  assumption  is  incorrectly  made  predictions  of  the  system  reliability  may 
be  very  poor  (c.f.  Klein  and  Moeschberger  (1984)).  Several  authors  have  proposed  models  for 
dependence  based  on  the  assumption  that  the  effect  of  exposure  of  a  system  to  the  environment 
is  to  simultaneously  degrade  (or  improve)  all  components  in  the  system  (Hutchinson(198l), 
Bagchi  and  Samanta(1984),  Lindley  and  Singpurwalla(1984),  Oakes(1982),  and 
Hougaard(1985)).  In  Section  2  we  propose  a  general  model  for  a  system  affected  by  a  random 
environment  and  describe  its  properties.  In  Section  3  we  restrict  the  model  to  one  where  the 
environmental  effect  is  modeled  by  a  gamma  distribution  and  study  its  properties.  Finally  in 
Section  4,  we  conclude  with  an  example. 

GENERAL  MQD£L 

We  assume  that  under  controlled  conditions,  as  one  may  encounter  in  the  testing  or  design 
stage  of  development,  the  times  to  failure  of  the  two  components,  to  be  linked  in  a  system,  are 
Xq  and  Yq  with  survival  functions  F^,  Gq,  respectively.  The  two  components  are  linked  into  a 

system  and  are  put  into  operation  under  operating  conditions.  Suppose  that  under  such 
conditions  the  effect  of  the  environment  is  to  degrade  or  improve  each  component  by  the  same 
random  amount,  Z  (with  some  distribution  function  H ),  which  changes  the  marginal  survival 
functions  of  the  two  components  to  Fq^  and  G^.  A  value  of  Z  less  than  one  means  that 

component  reliabilities  are  simultaneously  improved,  while  a  value  of  Z  greater  than  one 
implies  a  joint  degradation.  We  assume  that  tiie  two  components  in  a  system  under  fixed 
conditions  (i.e.  given  Z)  function  independently.  The  resulting  joint  survival  function  of  the 
two  components'  lifetimes,  (X,Y)  in  the  operating  environment  is  F(x,y)=E  (  FQ^(x)  GQ^(y)). 

Denoting  the  cummulative  hazard  functions  of  Xq,  Yq  by  Qxo(  )  Qyo^')’ 

F(x,y)  =  E[exp{-(Q^Q(x)+QyQ(y))Z}] .  (2.1) 
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Now  we  will  discuss  the  properties  of  the  model  in  terms  of  it's  dependence  structure,  arid 
reliability. 

Property  1.  The  random  variables  X,  Y  of  the  lifetimes  of  the  two  components  in  a 

system  under  the  operating  environment  are  totally  positive  of  order  2  dependent. 
(See  Barlow  and  Proschan  (1981)  for  a  discussion  of  TP2  dependence.) 
proof)  Let  fQ(x)  and  g^iy)  be  the  density  function  of  and  respectively  and  f(x,y)  be 

the  joint  density  funtion  of  (X,Y).  Define  Qxo^*)  ~  W*)  ^  Then 
f(x,y)=E{z2FoZ-i(x)GQZ-l(y)f^(x)g^(y)}  =qxo(x)qyo(y)/z^Fo^(x)Go^(y)dH(z).  So 
f(xi,yi)  f(x2.y2)  =  I  Jqxo^^lMyo^yi)  W*2>lyo<y2)  v2Fo“(xi)Go“(yi)  •  , 

u>v  Fo''(x2)GoV(y2)dH(u)dH(v) 

+  J  /qxo(^l)V^l^  W*2)qyo(y2)  v2Fo“(xi)Go“(yi)  • 
v>u  Fo''(x2)Go'^(y2)dH(u)dH(v) 

=/  /qxo(^l)V^l^  W^2)^yo(y2)  v^Fo“(xi)Go“(yj) 
u>v  Fo''(x2)Go''(y2)dH(u)dH(v) 

+  I  /qxo(^l)<lyo(yi)  W*2)<iyo(y2)  v2Fo''(xj)Go''(yi) 

u>v  Fo“(x2)Go“(y2)dH(u)dH(v). 

In  the  same  manner,  the  other  product  f(xj,y2)  •  f(x2,y2)  also  can  be  written  as  integrals  over 
the  region  u>v  and  f(xj,y2)  •  f(x2,y2)  *  f(xi,y2) '  f(x2»yi)  can  be  written  as 

J  Ju^  v2[  qxo(xi)  qxo(*2)  V(^2)  '  qxo^’^l)  qxo(*2)^'o''(’^l)  Fo“(X2)]- 

t  qyo(yi)  qyo(y2)  ^(yi)  Go''(y2)-  qyo(yi)  qyo(y2)Go''(yi)  Go‘‘(y2)]  ciH(u)dH(v) 
The  blanketed  terms  in  the  integrand  are  always  nonnegative  over  the  region  u>v  since 
Fq''(x)  /  Fq^(x)  =  exp  [  -  (v  -  u)  Qxo(*)  J  *5  increasing  in  x  for  any  Fq.  Hence 

f(xi,y  i)  ■  f(x2,y2)  *  f(xi,y2)  ‘  f(x2.y  i)  ^  O  for  all  X  j<X2,  y\  <  y2.  which  leads  to  TP2 
dependence.  Q.E.D. 
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Since  TP2  dependence  implies  that  X  is  stochastically  increasing  in  Y  we  obtain  the 
following  property. 

Property  2.  Under  the  same  setting  as  in  Property  1,  the  conditional  hazard  rates  q(x  |  Y=y) 
and  q(x  |Y  >  y)  are  decreasing  in  y. 

The  property  implies  that  the  longer  one  component  functions,  the  more  reliable  the  other 
comp)onent  in  the  system  becomes. 

From  a  different  point  of  view  we  derive  an  inequality  in  terms  of  the  conditional  hazard 
rates  which  reflects  the  positive  dependence  of  the  model. 

Property  3.  Under  the  same  setting  as  in  Property  1,  the  model  satisfies 
q(x  |Y  =  y)  >  q(x  I  Y  >  y). 

Proof)  Let  Gjfy)  be  the  marginal  survival  function  of  y  in  the  system  exposed  to  the 
operating  environment  Then  F(x  |  Y=y)  =  P(X  >  x  |Y  =  y) 

=  ( aF(x,  y)  %)/  ( dGi(y)/dy)  =  EfZ  Gfy)). 

Also  F(x  |Y  >  y)  =  P(X  >  X  I  Y  >  y)  =  E(  FoZ(x)  GoZ(y))/  E(GoZ(y)) . 

Hence,  we  obtain  the  following  inequality, 

q(x  |Y  =  y)  E(  z2-FoZ(x)  GoZ(y))  E(  FoZ(x)-GoZ(y)) 

- =  -  ^  1,  (2.2) 

q(x  lY  >  y)  e2(  Z  FoZ(x)  GoZ(y)) 

since  q(x  |Y=y)  =  9  [-  logF(xlY=y)]  /  ax 

=  E(z2FoZ-kx)  Go^(y)  fo(x))  /  E( 


=  qjjo(x)E(z2Fo^(x)  Go2^(y))  /  E(  TF^^ixyG^^iy)),  and 
q(x|y>y)  =  qxo(x)E(  ZF^^M  G^^iy))  /  E(  E^^ix-yGfy)). 

The  inequality  in  (2.2)  is  obtained  by  Cauchy  -Schwarz  inequality  and  equality  holds  if  and 
only  if  the  random  variable  Z  is  constant  Q.E.D. 

We  note  that  this  inequality  should  be  contrasted  with  the  notion  of  the  quasi 
independence,  which  is  defined  by  q(x  |Y  =  y)  =  q(x  |Y  >  y).  This  is  the  necessary  and 
sufficient  condition  that  the  marginal  distributions  under  the  dependent  model  can  be  recovered 
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from  the  minimum  of  X,  Y  and  the  knowledge  of  which  component  caused  the  system  to  fail. 
In  that  case  there  exists  a  set  of  independent  random  variables  which  yields  the  same  minimum 
and  indicator  of  system  failure  as  the  dependent  system.  Futhermore  these  equivalent 
independent  random  variables  have  the  same  marginals  as  the  dependent  system  (See  Basu  and 
Klein  (1982)). 

Up  to  now  several  properties  have  been  explored  in  terms  of  the  dependence  structure 
induced  by  a  random  environment.  Next  we  investigate  the  effects  of  the  random  environment 
on  system  reliability  by  comparing  the  reliability  function  with  and  without  the  random 
environmental  effect.  Conventional  rcliabilty  theory  commonly  uses  the  knowledge  of  the 
component  lifetimes  and  an  assumption  of  independent  component  lifetimes  in  order  to 
compute  the  system  life  distribution.  In  other  words  an  investigator  modeling  system  life, 
based  on  component  information,  may  predict  the  reliability  of  the  system,  in  our  setting,  with 
knowledge  of  Fq(x)  and  GQ(y)  only  by  RqsCO  =  following  theorem  indicates 

how  the  two  reliabilities  are  different  in  a  series  system. 

Property  4.  Suppose  a  two  component  system  is  serial,  i.e.,  the  system  failsas  soon  as  any 
one  of  the  two  components  fails.  Let  R5(t)  and  Ros(t)  denote  the  system  reliabili¬ 
ties  for  the  cases  of  a  random  environment  and  of  a  fixed  environment. 

i)  If  E(Z)^  1  then  R^(t)  2lRos<0  all  t 

ii)  If  E(Z)  >  1  and  P(Z  <  1)  =  0  then  R5(t)  <  R^jlt)  for  all  t. 

iii)  If  E(Z)  >1  and  P(Z  >  1)  >  0  then  there  exists  a  t*  such  that 
R5(t)  <  RqsCO  for  all  t  <  t*  and  R^it)  >  Rpsit)  for  all  t  >  t*- 

Statement  (iii)  implies  that  even  if  the  average  operating  environment  is  more  severe  than  the 
controlled  one,  but  there  is  a  chance  of  better  environment  perhaps  due  to  highly  cautious 
maintenance,  careful  users,  or  effective  usage,  the  system  under  a  random  environment 
becomes  more  reliable  beyond  a  certain  time. 

Proof)  The  ratio  of  reliabilities  for  variable  to  fixed  environment  RQ5(t)/R5(t)  is 

E{exp(-Qo(t)Z)}  /exp{-Qo(t) }  where  Q^it)  =Qxo(0+Qyo(0. 

In  the  case  of  E(Z)  ^  1,  E{exp(-QQ(t)Z)}>  exp{-Qo(t)‘E(Z)}  by  Jensen's  inequality  so  i) 
follows  immediately.  Note  that  the  equality  holds  if  and  only  if  Z=1  with  probability  l.The 

statement  (ii)  follows  by  noting  that  E{exp(-QQ(t)Z)}  =  J  exp(-QQ(t)z)dH(z)  <  exp(-QQ(t)z) 
IdH(z)  =  cxp{-QQ(t)}. 
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To  prove  ^ii),  let  r(t)  =  E{exp(-QQ(t)Z)}  /  expl-Q^O)}. 

Then  r’(t)=qQ(t)E{  exp(-Qo(t)Z)  }exp{  -Q^Ct) }{ 1  -s(t)) 

where  s(t)  =  E{Zexp(-Qo(t)Z)}/  E{exp(-QQ(t)Z)}  and  qQ(t)=dQo(t)/dt. 

Noting  that  s(0)=E(Z)  since  Qo(0)  =  0,  E(Z)>1  implies  that  r’(0)  <  0.  Since  r(t)  is  decreasing  at 

t  =  0  and  r(0)  =  1  this  implies  that  r(t)  <  1  for  t  in  a  neighborhood  of  t=0.  To  complete  the 
proof  it  suffices  to  show  that  r(t)  is  increasing  beyond  a  certain  point,  which  is  true  if  r'(t)  is 
positive  beyond  that  point  We  claim  s(t)  is  decreasing  in  t  and  s(t)  <  1  for  large  t  under  the 
given  condition.Let  us  express  s(t)  as 

E{Zexp(-Qo(t)Z)} 

s(t)=  -  =Jzp(z(T>t)dz 

E{exp(-Qo(t)Z)} 

exp(-Qo(t)z)dH(z)  . 

where  p(z|T>t)  dz  = -  and  c(Q0(t))  =  J  exp(-QQ(t)z)dH(z). 

c(Qo(t)) 

Noting  that  p(z|T>t)  is  a  density  function,  s(t)  can  be  expressed  in  terms  of  the  conditional 
expection  E(Z  |T  >  t).  Looking  at  the  density  p(z|T>t)  we  see  that 

p(zlT>t2)/  p(zlT>ti)  =  c(Qo(t2))/  c(Qo(ti))-  exp{(  Qo(ti)  *  Qo(^2)  <  ^2 

is  decreasing  in  z.  Then  it  is  an  immediate  consequence  of  the  following  lemma,  due  to 
Lehmann  that  E(Z|  T  >  t)  is  decreasing  in  t 

Lemma  (Lehmann(1959),pg74)  Let  pq(x)  be  a  family  of  densities  on  the  real  line  with 
monotone  likelihood  ratio  in  x.  If  y(x)  is  nondecreasing  function  of  x,  then  E9(v(x))  is  a 
nondecreasing  function  of  0. 

Let  0  =  1/t.  Denote  P0(z)  =  P(z(T>t).  Then  pq(z)  has  monotone  likelihood  ratio  in  z.  So  E(Z) 

is  nondecreasing  in  0,  which  implies  that  E(Z|T>t)  is  decreasing  in  t.  Now  it  remains  to  be 
shown  that  s(t)  <  1  for  some  t  >  0.  Let  p(z)=(z-l)exp(-QQ(t)  z)  and  note  that  p(0)  =  -1  and  p(z) 

has  maximum  [Qo(t){exp(QQ(t)+l)}]‘^  at  ZQ=(l+QQ(t))  Qo'kt)  and  p(z)  is  increasing  for  z  < 
Zq  and  decreasing  z  >  Zq.  Suppose  P(Z  <  1)  =  e  >  O.For  any  0  <  5  <  e,  there  exists  a  closed 
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interval  [u,v]  contained  in  (0,  1)  such  that  A(u,v)  =  H(vy-  H(u)  >  5.  Then  E(Zexp(-QQ(t)Z))  - 
E(exp(-Qo(t)Z)) 

=  |^p(z)dH(z)  +  J~p(z)dH(z)^  J^p(z)dH(z)  +(  Qo(t)  exp(l+QQ(t))]*^  A(l,  oo  ) 

^p(v)-A(u,v)+[Qo(t)-exp(l+Qo(t))]‘^-A(l,oo)<(v-l)  exp(-  Qo(t)v)  5+[  Qo(0  exp(l+Qo(t))]'l.  £a 


Since  the  last  term  is  negative  if  and  only  if(l-v)  5>  [e<^(t)exp{(l-v)QQ(t)}]  there  exists  a  t 

such  that  E(Zexp(-QQ(t)Z))  -  E(exp(-QQ(t)Z))  <  0,  that  is,  s(t*)  <  1.  Q.E.D. 

This  property  implies  that  methods  which  are  based  only  on  components’  information 
(assuming  independence)  over  estimate  the  reliability  at  an  earlier  stage  ignoring  potential 
failures  from  a  harsh  environment  which  may  be  encountered  in  the  beginning  stage  under  the 
operating  condition,  while  under  estimating  the  possible  gains  in  reliability  at  later  stage  from  a 
better  environment  which  meets  requirement  of  each  system's  susceptibility. 

The  proof  of  the  property  yielded  an  interesting  result  about  the  conditional  distribution 
H( )  of  a  random  environmental  factor. 

Property  5.  The  mean  and  variance  of  a  random  environmental  factor  Z  among  system  which 
survive  to  a  given  time  t,  E(Z  |  T  >  t)  and  V(Z|  T  >  t)  are  decreasing  in  t. 

This  property  indicates  that  average  environmental  factor  of  the  surviving  systems  declines 
with  time  since  the  systems  under  harsher  environments  tend  to  fail  first.  Also  it  is  noted  that 
the  variability  of  environmental  factor  of  the  surviving  systems  is  reduced  with  time. 

We  conclude  this  section  by  mentioning  an  curious  phenomenon  of  the  hazard  rate.  In  the 
series  system  problem  the  life  system  distribution  after  incorporating  a  random  environmental 
factor  has  hazard  rate  q^Ct)  =  qo(t)*  E(Zexp('QQ(t)Z))  /  E(exp(-QQ(t)Z)).  However 

E(Zexp(-QQ(t)Z))  /  E(exp(-QQ(t)Z))  has  been  shown  to  be  decreasing  in  l  Thus  the  lifetime 

distribution  can  often  have  a  decreasing  hazard  rate  which  the  variable  environment  may  cause 
while  the  component  hazard  rates  are  not  decreasing.  One  plausible  explanation  is  that  the 
population  is  subject  to  an  early  heavy  selection  of  systems  under  most  severe  environments. 
This  should  be  contrasted  to  reliability  of  system  operating  in  a  fixed  environment  where  the 
systems  may  have  a  variety  of  shapes  for  the  hazard  rates. 


In  this  section,  we  assume  that  the  random  environmental  factor  Z  follows  a  gamma 

distribution  with  density  function  is  h(z)  =  {r(a)}‘^P®exp(-zyp)z“"^,  a  >  0  P>0.  This 
distribution  is  chosen  because  it  is  analytically  tractable,  and  because  it  is  flexible  in  that  it 
allows  a  variety  of  shapes  including  the  exponendat  and  bell-shaped  density.  The  joint  survival 

function  for  (X,  Y)  is  F(x,  y)=  p«  /  {p+Qxo(^)+Qyo(y)}“  ' 

and  the  marginal  survival  functions  are  Fj(x)  =  P“  /  {P+Qxo(*)}^ » 

Gi(y)  =  P“  /{p+Qyo(y)}“- 

Oakes  (1982)  proposed  a  similar  model  based  on  an  extension  of  Clayton's  (1978)  model 
for  bivariate  lifetables.  His  model  is  derived  by  assuming  that  given  w,  X  and  Y  are 

independent  random  variables  with  survival  funcdons  {exp(-FQjf^‘®(x)+l)}^  and 
{exp(-GQjf^'®(y)+l)}'^,  respecdvely.  Then  assuming  w  has  a  gamma  distribudon  with  a  = 
l/(0-l)  and  p  =  1  the  joint  survival  function  is  F(x,  y)  =[  FQjf^'®(x)  +  Gok^'^^y^  ’  ^ 

where  F^j^,  and  arc  the  marginal  survivals  and  9  >  1. 

For  the  Oakes'  model  the  marginals  under  a  fixed  environment  (i.  e.  given  w)  depend  on  the 

environmental  parameter  0,  while  in  our  model  they  are  free  of  the  dependence  measure  ot.  The 
reverse  situation  holds  under  the  random  environment 

While  the  two  joint  survival  functions  appear  quite  different  the  basic  marginal  free 
structure  is  the  same.  That  is  both  models  have  the  same  nonparametric  dependence  structure, 
the  copula  introduced  by  Sklar  (1959)  and  studied  by  Schweizcr  and  Wolfe  (1981).  Here  the 

copula  is  C(u,v)  =  [  u'^^®  +  v'^^®  -  1  ]'®,  a=l/(9-l). 

We  list  some  properties  of  the  gamma  model  we  have  obtained  through  the  copula. 

1)  The  probability  of  concordance  is  (a-(-l)/(2a+l). 

2)  Since  the  copula  C(u,  v)  depends  only  on  a,  only  the  shape  parameter  a  affects  dependence 
structure  which  is  induced  by  the  environment 

3)  Since  the  copula  C(u,v)  is  decreasing  in  a,  and  two  variables  are  independent  if  and  only  if 
their  copula  is  u-v,  the  larger  the  shape  parameter  a  is,  the  less  the  dependence  is  induced. 
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4)  As  a  goes  to  0  the  copula  converges  to  min(u,v)  which  is  the  copula  of  maximal  positive 
association. 

5)  If  we  consider  two  environments  characterized  by  gamma  distributions  a  <  a  then  X,  Y 

t 

under  a  is  more  positively  associated  than  X,Y  under  a . 

We  conclude  this  section  with  the  following  property  of  our  model. 

Property  6.  The  random  environmental  factor  for  those  systems  for  which  component  A  has 
functioned  more  than  x  time  units  and  component  B  has  functioned  y  time  units 

also  follows  a  gamma  distribution  with  same  shape  parameter  a  and  scale 

parameter  +  Qyo^y)  P-  ^hile  for  the  population  of  the  systems  whose 

components  failed  at  time  X=x,  Y=y  the  environmental  factor  follows  a  gamma 

distribution  with  shape  parameter  a+2  and  scale  parameter  Qxo(*)'''Qyo(y)‘''P- 

Property  6  indicates  that  the  mean  of  the  environmental  factor  for  the  population  of  systems 
whose  components  are  functioning  at  time  t  is  a  decreasing  function  of  t.  Another  point  to  be 
noted  from  this  property  is  that  the  density  of  the  environmental  factor  for  the  population  of  the 

systems  whose  components'  lifetimes  have  X  >  x,  Y  >  y  has  the  shape  paramater  a,  which  is 
identical  to  that  in  the  unconditional  density  of  Z.  It  can  be  interpreted  that  the  dependence 
structure  between  the  components  of  all  the  functioning  system  beyond  a  certain  time  t  has  the 
same  as  the  dependence  structure  between  components  of  a  system  operating  at  time  0. 


4.  EXAMPLES 

As  examples  we  consider  the  case  when  both  components  have  a  Weibull  form  parameters 

(Hj,  and  (  T[2,  ^),  respectively.  That  is,  Fq(x)  =  exp(-  X^x^l).  The  Weibull 

distribution,  which  may  have  increasing  (  T|  >  1 ),  decreasing  (T)  <  1 )  or  constant  failure  rate  (r] 
=  1)  has  been  shown  experimentally  to  provide  a  reasonable  fit  to  many  different  types  of 
survival  data.  (See  Bain  (1978)).  The  resulting  joint  reliability  of  the  two  components' 

lifetimes,  (X,Y)  in  the  operating  environment  is  F(x,y)  =  E(exp(-Z(X,jX^l+  )J.  (4. 1 ) 
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The  model  described  above  for  a  general  distribution  of  the  environmental  stress  has  a 
particular  dependence  structure  which  we  summarize  in  the  following  property. 

Property  7.  Let  (X,Y)  follow  the  model  (4.1)  where  Z  is  a  positive  random  variable 

r  s 

with  finite  ( - +  — inverse  moment.  Then 

Til  ^2 

-r/Tij  -S/T12  -(r/Tii  ,s/n2) 

E(X'‘YS)  =  >.j  X  r(l  +  r/Tij)  r(l  +  S/TI2)  E(Z  )(4.I) 

When  the  appropriate  moments  exist,  we  have 

-1/Tli 

(A)  E(X)  =  E(Xo)  E(Z  ), 

-l/rii  -I/TI1 

(B)  V(X)  =  E(Xo2)  Var  (Z  V  E(Z  Y  VarfXQ), 

-1/Tlj  -1/1)2 

(C)  Cov  (X,Y)  =  E(Xq)  E(Yq)  Cov(Z  ,  Z  )  which  is  strictly  positive. 

If  T]j  =  T|2  =  1)  then  the  correlation  between  (X,Y)  is 

r(l+  1/11)2  VarfZ-l/'H) 

P  =  - iM - 9 - ^^-2) 

Var(Z-*^)  r(l+2/Ti)+  (r(I+2/Ti)  -  r(l+I/il)2)  E(Z-^^)2 

In  this  case  the  correlation  is  bounded  above  by  r(l+l/Ti)2  /  r(l+2/Ti).  Figure  1  shows  the 

maximal  correlation  as  a  function  of  n  for  t|  e  (0, 10).  Note  that  this  maximal  correlation  is  an 

increasing  function  of  i). 

Exact  expressions  for  the  quantities  of  interest  can  be  computed  when  a  particular  model  is 
assumed  for  the  distribution  of  Z.  We  shall  consider  the  gamma  and  uniform  models.  For  the 
gamma  model  for  Z,  the  joint  survival  function  is 

Til  TI2 

F(x,y)  =  /  [P+  Xjx  +  X2y  r  (4.3) 

which  is  a  bivariate  Burr  Distribution  (see  Takahasi  (1965)),  the  margined  distributions  are 
univariate  Burr  distributions  with 

-1/Tlj, 

E(X)  =  (Xj/p)  r(l+l/Tij)r(a-  1/Tii)r(a),ifa>  I/TI, 
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-2/ti,  r(l+2/Ti,)If(a-2/Tij)  r(l  +  l/Tii)r(a-l/rii) 

Var(X)  =  (  X,/p)  { -  -  [ - ]“}.  if  a  >  2/ti  ^ 

r  (a)  r(a) 

with  similar  expressions  for  E(Y),  Var(Y).  The  covariance  of  (X,Y)  is  Cov(X,Y) 

-1/Tii  -1/Ti2r(a-1/Tii-1/Ti2)  r(a-l/Ti2)  r(a-l/Ti2) 

=  (X,/p)  aVp)  { - - - }•  r(i+i/T]i)r(i+i/Ti2) 

r(a)  r(a) 


for  a  >  1/T|  j  +  I/TI2.  For  the  gamma  model,  the  reliability  function  for  a  bivariate  series 
system  is  given  by 

R5(t)  =  (l-H(>.i/p)t  +(X2/p)t  )-«  (4.4) 

and  for  a  parallel  system  by 

Rp(t)  =  (l+(  (1+  (>.2/p)t^^  )-« -  (l+(  (>.2/p)t  (4.5) 

Figure  2  is  a  plot  of  the  series  system  reliability  for  Xj**  1,  ^2  =  2  and  11^  =  T|2=l.  The  figure 

shows  the  reliablity  for  a  =  1/2,  1,  2, 4,  and  the  independent  WeibuU  model.  In  all  cases,  P  = 
1.  For  this  figure  we  note  that  for  fixed  Xj,  X2  i)  j,  TI2’  series  system  reliability  is  a 

decreasing  function  of  the  shape  parameter  ot.  Figure  3  is  plot  of  the  parallel  system  reliability 

(4.5)  for  the  above  parameters.  Again,  the  reliability  is  a  decreasing  function  of  a.  Also  in 
both  the  series  and  parallel  system  reliability,  the  shape  of  the  reliability  function  is  quite 
different  from  that  encountered  under  independence.  Additional  plots  with  other  parameter 
values  , which  can  be  found  in  Lee(1986)  show  similar  survival  curves. 

The  gamma  model  is  often  a  reasonable  model  for  the  environmental  stress  as  discussed  in 
the  previous  section.  However,  in  some  cases,  such  as  when  the  operating  environment  is 
always  more  severe  than  the  laboratory  environment,  the  support  of  H  may  be  restricted  to 
some  fixed  interval.  A  possible  model  for  such  an  environmental  stress  is  the  uniform 
distribution  over  [a,b].  For  this  model,  the  joint  survival  function  is 


F(x.y)  = 


^2  ’ll 

[exp(-b(Xix  +  X2y  ))  -  exp(-a(  X^x  +  K2y  ))] 

’ll  112 
(b-a)(Xix  +  >-2  y  ) 


(4.6) 


-1/Tll  (Tll-1)/Tll  (Tll'D/Tll 

E(X)  =  X-i  r(l+l/Tii)Tii  (b  -a  )/{(Tii-l)(b-a)]  ifTii  1, 

=  Iog(b/a)/[Xi(b-a)]  ifill=l, 

-2/ 1)1  (i1i-2)/t1i  (t1i-2)/t1i 

Var(X)=TiiXi  {r(l+2/ni)tii(b  -a  ) 


(b-a) 


(Tli-I/ni)  (Tii-i/ni). 
-  r(l+l/Ti^)2T)i  (b  -a  )2 

- 5 -  ^ 

(Tii-l)2(b-a) 

=  2/(Xi^ab)  -  log(b/ a)^/[(b-a)  Xj]^ 

log(b/  a)  n 

^  1 --If  .  1 


(b-a) 


(bl/2^al''2)2 
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For  this  model,  the  reliabihty  function  for  a  series  system  is 

=  [e’tp(-b(  Xjt  +  X2  t  ))  -  exp[-a(  X|t  +  X2  t  )]] 


(b 


,  'Hi  t\2 

-a)fX|t  +X2t  ) 


(4.7) 


and  for  a  parallel  system  is 


“Hi  Til  TI2  ri2 

Rp(t)  =  [exp(-b(X2t  )-exp(-aXjt  )  +  [exp(-bX2t  )-exp(-aX2t  ) 


(b-a)  Xjt 


^1 


(b-a)  X2t 


^2 


-Rs(t) 


(4.8) 


Figure  4  shows  the  reliability  for  a  series  system  and  figure  5  for  a  parallel  system  under 
the  uniform  model  for  various  combinations  of  a  and  b.  Notice  that  when  a  =  .25,  b  =  .75, 
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which  corresponds  to  an  operating  environment  which  is  less  severe  than  the  test  environment, 
the  system  reliability  is  greater  than  that  expected  under  independence,  while  when  (a,b)  = 

(1.25,  1.75)  or  (1,  2),  which  corresponds  to  an  environment  more  severe  than  the  test 
environment,  the  system  reliability  is  smaller.  Also  when  (a,b)  contains  1,  which  corresponds 
to  an  environment  which  incurs  the  possibility  of  no  differential  effect  from  that  found  in  the 
laboratory,  there  is  little  difference  in  the  dependent  and  independent  system  reliability. 
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FIGURE  14 
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FIGURE  5 
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Summary 

We  present  some  techniques  for  analyzing  combined  experiments  on  systems  tested  under  field 
conditions  and  components  tested  under  controled  conditions,  under  an  assumed  random 
enviommental  stress  model  for  series  system  reliability.  Based  on  this  model  we  discribe  the 
maximum  likelihood  estimation  of  model  parameters  as  well  as  other  estimators  based  on  the  scaled 
total  time  on  test  statistic.  The  question  of  when  it  is  advisable  to  perform  diagnostic  testing  on  the 
failed  systems  to  determine  the  failure  modality  in  light  of  the  excess  cost  of  doing  so  is  also 
studied.  Lastly,  a  study  of  several  tests  for  independence  based  on  this  model  is  made. 


Key  Words  and  Phrases:  System  Reliability,  Combination  of  Experiments,  Scaled  Total  Time  on 
Test  Transform,  Maximum  Likelihood  Estimation. 


1.  Introduction 

Consider  a  p  -  component  series  system  where  the  failure  of  any  one  of  the  p  components 
causes  the  system  to  fail.  A  common  assumption  made  in  analyzing  such  systems  is  that  the 
potential  (unobservable)  times  to  failure  of  the  components  are  statistically  independent.  Thus  the 
assumption  is  not  testable  due  to  the  identifiability  problem.  (See  Basu  and  Klein  (1982)  for 
details).  However,  Klein  and  Moeschberger  (1984)  show  that  an  investigator  can  be  appreciably 
misled  in  modeling  competing  risks  by  erroneously  assuming  independence. 

Recently  several  authors(Hutchinson(1981),  Bagchi  and  Samanta(1984),  Lindley  and 
Singpurwalla(1984),  Oakes(1982),  Hoggaid(1985),  and  Lee  and  Klein  (1987))  have  proposed 
models  for  dependent  series  systems  based  on  a  common  random  environmental  factor  which 
affects  all  components  in  the  system  under  operating  conditions.  Inference  for  all  the  model 
parameters  is  not  possible,  based  only  on  field  data  from  the  series  systems,  due  to  the 
identifiability  dillema.  However,  in  many  situations,  one  has  available  additional  data  on  the 
individual  component  reliabilities  obtained  in  the  laboratory  during  the  testing  and  design  process. 
Incorporating  this  data  with  the  field  data  allows  us  to  estimate  model  parameters  and  check  a 
possible  assumption  of  independence.  In  this  paper  we  consider  estimation  of  the  model  parameters 
for  a  two  component  series  system  based  on  a  common  environmental  stress  model.  In  section  2 
we  describe  the  particular  model  (Klein  and  Lee(1987))  on  which  the  inference  is  made  and  the 
experimental  setting.  In  section  3  maximum  likelihood  estimators  are  discussed  and  in  section  4  we 
focus  on  estimating  components'  hazard  rates.  In  section  5,  a  graphical  estimation  procedure  is 
presented.  In  section  6  a  comparision  of  the  estimators  obtained  will  be  made  through  a  small  scale 
Monte  Carlo  study.  Finally  we  comment  on  some  tests  for  independence  and  present  a  small  study. 

2.  Model 

For  simplicity  we  shall  consider  only  the  two  component  series  system.  The  model  for  the 
system,  as  fully  developed  in  Lee  and  Klein  (1987)  is  as  follows:  Suppose  that  under  ideal 
conditions,  as  encountered  in  the  laboratory,  the  lifetimes  of  the  two  components  are  Xq  and 
with  reliability  functions  Fq  and  Gq,  respectively.  The  two  components  are  linked  into  a  system 
and  put  into  the  field.  The  effect  of  the  operating  environment  is  randomly  improve  or  degrade  each 
component  by  a  factor  Z  with  the  distribution  function  H(z).  That  is,  under  field  conditions  the 
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conditional  reliability  of  the  two  components,  given  Z=z,  are  and  respectively.  Note  that 
a  value  of  Z  <  1  implies  a  simultaneous  improvement  in  component  reliability,  and  Z  >  1  implies  a 
joint  degradation.  Further,  we  assume  that  conditional  on  Z  the  components  are  functioning 
independently. 

In  the  sequel  we  assume  that  Xq  and  are  exponential  with  hazard  rates  ^2  (i.e.  Fq(x)  = 
exp(-X2x)).  This  assumption  is  commonly  made  in  reliability  studies  (c.f.  Mann  and  Grubbs 
(1974),  Chao  (1981),  Miyamura  (1982),  Boardman  and  Kendall  (1970)).  We  also  assume  the 
random  environmental  factor,  Z,  follows  a  gamma  distribution  with  density  function  is  h(z)  = 
{r(a)}'^  P®  exp(-z/P)  z®*^.  This  distribution  is  chosen  for  its  analytical  tractability  and  its 
flexibility  in  allowing  for  a  variety  of  shapes  including  the  exponential  and  bell  shaped  density. 
With  these  assumptions  the  reliability  function  for  the  system  is 
R(t)  =  Ez  {  Fo^d)  GoZ(t)}  =  ( 1+  (Xi+X2)t/p)-«*  (2.1). 

This  model  has  been  proposed  with  a  different  parameterization  by  Lindley  and  Singpurwalla 
(1985)  and  Houggard  (1985). 

For  this  model,  we  note  that  the  system  reliability  depends  only  on  two  parameters  0  = 
(X^+X,2)/p  and  a,  so  that  if  we  had  data  only  from  systems  on  test  in  the  operating  environment, 
the  only  identifiable  parameters  axe  a  and  0.  However,  in  many  instances  we  have  extensive  data 
on  the  performance  of  the  components  under  controlled  condition  so  that  the  whole  experiment 
consists  of  three  distinct  parts.One  experiment  (El)  is  done  on  the  first  component.  A,  under 
controlled  condition,  such  as  found  in  the  laboratory  and  another  independent  experiment  (ED)  is 
performed  on  the  second  component,  B,  under  controlled  conditions.  The  third  experiment  (EIII)  is 
carried  out  on  the  series  systems  under  operating  conditions.Sample  data  from  the  first  two  parts 
consist  of  times  to  failure  of  each  component.  The  last  part  consists  of  the  failure  times  of  the 
system  and  an  indicator  variable  which  tells  us  which  component  causes  the  system  to  fail. 

Let 

Xq  I  =  Lifetime  of  the  i-th  component  A  in  El,  i  =  1, 2,  •  •  •,n; 

Yq  j  =  Lifetime  of  the  j-th  component  B  in  Eli,  j  =  1,2,-  •  •  ,m; 
n  =  Number  of  component  A's  put  on  the  test  under  controlled  conditions; 
m  =  Number  of  component  B's  put  on  the  test  under  controlled  conditions; 

Sq  j=Xq  j+...Xq  n ;  and  Sq  2=Yq  j+...+Yq  Based  on  experiment  EIII  let 

6j  =  The  indicator  variable  whose  value  is  equal  to  1  if  the  A  component  failed  first  and 
otherwise  equal  to  0; 

M  =  5j  +  82  +  ■  ■  ■  +  Sj  ,  the  total  number  of  system  failures  from  component  A; 

Tj  =  Lifetime  of  the  i-th  system; 
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s  =  Number  of  the  systems  put  on  the  test  under  operating  conditions; 

s  Hazard  rate  of  the  component  A  under  controlled  conditions; 

A.2  Hazard  rate  of  the  component  B  under  controlled  conditions; 
a  =  The  shape  parameter  of  the  gamma  distribution; 

|3  =  The  scale  parameter  of  the  gamma  distribution. 


3.  Maximum  Likelihood  Estimators 

In  this  section  we  consider  maximum  likelihood  estimation  based  on  the  three  independent 
samples  described  in  section  2.  The  relevant  log  likelihood  is  (up  to  constants) 


logL  =  n-logA,j  +  m'logX2  -  *  ^2^0,2  +(s  -  M)logA.2 


+  sloga  -  slogP  -  (a  +  1)  Z  log  { 1  +(A.f +X2)  Tj,  /  p} . 

k=l 


(3.1) 


Taking  derivatives  we  obtain  the  following  system  of  four  nonlinear  equations; 

i)  n  /  X  j  -  Sq  j,+M/Xj-  s  /  (X^+  X2)  =  0 

ii)  m  /  X2  -  Sq  2  +  (s  -  M)  /  X2  -  s  /  (Xj+  X2)  *  0 

s  s 

iii)  - r  log  {l+(Xi+X2)Tk/p)  =0 

a  k=l 


s 

iv)  Z 


sp 


=  0  . 


(3.2) 


1  +  (X1+X2)  Tjj  /  P  (a+l)(Xj+X2) 

The  first  two  equations  are  to  be  solved  for  X^,  X2  to  obtain  X^  X2j.  We  may  obtain 

^mle  solving  the  last  two  equations.  In  other  words,  the  problem  of  finding  the  parameter 

values  maximizing  logL  consists  of  the  two  parts:  the  first  to  find  the  values  of  X  j ,  X2  maximizing 


logL|  and  the  second  to  find  those  values  of  a  and  8  =  (X^+  X2)  /  P  maximizing  logL2,  where 

logLj  =  n-logXj  +  m-logX2  -  XjSq  j  -  X2SQ  2  +(5  -  M)logX2  (3.3) 

-sIog(X^+X2),  and 
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s 

logL2  =  sloga  +  slog0  -  (a  +  1)  Z  log  (1  +  6  Tl.).  (3  4) 

k=l 

It  should  be  noted  that  the  M.L.E's  of  Xj,  depend  on  the  samples  of  the  components  under 
controlled  conditions  and  M,  the  number  of  systems  which  fail  due  to  the  failure  of  component  A 
only,  while  the  actual  system  lifetimes  are  used  to  estimate  a  and  0. 

Returning  to  the  estimation  problem,  the  M.L.E.’s  of  Xj,  are  easily  calculated  as 

^11  =  {-ri  +  +  4rQr2)^^}  11x2  ifr2>0,and  {-rj  -  (rj^  +  4rQr2)^^)  11x2  otherwise.  The 

other  estimator  ^21  is  computed  as  (hq  -  S^jXj  j)  /  Sq2. 
where  r2  =  Sq  ^  -  Sq  ^  j.j  =  (n^  +  n;^)  j  +  (s  -  n;^)  2.  h  =  ^C‘  "A- 

nc  =  n  +  m ;  and  n^  =  n  +  M .  Since  Xj  and  X2  could  be  estimated  based  on  El  or  EH  alone  a 

natural  question  is "  How  much  are  these  estimators  improved  by  adding  information  from  the 
system  experiment,  EIII?"  Since  this  question  is  of  independent  interest  we  will  discuss  this 
problem  in  the  next  section. 

Noting  that  logL^  is  a  function  of  a  and  0,  the  two  likelihood  equations  are 
I  ^  logL2  s  s 

— -  = - 2  log  { 1  +0Ti,}  =  0  ,  and  (3.5) 

o  a  a  k=l 


d  logL2  s  s 

-  - - (a+  1)  I 

a  9  0  k=l 


Tk 

l+0Tk 


=  0. 


(3.6) 


Solving  3.5  for  a  we  obtain  aj^g=s/{Z  log{  1  +  OTj^)}.  Substituting  this  value  into  3.6  we  obtain 
the  following  equation  which  is  to  be  solved  for  9 
s/9  -  f2(9)  [  s/fi(9)  +  1  ]=0  where  fi(9)  =  E  log  (1  +  9Tjj),  and  (3.7) 

f2(9)  =  ET,,  /(I  +9Ti,). 
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One  can  show  that  is  in  the  allowable  parameter  space  if  the  observation  Tj^'s  satisfies 

s  -  - 

s  2  -2(2  Tk)2>0.  (3.8) 

k=l  k=l 

In  the  case  that  the  data  does  not  satisfy  the  condition  (3.8)  we  would  have  a  M.L.E.  of  0  at  6  =  0 

which  leads  to  «*»  as  a  M.L.E.  of  a.  In  such  a  case  the  reliability  for  the  series  system  becomes 

lim  Rg(t)  =  lim  (1  +  (Xj+X2)t/P)‘®  =  exp(-p.  (X1+X2)  t)  (3.9) 

a->oo  a->«x> 

a/p->n  <x/|3->4 

so  that  we  conclude  that  the  series  system  has  constant  hazard  rate  and  it  seems  reasonable  to  carry 
out  the  inference  procedure  accordingly.  This  condition  is  satisfied  if  the  sample  standard  deviation 
is  larger  than  the  sample  mean. 

In  addition,  we  note  that  the  estimate  of  a  can  be  less  than  one,  which  implies  that  the  mean 
system  reliability  is  infinite.  To  study  the  properties  of  these  estimators  and  a  graphical  estimator 
which  will  be  discribed  later,  a  small  scale  Monte  Carlo  study  will  be  presented  in  section  6. 


M  ^  l»  M  iIMI  9  lift 


As  discussed  in  the  previous  section  the  M.L.E.'s  of  X  j,  X2,  the  components’  hazard  rates 

under  controlled  condition  are  obtained  through  the  likelihood  function  logLj  which  is  constructed 
from  three  independent  samples,  one  based  on  each  component  tested  separately  and  one  based  on 

system  data.  However,  the  only  contribution  from  the  system  data  to  the  likelihood  function  for  X  ^ 

^2  Is  the  information  as  to  which  component  has  caused  the  system  failure,  while  the  contribution 
from  the  component  data  consists  of  their  lifetimes.  A  namral  question  is  how  much  does  the  fieki 

data  improve  the  precision  of  our  estimators  of  Xj  and  7^1 

First,  we  compute  the  asymptotic  variances  of  M.L.E.'s  of  Xj,  X2  obtained  in  the  previous 

section  and  compare  them  with  the  variances  of  the  M.L.E.  computed  only  from  the  component 
samples.  Second,  we  investigate  some  possible  strategies  for  determining  sample  sizes  under  cost 
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constraints  which  may  occur  if  it  costs  to  check  which  component  caused  the  system  to  fail. 

We  assume  that  the  sample  sizes  of  both  components  are  same,  that  is,  n  =  m  =  N.  Suppose 
that  the  ratio  of  the  component  sample  size  to  the  total  sample  size,  N/(2N  +  s),  goes  to  c  as  both  N 

and  s  go  to «».  Now  the  total  information  in  the  study  is  I(X)  and 

I(X)  =cIi(X)  +  cl2(X)  +  (l-2c)l3(X)  (4.1) 

where  X  =  (X,j,  and  ( X )  is  the  information  matrix  based  on  the  i-th  experiment. 

From  the  variance  -  covariance  matrix  r^(  X )  of  M.L.E.S  of  ( X j ,  X2  ) 

Xj^  (Xj+  X2)^{  c  (Xj^+  X2^)  +  Xj^X2}  Xj^  (Xj^  +  X2)^(l  -  2c) 

c2(Xi2  -  X22)2  +  2  c  X1X2  (Xj  +  X2)2  c^CXj^  -  X22)2  +  2  c  X1X2  (Xj  +  X2)2 


^1^^2^  (Xi+X2)2(1.2c) 


^2^  (Xi  +  X2)2{c  (Xj^  +  X22)  +  X2X2} 


c2(Xj2  -  X'^r  +  2  c  XjX2  (Xj  +  X2)2  c2(Xj2  -  X22)2  +  2  c  X^X2  (Xj  +  X2)2  , 


we  obtain,  by  Theorem  6.1  of  Lehmann  (1983),  ( 2N+  s)^^(  X^p  X^) — >  N  (0 , 

(  2N+  s)l/2  (  X2PX2) - >  N  ( 0  ,  l22'b.  where  is  the  i-jth  entry  in  the  matrix  I'HX). 

Based  on  the  laboratory  experiment  El  only,  the  maximum  likelihood  estimator  of  X^^  is 
Xio=N/So,i  and  V  N  —  >  N  ( 0,  Xj^)  .Thus  the  asymptotic  relative  efficiency  (A.R.E.) 

of  X^Q  to  X j  Y  is  ej  =V(X^ 


Il['^  (Xj+X2)2x^X2  -t- c  (Xj  +  X2)2  (Xj^  +  X22) 

ej  =  c - - —  =  — - - - 

IfX2  =  kXj  .then  e^  =  {k  +  c  (k2+  1))  /  {2k  +  c(k  -  1)2). 


(4.4) 
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Figure  4.1  shows  the  A.R.E.  of  j  to  Xjq  at  varying  ratios  of  component  sample  size  to  total 

sample  size  for  five  different  k  values.  Notice  that  for  fixed  c  the  more  similar  the  hazard  rates  of 
the  two  components  are,  the  smaller  the  A.R.E.  is.  That  is,  the  more  information  the  system 
sample  contributes  to  reducing  the  variance.  Figure  4.2  shows  the  A.R.E.  at  varying  k's  for  given 
ratio  of  sample  sizes.Note  that  c=0  corresponds  to  the  situation  where  N  is  very  small  compared  to 
s,  c=l/6  to  the  case  where  s  is  of  the  order  4  times  N,  c=l/3  to  the  case  where  s  is  almost  same  as 
N,  c=2/5  to  the  case  where  N  of  the  order  1/2  times  N  and  c=l/2  to  the  case  where  s  is  very  small 

compared  to  N.  The  above  result  is  also  valid  for  the  estimators,  and  X.20 
formulae  are  symmetric  in  X.2  and  X2- 

In  the  previous  section  we  saw  that  estimating  the  scale  parameter  ^  of  the  gamma  distribution 
involves  estimating  X.^  +  rather  than  Xj  or  X^  themselves  so  that  we  shall  turn  to  comparison  of 

the  variances  of  1  +  and  ^10  ^0*  die  same  procedure  as  before  we  are  led  to  the 

A.R.E.  of  X^Q  +  X2Q  to  X^  2  +  X21  '^^dch  is  e2“V(X2 

(X2  +  X2)^  { ^1^2  ^  (^1  ~  } 


«2  = 


(^1^  +  X2^)  {2  X2X2  +  c  (X2  -  X2)^  } 


(4.5) 


Setting  X2  =  k  X2  , 


e2  =(!+■ 


2k 


)(1  - 


) 


(4.6) 


( k2  +  1)  c  (k  -  1)  2  +  2k 
The  plots  of  the  A.R.E.'s  are  shown  for  various  k’s  and  c's  in  figure  4.3  and  4.4.Here  it  is  found 
that  when  the  hazard  rates  of  two  components  are  identical  or  very  similar  the  information  from  the 
system  does  not  contribute  to  a  reduction  of  the  asymptotic  variance.  An  intuitive  explanation  for 
this  is  that  when  the  two  hazard  rates  are  similar  the  information  fix>m  the  system,  which  only 
contributes  information  on  which  of  the  two  hazard  rates  is  larger,  through  the  numbers  of  systems 
which  fail  from  each  type  of  component  failure,  contributes  least  to  the  inference  on  the  magnitude 
of  the  sum  of  the  two  hazard  rates. 

There  are  several  problems  which  may  be  considered  in  the  light  of  the  above  results.  We  will 
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discuss  two  of  these: 

i )  If  we  suppose  that  it  costs  to  check  the  cause  of  system  failure,  when  is  it  resonable  to  do  so. 

ii)  If  we  are  allowed  to  randomly  check  only  a  fraction  of  the  systems,  how  many  systems  should 
be  checked  to  achieve  minimum  variance  under  some  constraints? 

To  investigate  the  above  two  problems  we  assume  that  the  sample  size  of  the  system  sample  is 
fixed  at  s  and  that  the  sample  sizes  and  the  unit  price  of  testing  both  components  are  the  same.  Let 
Pj  be  the  total  remaining  allowable  cost  after  administrative  costs  and  the  costs  of  collecting 

system  life  data  are  removed  and,  let  Py  be  the  cost  of  testing  a  component  in  El  and  EH,  and  let 
Pj,  be  the  additional  cost  of  checking  a  system  to  determine  its  failure  mode.  Suppose  these  costs 
P'P ,  Py.  and  Pg  are  predetermined.The  sample  sizes  are  assumed  to  be  reasonably  large  so  that 

asymptotic  results  hold. 

We  consider  question  (i).  We  see  that 
Nc  =  Pt  /  2Pu  :  The  maximum  number  of  each  component  we  could  test 
when  systems  are  not  checked. 

R  =  Pg  /  Py  :  The  ratio  of  the  costs, 

Q  =  Ng  /  s  :  The  ratio  of  the  component  sample  size  if  systems  are  not  checked  to  the 
system  sample  size,  and, 

N  =  Nj,  -  R’S  /  2:  if  we  check  all  systems. 

Our  goal  is  to  find  the  maximum  value  of  R  such  that  V(X,j  j  jq)  <^(^10,1^ ^20, 

where  the  subscripts  N,  denote  the  component  sample  sizes  when  the  estimators  are 
computed.  Noting  that  i  n  ^1  approximated  by 

1  (>.i+X2)2  Cf(Xi-X2)2  +  >.iX,2 

-  -  [ - - - ]  where  c^  =  N/(2N+s),  and 

2N  +s  c^  ^f^^l  ”  ^2'  2X^X2 

V(X^0  N"*"  ^20  n)  (^1^  ^2^)  /  Ng  ,  we  obtain  the  following  approximate  ratio 
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V(Xii  n  +  >.21,n) 


(k+1)" 


Q  -  0.5  R 


[ 


( 


2Q  +  (1  -R) 


(k  - 1  )^  +  k 


-)] 


^  Q  -  0.5  R 

V(Xion+^20n)  Q  -  0.5R  k2+l  - (k-l)2  +  2k 

’  c  ^  c  2Q  +  (1  -R) 


(4.7) 


If  we  let  r(R,  Q,  k)  denote  the  above  ratio  of  variances,  after  some  algebraic 
manipulation  we  see  that  r(R,Q4c)  <  1  implies 

R2(k  +  1)2  -  R  (2Qk2  +4Qk  +  4k  +  2Q )  +  {(k-l)2  /  (k2+l)}4Qk  >  0  .  (4.8) 

Thus  the  maximum  value  of  R  for  which  checking  of  the  system  failure  mode  is  advisable  is 


1 


( k  +  1  )2 


(B  -  {b2  -  4Qk(k-  1)2}1/2  ),  where  B  =  Qk^  +  2Qk  +  2k +Q. 


(4.9) 


Figure  4.5  shows  the  maximum  value  of  R  for  each  Q  at  different  k’s.  For  example,  suppose  that  Q 
is  equal  to  10  computed  using  the  predetemined  values  s,  P-p,  and  Py-If  we  also  assume  that  the 

ratio  of  the  hazard  rates  is  ,3 ,  which  might  be  guessed  through  past  experience  then  this  figure  tells 
that  if  the  relative  cost,  R,  is  less  than  0. 1  it  is  advisable  to  check  the  systems.  As  discussed 
before,  if  the  two  components  have  the  same  hazard  rates  then  it  is  not  recommended  to  do  so. 

Considering  the  question  (ii),  we  find  the  number  of  systems  to  be  checked  to  achieve  optimal 
results  in  terms  of  the  variance  of  the  sum  of  the  two  M.L.E.'s  under  the  given  constraints.  Let  s 
be  the  number  of  systems  to  be  checked  among  the  s  systems,  and  set  y  =  s  /  N^,.  Noting  that 

N=Nc  -  0.5  R  s*  ',  and  recalling  that  the  ratio  of  component  sample  to  complete  sample  size  c  is 
N/(2N+s  ),  we  obtain  the  asymptotic  variance  of  V(Xj  j  j»fi‘^21  ignoring  the  constant  terms  as 


q(y,  R,k)  = 


{c(k-  l)2  +  k  ) 

[  - -  ]  • 


1  -  0.5Ry  {c  (k  -  1)  2  +  2k  } 
The  derivative  of  q  with  respect  to  y  is. 


(4.10) 


dy 
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qi(y) 

- z - z - z - ^  (4.11) 

(1  -  0.5Ry)2[(k+ l)2  +  y(2k-kR-0.5k2R-0.5R)r 

where  qi(y)  =  y^ [ 0.5R ( k^  +  1) - k ]  [ 0.5R (k  +  l)^ - 2k]  (Ry2) 

+  y  [  R  ( k2  +  1)  ( 2k  -  0.5R  (k  +1)2)] 

+  [  0.5(k  +  l)2(k2  +  1)  1  R  -  k(k  -  1)2  . 

Studying  the  function  qjCy)  in  detail  we  find  that  q(  y,  R,  k)  is  minimized  at  y  =  0.  That  is,  no 
contribution  is  made  by  checking  the  system  failure  mode  if  the  relative  cost  /  P^j  is  larger  than  [ 

2k(k-l)2]/[  (k  +  l)2(k2  +  1)  ],  and  that  if  the  relative  cost  is  smaller  than  the  above  ratio  the 

optimal  number  of  systems  to  be  checked  is, 

V  2  k  (k  - 1)  (k2  +  1) 

N,[ - - - j - - - - - ].  (4.12) 

(k  -  0.5R  (k2  +  1) )  V  R  ( 2k  -  0.5R  (k  +  1)2 )  k  -  0.5R  (k2  +  1) 

Figure  4.6  shows  the  optimal  fraction  y  =  s*/Np  at  the  allowable  R's  for  k  =  2, 3,  and  5.  For 

example,  suppose  we  have  the  idea  that  the  ratio  of  the  hazard  rates,  k  is  equal  to  5,  and  that  the 
relative  cost  R  is  equal  to  .1.  Then  this  figure  tells  that  the  optimal  number  of  the  systems  to  be 
checked  is  1.5  times  as  much  as  N^., 

6.  Graphical  Inference 

In  this  section,  we  discuss  a  graphical  approach  which  is  helpful  in  visualizing  the  condition  of 
existence  of  the  estimators  and  also  the  degree  of  dependence  as  well  as  in  checking  feasibility  of 
the  model.  Later  in  this  section  we  suggest  estimators  based  on  this  graphical  approach. 
Throughout  this  section  we  assume  the  same  model  as  in  the  section  2.  However  we  shall  handle 

the  model  as  if  the  component  hazard  rates  Xj  and  known,  based  on  data  from  the 

laboratory  experiment,  since  the  estimation  of  Xj  and  X2  presents  little  difficulty  and  has  been 
discussed  in  detail  in  section  4.  Thus,  the  model  in  this  section  is  that  the  lifetime,  T,  of  a  system  in 

the  operating  environment  has  a  survival  function  (t)  =(  1  +  0t)"“.  (5.1) 
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The  method  we  present  in  this  section  is  based  on  the  scaled  total  time  on  test  (STTOT)  plot  or 
Barlow  and  Campo  (1975).  They  have  presented  a  graphical  approach  to  failure  data  analysis  for 
arbitrary  distributions,  using  the  total  timr  on  test  transforms  innxxluced  and  discussed  in  BarIo\\ 
et.  al.  (1972). 

Suppose  A(  t )  is  the  cummuladve  distribution  function  of  T. 

The  STTOT  transform  for  T  is  defined  by 

(•A-l(t)  A-l(l) 

ST  A  (t )  =  J  R-  ( u  )  du  /  J  R-  ( u )  du 
0*0 

=  1  -  ( 1  - 1  )(a-l)/a  for  a  >  1.  (5.2) 

Here  we  note  that  STy^(  t )  depends  only  on  the  shape  parameter  a.  Rgure  5. 1  shows  the  form  of 

the  STTOT  transform  for  several  values  of  a.  Notice  that  for  all  a,  the  STTOT  transform  is  below 
the  45  °  line  (which  corresponds  to  exponential  system  life)  since  the  hazard  rate  of  the  series 
system  is  decreasing.This  figure  tells  us  that  the  smaller  the  shape  parameter  is,  the  more 
dependence  that  is  induced. 

The  emperical  total  time  on  test  at  Tg^  is  defined  by  =  Tg j+Tg  2+‘ '  ’  ^Cs-r+llTg  j. 

where  Tgj,  Tg  2.  • '  • ,  Tg  g  are  the  ordered  system  failure  times,  and  plotting  Vg  /Vg  5  versus  r/s 
for  r  =  1, 2,  "*,5,  we  obtain  so  called  the  emprical  STTOT  plot.  Since  Vg^Vg  g  converges  to 
STa(  t )  with  probability  one  and  uniformly  in0<t<l  ass  — >  «» and  r/s  — >  t,  the  STTOT  plot 
can  be  compared  to  the  figure  5.1  for  a  graphical  check  of  the  model's  validity.  We  can  also  use 

the  STTOT  transform  to  obtain  estimators  of  the  shape  parameter  a  Let  =  log(l-i/s)  and  Dj  = 
log(l-  Vg  j  /  Vg  5 ),  i  =  1, ...,  s-1.  From  STy^(  t )  =  1  (1  - we  have  log  (1  -  STys^(t))  = 

(1  -  1/a)  log  (1  - 1)  so  that  =  (l-l/a)Ci,  i  =  1, ....  s-l. 

First  we  consider ,  as  a  reasonable  estimator  of  a ,  the  value  of  a  which  minimizes  the  squared 
distances  between  Dj  and  (1  -  1/a)  Cj.  That  is, 

s-l  - 

I  (D:- (1-1/a)  0)2. 
i=l 
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The  resulting  estimator  is  a|5  =  Z  Cj^  /  (ZCj^-ZCjDj)  (5.3) 

which  is  in  the  parameter  space  if  Z  Cj^  >  L  Cj  Dj.  A  better  estimator  should  be  obtained  by 
weighting  the  D^'s  differently  since  for  i  <  j,  Var  (Dj)  <  Var  (Dj).  The  variance  of  Dj  depends  on 

the  unknown  parameter  a  so  we  weight  by  the  variance  of  Dj  computed  under  an  assumed 
exponential  distribution.  If  Tj,  T2,‘  *  •,  T^  are  assumed  to  follow  an  exponential  distribution,  then 
[  1  A^5  5]  follows  a  beta  distribution  with  parameters  s-r  andrforr  =  1,2,  ...,s-l.Noting 

that  the  r-th  order  statistics  of  a  sample  of  size  s-1  from  a  uniform  distribution  follows  a  beta 
distribution  with  parameters  r  and  s-r  one  can  show  that  -  Dj  is  the  i-th  order  statistics  of  a  sample 

of  size  s-1  from  a  standard  exponential  distribution.  Hence  the  variance  of  Dj  in  that  case  is 
i  1 

Vj  =I  - -,  i  =  l,...,  s-1 

j=l  (s-j)2 


so  that  a  weighted  least  squares  estimator  of  a  is 

C.2  c.£). 

a^is=  iCj^/Vj/  (I— -1-5-^)  ifIq2/v.>SqDjA^j.  (5.4) 

Vi  Vj 

Once  we  have  obtained  an  estimator  of  a  by  either  of  the  two  least  squares  estimators,  we 
substitute  this  value  into  (3.4)  and  solve  this  equation  numerically  for  9j^  or  We  note  that  the 


unique  root  of  the  equation  lies  between  l/(a  T^  5)  and  l/(a  T^  j). 

Due  to  the  computational  complexity  of  these  estimators,  analytic  properties  of  these  estimators 
are  not  available,  so  a  small  scale  Monte  Carlo  study  was  performed  in  the  next  section  to  compare 
these  estimators  with  three  other  estimators,  the  M.L.E.  in  section  3,  the  Method  of  Moments 
Estimator  (M.M.E),  and  one  suggested  by  Hui  and  Berger  (1983). 

The  M.M.E.s,  found  by  equating  the  first  two  sample  and  theoretical  moments,  so  that 


ft 
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SE2 

if  s  E2  >  2  Ej^ 

,  and 

(5.5) 

s  E2  -  2  Ei^ 

sEo  -  2Ei2 

9  -  ^ 

s 

s 

where  El  =  Z  Tu, 

E2 

(5.6) 

'^mme  _  ^  ’ 

Ei-E2 

k=l 

k=l 

Hui  and  Berger  (1983)  have  suggested  estimators  of  a  and  0  in  a  different  context.  To  avoid 
difficulties  of  maximizing  the  loglikelihood  function  with  two  unknown  parameters  they  have 

suggested  a  modified  method  of  moments  estimator  as  follows..  The  estimator  of  a  is  the  solution 
to 

s  s  s(a+l)  s  T: 

-  S  log(l  + - Ti)  + - ^  I  - i -  =  0,  (5.7) 

i=l  Ej  a  Ej  a-^  i=l  1  +  sTj/(E^  a) 

and  the  estimator  of  0  is  [  a  E^  /  s  ]*^.  It  is  possible  that  there  is  no  finite  solution  to  this  equation. 
With  an  argument  similar  to  that  used  in  M.L.E.  case  it  can  be  shown  that  a  sufficient  condition  for 
j  a  finite  solution  to  (5.7)  is  that  s  E2  >  2  Ej^.which  is  the  same  condition  needed  for  exsistance  of 

the  M.L.E.  and  M.M,E.. 

6.  Monte  Carlo  Study 

I  In  this  section  we  compare  the  estimators  of  the  shape  parameter  a  and  the  scale  parameter  9 

through  a  small  scale  Monte  Carlo  study.  The  main  comparisions  of  interest  are  done  in  terms  of 

the  bias,  standard  deviation  of  the  estimates  of  a  and  0,  and  the  number  of  samples  where  the 
estimators  exist.  Also  the  estimators  of  system  reliabilty  at  t^  =  0.1006  are  compared.  Random 

samples  of  size  s  =  15,  30,  50,  75,  or  100  were  generated  with  +  X2  =  3,  (3  =  3,  so  0  =  1  and  a 

=  2,  3,  5.  1000  samples  were  generated  for  each  combination  of  s  and  a.  The  bias,  standard 
deviation  of  the  estimates  and  NS,  the  number  of  samples  where  the  estimator  exists  is  reported  in 

table  6.1  for  a,  table  6.2  for  0,  and  in  table  6.3  for  an  estimator  of  the  system  reliability  obtained 

from  (5.1)  at  tQ  .  The  true  system  reliability  at  Iq  is  .8255  when  a  =  2,  .75  when  a  = 


Table  6.1:  Bias  and  Standard  Deviation  (SD)  of  Estimators  of  a 
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Sample  Esti- 
Size  mator 

a  =  2 
NS  Bias 

SD 

NS 

a  =  3 
Bias 

SD 

a  =5 
NS  Bias 

SD 

15 

mle 

769 

4.5 

29. 

642 

7.3 

39. 

522 

38.7 

573. 

wls 

852 

4.8 

41. 

753 

36.4 

843. 

665 

8.2 

53. 

* 

766 

1.3 

5. 

636 

1.3 

9. 

516 

-0.7 

5. 

Is 

762 

6.8 

49. 

653 

13.1 

149. 

558 

30.3 

493. 

mme 

770 

9.1 

37. 

643 

16.8 

77. 

522 

69.8 

925. 

ber 

770 

14.4 

65. 

643 

26.0 

114. 

522 

112.9 

1505. 

30 

mle 

916 

2.8 

20. 

809 

5.7 

30. 

674 

20.4 

148. 

wls 

953 

4.7 

37. 

870 

13.8 

141. 

752 

9.3 

■  68. 

* 

912 

1.1 

3. 

804 

1.8 

6. 

660 

3.2 

29. 

Is 

877 

6.4 

52. 

768 

ir.9 

100. 

669 

13.7 

109. 

mme 

916 

6.1 

32. 

809 

9.9 

104. 

674 

31.7 

202. 

ber 

916 

10.0 

52. 

809 

17.7 

68. 

674 

56.3 

347. 

50 

mle 

979 

5.8 

114 

916 

3.6 

18. 

801 

7.6 

39. 

wls 

981 

1.7 

10. 

935 

6.9 

65. 

850 

9.0 

97. 

* 

976 

1.0 

3. 

912 

2.9 

29. 

787 

2.0 

10. 

Is 

956 

4.0 

16. 

864 

6.4 

33. 

756 

13.4 

88. 

mme 

979 

8.5 

131. 

916 

6.6 

25. 

801 

11.4 

52. 

ber 

979 

15.4 

241. 

916 

12.5 

42. 

801 

23.4 

91. 

75 

mle 

996 

0.9 

4. 

963 

2.5 

14. 

893 

12.8 

139. 

wls 

998 

1.0 

5. 

977 

2.8 

17. 

915 

8.0 

94. 

* 

996 

1.0 

5. 

958 

1.3 

5. 

878 

2.9 

16. 

Is 

974 

2.4 

12. 

925 

11.6 

144. 

823 

6.6 

22. 

mme 

996 

2.2 

4. 

963 

4.7 

24. 

893 

15.3 

122. 

ber 

996 

4.5 

8. 

963 

9.6 

38. 

893 

32.6 

260 

100 

mle 

999 

0.5 

3. 

978 

1.7 

7. 

892 

9.5 

84. 

wls 

lOOC 

1  1.7 

35. 

989 

2.1 

12. 

913 

19.6 

307. 

* 

999 

0.6 

2. 

978 

1.3 

5. 

879 

13.7 

273. 

Is 

989 

1.5 

9. 

956 

3.7 

19. 

835 

11.0 

81. 

mme 

999 

1.7 

5. 

978 

3.0 

9. 

892 

13.0 

120 

ber 

999 

3.7 

8. 

978 

7.2 

15. 

892 

27.1 

203. 

represents  the  weighted  least  squares  estimator  restricted  to  those  samples  where  all  estimators 
exist.  • 


Table  6.2;  Bias  and  Standard  Deviadon  (SD)  of  6 
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Sample  Esti- 

1 

a  =  2 

II 

a 

II 

a 

Size 

mator 

NS 

Bias 

SD 

NS 

Bias 

SD 

NS 

Bias 

SD 

15 

mle 

769 

0.356 

1.702 

642 

0.691 

1.900 

522 

1.352 

3.109 

wls 

852 

-.102 

0.742 

753 

0.210 

1.049 

665 

0.715 

1.609 

* 

766 

-.027 

0.025 

636 

0.390 

1.040 

516 

1.084 

1.599 

Is 

782 

-.192 

0.729 

653 

0.119 

1.031 

558 

0.578 

1.536 

mme 

770 

-.683 

0.205 

643 

-.513 

0.348 

522 

-.238 

0.601 

bcr 

770 

-.803 

0.122 

643 

-.705 

0.203 

522 

-.546 

0.348 

30 

mle 

916 

0.112 

0.919 

809 

0.175 

1.049 

674 

0.558 

1.609 

wls 

953 

-.135 

0.580 

870 

0.000 

0.757 

752 

0.366 

1.118 

* 

912 

-.100 

0.567 

804 

0.074 

0.740 

660 

0.523 

1.104 

Is 

877 

-.254 

0.586 

769 

-.096 

0.745 

669 

0.180 

1.026 

mme 

916 

-.623 

0.192 

809 

-.469 

0.338 

674 

-.199 

0.576 

ber 

916 

-.798 

0.095 

809 

-.725 

0.160 

674 

-.584 

0.282 

50 

mle 

979 

0.016 

0.648 

916 

0.075 

0.766 

801 

0.256 

1.559 

wls 

989 

-.126 

0.492 

935 

-.012 

0.618 

850 

0.184 

0.869 

* 

976 

-.115 

0.486 

912 

0.011 

0.609 

787 

.0.267 

0.850 

Is 

956 

-.263 

0.514 

864 

-.112 

0.663 

756 

0.105 

0.863 

mme 

979 

.J75 

0.184 

916 

-.404 

0.333 

801 

-.193 

0.541 

ber 

979 

-.792 

0.079 

916 

-.718 

0.135 

801 

-.615 

0.232 

75 

mle 

996 

-.025 

0.522 

963 

0.030 

0.624 

893 

0.128 

0.817 

wls 

998 

-.125 

0.432 

977 

-.027 

0.555 

915 

0.112 

0.728 

* 

996 

-.124 

0.431 

958 

-.010 

0.546 

878 

0.153 

0.715 

Is 

974 

-.247 

0.275 

925 

-.144 

0.603 

827 

0.014 

0.747 

mme 

996 

-.541 

0.174 

963 

-.375 

0.322 

893 

-.189 

0.535 

ber 

^6 

-.790 

0.065 

963 

-.717 

0.120 

893 

-.628 

0.210 

100 

mle 

999 

-.019 

0.437 

978 

-.028 

0.515 

892 

0.033 

0.683 

wls 

1000  -.101 

0.381 

989 

-.075 

0.472 

913 

0.020 

0.628 

* 

999 

-.100 

0.401 

978 

-.055 

0.465 

879 

0.055 

0.615 

Is 

989 

-.216 

0.423 

956 

-;165 

0.511 

835 

-.064 

0.666 

mme 

999 

-.508 

0.153 

978 

-.345 

0.297 

892 

-.206 

0.494 

ber 

999 

-.785 

0.052 

978 

-.716 

0.104 

892 

-.644 

0.185 

represents  the  weighted  least  squares  estimator  restricted  to  those  samples  where  all  estimators 
exist. 
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Table  6.3;  Bias  and  Standard  Deviation  (SD)  of  Esdmators  of  System  Reliability  at 

to  =  .1006 


Sample  Esti-  a  =  2  a  =  3  a  =5 


Size 

mator 

NS 

Bias 

SD 

NS 

Bias 

SD 

NS 

Bias 

SD 

15 

mle 

769 

-.012 

.0647 

642 

-.018 

.0815 

522 

-.029 

.1011 

wls 

852 

-.004 

.0586 

753 

-.010 

.0767 

665 

-.024 

.0967 

* 

766 

-.006 

.0577 

636 

-.015 

.0764 

516 

-.030 

.0968 

Is 

762 

0.002 

.0588 

653 

-.006 

.0748 

558 

-.020 

.0977 

mme 

770 

0.037 

.0503 

643 

0.031 

.0661 

522 

0.012 

.0926 

769 

0.064 

.0463 

643 

0.067 

.0616 

522 

0.054 

.0921 

30 

mle 

916 

-.005 

.0473 

809 

-.007 

.0577 

674 

-.022 

.0691 

wls 

953 

0.002 

.0424 

870 

-.007 

.0552 

752 

-.020 

.0674 

* 

912 

0.001 

.0426 

804 

-.006 

.0544 

660 

-.027 

.0665 

Is 

877 

0.010 

.0434 

769 

0.002 

.0551 

669 

-.013 

.0651 

mme 

916 

0.037 

.0357 

809 

0.024 

.0490 

674 

0.001 

.0613 

ber 

916 

0.069 

.0335 

809 

0.062 

.0472 

674 

0.045 

.0608 

50 

mle 

979 

-.001 

.0372 

916 

-.003 

.0429 

801 

-.006 

.0545 

wls 

989 

0.003 

.0349 

935 

-.001 

.0412 

850 

-.006 

.0530 

* 

976 

0.003 

.0348 

912 

-.002 

.0411 

787 

-.008 

.0528 

Is 

956 

0.010 

.0359 

864 

0.005 

.0431 

756 

-.002 

.0532 

mme 

979 

0.035 

,0300 

916 

0.022 

.0366 

801 

0.010 

.0494 

ber 

979 

0.071 

.0233 

916 

0.066 

.0340 

801 

0.055 

.0485 

75 

mle 

996 

0.000 

.0290 

963 

-.001 

.0372 

893 

-.005 

.0442 

wls 

998 

0.004 

.0274 

977 

0.000 

.0356 

915 

-.005 

.0436 

* 

996 

0.003 

.0274 

958 

0.000 

.0357 

878 

-.006 

.0430 

Is 

974 

0.010 

.0292 

925 

0.007 

.0374 

827 

-.002 

.0431 

mme 

996 

0.034 

.0244 

963 

0.021 

.0327 

893 

0.007 

.0406 

ber 

996 

0.072 

.0238 

963 

0.067 

.0313 

893 

0.051 

.0380 

100 

mle 

999 

0.001 

.0243 

978 

0.001 

.0309 

892 

-.002 

.0375 

wls 

1000  0.004 

.0234 

984 

0.002 

.0299 

913 

-.001 

.0392 

* 

999 

0.004 

.0233 

978 

0.002 

.0299 

879 

-.002 

.0390 

Is 

989 

0.010 

.0248 

956 

0.008 

.0311 

835 

0.003 

.0380 

mme 

999 

0.034 

.0223 

978 

0.019 

.0267 

892 

0.008 

.0353 

ber 

999 

0.075 

.0216 

978 

0.067 

.0261 

892 

0.052 

.0345 

represents  the  weighted  least  squares  estimator  restricted  to  those  samples  where  all  estimators 
exist. 
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I 

I 


3,and  .619  when  a  -  5.  Also  reported  in  each  table  is  the  bias  and  standard  deviation  of  the 
weighted  least  square  estimators  when  they  are  restricted  to  those  samples  where  the  other 
estimators  exist 

From  these  tables  we  note  that  Berg^'s  modified  estimator  performs  very  poorly.  Also 
the  weighted  least  squares  estimator  allows  far  estimation  of  parameters  in  many  more  samples 
when  s  is  small.  In  general  the  maximum  likelihood  estimator  out  performs  the  other  estimators, 
however,  when  the  weighted  least  squares  estiixiator  is  restricted  to  those  samples  where  the 
maximum  likelihood  estimator  exists,  this  estimator  performs  much  better  when  s  is  small.  The 
somewhat  better  performance  of  the  M.L.E  in  terms  of  bias  is  deceptive  since  some  of  the  estimates 

of  a  are  less  than  one,  which  implies  that  the  mean  system  reliability  is  infinite.  Also  the  weighted 
least  squares  estimator  of  system  reliability  seems  to  out  perform  the  other  estimators  of  the  system 

reliability  in  spite  of  its  relatively  poor  performance  as  an  estimator  of  0.  Our  recommendation  is  to 
use  the  weighted  least  squares  estimator  since  it  man  often  provides  estimators  of  the  relevant 
parameters  and  is  somewhat  easier  to  compute. 


In  this  section  we  discuss  the  problem  of  detcrmiiting  whether  there  is  a  dependence 
structure  induced  by  an  environmental  factor,  hi  our  setting,  we  observe  only  the  system  failure 

times  Tj  with  the  assumption  that  the  survival  function  of  Tj  is  Rjft)  =  (1+  6t) '®.  As  pointed  out 

in  section  6,  the  graphical  presentation  indicates  that  the  shape  parameter,  a  only  affects  the 

dependence  structure.  Accordingly  we  will  call  the  quantity  y=  1/a  a  measure  of  dependence 
induced  by  the  environmental  factor.  Since  it  is  rcsonable  to  assume  finite  mean  system  lifetime, 

that  is,  a  is  assumed  to  be  greater  than  1,  y  varies  from  0  to  1.  If  there  is  no  dependence  induced  y 

is  equal  to  0  and  the  closer  y  is  to  1  the  more  dependence  induced 

One  possible  statistics  is  constructed  from  the  weighted  least  square  estimator  as 


Qs  =  (S  qOi/Vi)  /  ( iq^/  w.) 


Under  the  null  hypothesis  of  independence,  ■  Dj  follows  the  distribution  of  the  i-th  order  statistics 

among  the  sample  of  size  s-1  from  an  exponential  distribution  so  that  Qg  is  just  a  linear  combination 

of  exponential  order  statistics .  Hence  has  the  same  distribution  as  a  linear  combination,  Q^(z), 

of  identically  independent  exponential  random  variables  since  the  i-th  exponential  order  statistics 
can  be  expressed  as  a  linear  function  of  s-1  independent  standard  exponentials.  Correspondingly 
we  have 

s-1 

Qs(z)  =  2:  PiZi  (7.2) 

i=l 

where  is  a  random  variable  following  the  standard  exponential  distribution. 


1  s-1 
and  pj  = -  2 


Cj/Vj 


s-i  j=i  s-1  - 

2  Cj/Wy. 

k=l 

The  exact  distribution  of  Qc(2)  is  found  in  David  (1981)  as  the  mixture  of  exponentials. 


(7.3) 


s-1  W: 


-t 


^  Q^(z)  ^  ( — )  •  '^here  w^  =  p^S'^  /  {  n  ( pjj  -p^  } . 

i=l  Pi  Pi 


(7.4) 


On  the  other  hand  we  can  note  that  if  y  goes  to  1,  Qg  tends  to  have  smaller  value.  Table  7.1  shows 
the  critical  values  of  the  standardized  Qj  for  different  sample  sizes  with  the  type  one  error 

probability  a  =  .01,  .05,  .1.  Since  the  distribution  under  alternatives  is  hard  to  obtain  a  simulation 
study  has  been  constructed  to  study  the  tests  power  which  is  discussed  later. 

A  second  test  is  based  on  the  cummlative  total  time  on  test  statistic,  which  has  been  introduced 
by  Barlow  et.  al.(1972).  From  the  cummulative  total  time  on  test  statistics  (CTTS)  which  they  have 
defined  as 


s  V, 


B3  =2 


s,r 


r=l  V 


where  Vj  ^  is  the  total  time  on  test  defined  in  section  5,  we  develope  a 


s,s 


test  statistics  Rj  as 


D 


1 

—  1. 

2 


20 


,  s  V--  1 

(12  s  [  s-1  Z  — - ] , 

'-I  2 

which  has  smaller  values  as  Y  goes  to  1. 


(7.5) 


I 
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Table  7.1:  .Critical  Values  of  the  StandardizedStatistics  of  O, 


Sample  Size 

1% 

5% 

10% 

s=15 

-1.8880 

-1.4540 

-1.1968 

II 

-1.9382 

-1.4815 

-1.2106 

s  =  25 

-1.9796 

-1.5000 

-1.2194 

II 

O 

-2.0010 

-1.5140 

-1.2260 

II 

-2.0334 

-1.5243 

-1.2307 

II 

-  2.0526 

-1.5322 

-1.2345 

o 

II 

-2.0816 

-1.5453 

-1.2404 

A  third  test  statistic  was  introduced  by  Klefsjo  (1983).  He  has  used  the  property  of  convexity  of  the 
STTOT,  ST^(t)  and  obtained  the  statistic. 


s 


where  aj  = 


(s-j  +  l)(Tgj  -Tgj.^) 

^s,s 

{(s-l)3j  -  3(s+l)2j2  +  2(s  +  l)j3) 
6 


which  has  smaller  values  as 


(7.6) 


Ygoes  to  1, 

Using  the  asymptotic  properties  of  linear  combination  of  order  statistics  he  has  shown  that  under 
the  null  hypothesis,  the  test  statistic  Kj  is  asymptotically  normally  distributed.  In  addition  to  that. 

he  has  constructed  a  list  of  critical  values  from  the  exact  distribution  of  under  the  null 
hypothesis. 

We  have,  by  simulation,  estimated  the  powers  for  the  various  shape  parameter  values.  Sample 
sizes  20  and  50  have  been  studiedln  figure  7.1  and  figure  7.2  the  estimated  power  curves  for  the 
three  tests  mentioned  above  are  obtained  by  the  following  scheme.  The  total  number  of  replication 
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for  each  investigateci  Y-value,  tneasuxe  of  dependence,  which  increases  from  .00  m  .75  is  1000. 

The  significance  levels  arc  equal  to  .05.  The  three  powers  at  each  y-value  have  been  estimated  firom 
the  same  set  of  data.  Our  investigation  leads  us  to  the  conclusion  that  and  outperform  and 
that  the  test  statistics  Qg,  which  has  been  developed  only  for  this  speciflc  model,  is  not  better  than 
Rj  which  can  detect  more  general  alternatives  than  Q^.  However,  the  test  statistics  Q^,  is  simple  to 
obtain  while  we  are  making  a  graphical  inference  on  the  shape  parameter  and  is  guaranteed  to  keep 
power  as  high  as  R^. 
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John  P.  Klein  and  Sukhoon  Lee 
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ABSTRACT 

A  random  environmental  effects  model  is  proposed  for  competing  risks  experiments.  The 
model  assumes  a  random  stress,  Z,  which  changes  the  scale  parameter  of  each  of  the  assumed 
Weibull  times  to  occurrence  of  the  risks.  Some  general  properties  of  the  model  are  discussed,  and 
specific  properties  for  a  Uniform  or  Gamma  stress  model  arc  presented.  Estimation  of  parameters 
under  the  Gamma  stress  model  is  considered,  and  a  new  estimator  based  on  the  scaled  total  time  on 
test  transform  is  presented. 

INTRODUCTION 

The  problem  of  competing  risks  arises  naturally  in  a  number  of  engineering  or  biological 
experiments.  In  such  experiments,  for  some  items  put  on  test,  the  primary  event  of  interests  (such 
as  death,  component  failure,  etc.)  is  not  observable  due  to  the  occurrence  of  some  competing  risk 
of  removal  from  the  study  (such  as  censoring,  failure  from  a  different  component,  etc.). 

Competing  risks  arise  in  an  engineering  context  in  analyzing  data  from 

(a)  series  systems, 

(b)  field  tests  of  equipment  with  a  fixed  test  time  and  a  random  or  staggered  entry  into 
the  study,  or 

(c)  systems  with  multiple  failure  modes. 

Competing  risks  arise  in  biological  applications  in  analyzing  data  from 
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(a)  clinical  trials  with  a  fixed  trial  duration  and  staggered  entry 

(b)  clinical  trials  with  some  patients  withdrawing  from  the  trial  prior  to  response 

(c)  studies  of  the  time  to  death  from  a  variety  of  causes 

A  common  assumption  made  in  analyzing  competing  risks  experiments  is  that  the  potential 
(unobservable)  times  to  occurrence  of  the  competing  risks  arc  independenL  This  assumption  is  not 
testable  due  to  the  idendfiability  problem.  That  is,  for  any  dependent  competing  risks  model,  there 
exists  an  independent  competing  risks  model  which  yields  the  same  observables.  (See  Basu  and 
Klein  (1982)  for  details.)  However,  Moeschberger  and  Klein  (1984)  show  that  an  investigator  can 
be  appreciably  misled  in  modeling  competing  risks  by  erroneously  assuming  indepencence. 

In  this  paper  we  present  a  model  for  dependence  between  the  various  risks  by  assuming  that 
dependence  is  due  to  some  common  environmental  factor  which  effects  the  potential  times  to 
occurrences  of  each  risk.  In  section  2  we  present  the  model  and  study  its  properties  for  bivariate 
series  and  parallel  systems.  In  section  3,  we  consider  estimation  of  the  model  parameters  for 
competing  risks  systems. 

2.  THE  MODEL 

For  simplicity  we  shall  consider  the  problem  of  bivariate  systems  and  discuss  our  model  in 
terms  of  engineering  applications.  We  assume  that  under  ideal,  controlled  conditions,  as  one  may 
encounter  in  the  laboratory  in  the  testing  or  design  stage  of  development,  the  time  to  failure  of  the 
two  components,  to  be  linked  in  a  system,  are  Xq  and  Yq.  We  suppose  that  under  these 

conditions,  Xq,Yo  have  survival  functions  Fq,  Gqoo  [0, «»).  We  assume  that  both  Xq  andYQ 

follow  a  Weibull  form  with  parameters  (T|  j,  A. j)  and  ( TJ2,  respectively.  That  is,  Fq(x)  =  exp(- 

Xjx^l).  The  Weibull  distribution,  which  may  have  increasing  (  t)  >1),  decreasing  (tj  <  1)  or 

constant  failure  rate  (t)  =  1)  has  been  shown  experimentally  to  provide  a  reasonable  fit  to  many 
different  types  of  survival  data.  (See  Bain  (1978)).  We  now  link  the  two  components  into  a 
system  in  such  a  way  that  under  ideal  lab  conditions  the  two  components  are  independent. 

Now  suppose  that  the  above  system  (Xq,  Yq)  is  put  into  operation  under  usage  conditions. 

We  suppose  that  under  such  conditions  the  effect  of  the  environment  is  to  degrade  or  improve  each 
component  by  the  same  random  amount.  That  is,  the  effect  of  the  environment  is  to  select  a 
random  factor,  Z,  from  some  distribution,  H,  which  changes  the  maginal  survival  functions  of  the 
two  components  to  Fq^  and  Gq^.  A  value  of  Z  less  than  one  means  that  component  reliabilities  are 
simultaneously  improved,  while  a  value  of  Z  greater  than  one  implies  a  joint  degradation.  The 


resulting  joint  reliability  of  the  two  components’  lifetimes,  (X,Y)  in  the  operating  environment  is 


F(x,y)  =  E[exp(-Z(A,jx’ll+  )].  (2.1) 

This  model  has  been  proposed  by  Lindley  and  Singpurwalla  (1984)  in  the  reliability  context 
when  Fq,  Gq  are  exponential  and  H(  )  follows  a  gamma  distribution.  This  basic  dependence 

structure  was  also  proposed  by  Clayton  (1978)  to  model  associations  in  bivariate  survival  data,  and 
later  by  Oakes  (1982)  to  model  bivariate  survival  data.  Hutchinson  (1982)  proposed  a  similar 

model  when  H(  )  has  a  gamma  distribution  and  FQ(t)  =  Go(t)  =  exp(-t’l). 

The  model  described  above  for  a  general  distribution  of  the  environmental  stress  has  a 
particular  dependence  structure  which  we  summarize  in  the  following  lemmas. 

Lemma  1.  Let  (X,Y)  follow  the  model  (2.1)  where  Z  is  a  positive  random  variable  with  finite 

r  s 

( —  + - )^"  inverse  moment.  Then 

ni  Ti2 

-r/Tlj  -s/T)2  -(r/Tii  .s/t)2) 

E(X'‘YS)  =  Xi  ^2  r(l  +  r/T)i)  r(l  +  S/TI2)  E(Z  )  (2.2) 

The  proof  follows  by  noting  that,  given  Z  =  z,  (X,Y)  are  independent  Weibulls  with  parameters 

-r/T)!  -r/rii 

(Ti^,X|Z)and  (1)2, X2  z),  respectively  and  E(X^|Z=z)  =  Xi  z  r(l+ r/Tjj)  with  a  similar 
expression  for  Y^.  When  the  appropriate  moments  exist,  we  have 
-lAli 

(A)  E(X)  =  E(Xo)  E(Z  ), 

-1/Tii  -1/ni 

(B)  V(X)  =  E(Xo2)  Var  (Z  )  +  E(Z  )2Var(XQ), 

-1/T]i  -\h\2 

(C)  Cov  (X,Y)  =  E(Xq)  E(Yq)  Cov(Z  ,  Z  )  which  is  greater  than  0. 

If  n  I  =^12  =  ^  ^hen  the  correlation  between  (X,Y)  is 

r(l+  1/ti)2  Var(Z'l^^) 

P= - 

Var(Z*l/Ti)  r(l+2/n)+  (r(l+2/Ti)  -  r(l4-l/Ti)2)  E(Z-^^)2 

In  this  case  the  correlation  is  bounded  above  by  r(i  +  ITi)^  /  r(  1+2/1)).  Figure  I  shows  the 
maximal  correlation  as  a  functcion  of  i)  for  T)  e  (0,  10).  Note  that  this  maximal  correlation  is  an 


increasing  function  of  T|,  One  can  also  show  that  F(x,  y)  is  positive  quadrant  dependent  for  any 


Exact  expressions  for  competing  risks  quantities  of  interest  can  be  computed  when  a 
particular  model  is  assumed  for  the  distribution  of  Z.  We  shall  consider  the  gamma  and  uniform 

models.  Consider  first  the  gamma  model  with  h^fz)  =  b^  z^'^  exp(-bz)/r(a),  z  >  0.  For  this 
model,  the  joint  survival  function  is 


F(x,y) 


b^ 


^1 

[b+X|X  +X2y 


(2.3) 


which  is  a  bivariate  Burr  Distribution  (see  Takahasi  (1965)),  the  marginal  distributions  are 
univariate  Burr  distributions  with 


-l/m 

E(X)  =  (Xj/b)  r(l+I/Tii)r(a-  1/Tii)  r(a),  if  a  >  I/n, 

-2/tij  r(i+2/ni)r(a-2/Tij)  ’■  rd+i/n^ina-i/Tij) 

Var(X)  =  ( Xj/b)  { - ! - L  -  ( - ^ - 

r(a)  r(a) 


]2},ifa>2/T|i 


with  similar  expressions  for  E(Y),  Var(Y).  The  covariance  of  (X,Y)  is 


-i/m  -vm 


Cov(X,Y)=  (Xj/b)  (X2/b)  r(l  +  l/Tii)  r(l+l/Ti2){ 


r(a-l/ni-l/n2)  r(a-l/Ti2)  Ra-I/Ii^) 


Ra) 


r(a) 


for  a  >  l/T)  j  +  1/T12.  For  the  gamma  model,  the  reliability  function  for  a  bivariate  series  system  is 
given  by 


^1  ^2  , 
R^(t)  =  (l+(Xi/b)t  +(X2/b)t  )-^ 

and  for  a  parallel  system  by 


(2.4) 


Tit  ^2  ^2  ^2 

Rp(t)  =  (l+(Xi/b)t  +(l+(X2/b)t  )'^-  (U(X,/b)t  +  (X2/b)t  )-^  (2.5) 

Figures  2A-E  are  plots  of  the  series  system  reliability  for  Xj=  1,  X2  =  2  and  several  combinations 


5 


of  'H  2  >  'n2-  figure  shows  the  reliablity  for  a  =  1/2,  1, 2, 4,  and  the  indejjendent  Weibull 

model.  In  all  cases,  b  =  1.  For  these  figures  we  note  that  for  fixed  Xj,  T|  j,  r\2,  t,  the  series 

system  reliability  is  a  decreasing  function  of  the  shape  parameter  a.  Figures  3A-E  are  plots  of  the 
parallel  system  reliability  (2.5)  for  the  above  parameters.  Again,  the  reliability  is  a  decreasing 
function  of  a.  Also  in  both  the  series  and  parallel  system  reliability,  the  sha23e  of  the  reliability 
function  is  quite  different  from  that  encountered  under  independence. 

The  gamma  model  is  a  reasonable  model  for  the  environmental  stress  due  to  its  flexibility  and 
the  tractability  of  the  model  in  obtaining  close  form  solutions  for  the  relevant  quantities  and  in 
estimating  parameters.  However,  in  some  cases,  such  as  when  the  operating  environment  is 
always  more  severe  than  the  laboratory  environment,  the  support  of  H  may  be  restricted  to  some 
fixed  interval.  A  possible  model  for  such  an  environmental  stress  is  the  uniform  distribution  over 
[a,b].  For  this  model,  the  joint  survival  function  is 


fli  fl2  ^1  ^2 

[exp(-b(X.  X  +  X2y  ))  -  exp(-a(  Xix  +  X2y  ))] 

F(x.y)  =  - ! - f - ! -  (2.6) 

Til  ^2 

(b-aXXix  +X2y  ) 

-l/Tii  (Tli-1)/Tli  (Tll'D/fll 

E(X)=Xi  r(l  +  l/Ti2)Tli  (b  -a  )/{(Tli-l)(b-a)]  ifTlj^l 

=  lln(b/a)/(X2(b-a)]  ifrij  =  l, 


-2/tii 

Var(X)  =  721X1  {  r(l+2/Tii)Tii 


(Tll-2)/Tl2 
(b  -  a 


(Tir2)/Tii 


) 


(b-a) 


.  (fll-l/Tii)  (rii-l/fli) 

-  r(Ul/Tii)2T2i  (b  -a  r 


(Til-I)2(b-a) 


if  Til  ^  1,2 


2/(Xi^ab)-  Cn(b/ a)^/l(b-a)  Xi)^ 
Cn(b/  a)  n 


(b-a) 


ifrii=  1 
ifTil=  2 


FIGURE  2  fi 

SERIES  SYSTEM  RELIABILITY  UNDER  GflMMfl  (fl. 
FOR  THE  ENVIRONMENTAL  STRESS. 

>■1=1.0,  X2=2.0,  ’Ii  =  1.Q.  ’12=1.0. 

o 

o 


1)  MODEL 


KET 


O 


x+>o 


SURVIVfiL  FUNCTION 

.00  0.13  0.35  0.38  0.50  0.63  0.75  0.88  1.00 


FUNCT 


88*0 


FIGURE  2  E 

SERIES  SYSTEM  RELIABILITY  UNDER  GAMMA  (A,  1)  MODEL 
FOR  THE  ENVIRONMENTAL  STRESS. 

^1=1. Of  >■2=2.0,  '*ii  =  l/2.  ■’12=2.0. 

o 
o 


KET 

O  ----SHRPE  1/2 
A  ----SHPIPE  1 
+  ----SHAPE  2 
X  — -SHfiPE  >1 


FUNCTI 


FIGURE  3  B 

PARALLEL  SYSTEM  RELIABILITY  UNDER  GAMMA  lA.l)  MODEL 
FOR  THE  ENVIRONMENTAL  STRESS. 


>1  =  1.0,  >2=2.0.  ni  =  i.O.  ^2=2.0. 

o 
o 


TIME. 


FIGURE  3  C 

PARALLEL  SYSTEM  RELIABILITY  UNDER  GAMMA  (A, 1)  MODEL 
FOR  THE  ENVIRONMENTAL  STRESS. 

Xi=1.0,  >2=2.0,  ^1=2.0.  ^2=2.0. 


KEY 

©----SHAPE  1/2 
A  -  —  -SHAPE  1 
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X  -  —  SHAPE  4 
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^.00  1.00  2.00  3.00 

TIME. 
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sT  00 


FIGURE  3  E 

PARALLEL  SYSTEM  RELIABILITY  UNDER  GAMMA  IR.D  MODEL 
FOR  THE  ENVIRONMENTAL  STRESS. 

>‘1  =  1.0,  X2=2.0,  ’Ji=1/2.  •'(2=2.0. 
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and 


Cov(X,Y)  = 


TliTl2-Tli-Tl2  TliTl2-Tll-Tl2 


TllTl2  r\\T\2 

r(i+i/Tii)r(i+i/n2)  nini  (b  -a 

1/T],  1/T]1  (TllTl2-Tli-n2)  (b-a) 

A-i 


T\l-l  Tli-l  ^2-1  ^2"^ 


^1^2 

(ni-i)(  n2-i) 


ni 

-a 


^2 

-a 


(b-a)2 


) 

l/Tli  +  1/Tl2’‘  1 


m-i  Tii-1 


r(I  +  l/Tii)r((2Tii-l)/Tii)  l!n(b/a)  tii2  (b  -a  )  l/n^  l/Til 

-  [ - - - - -  (b-a  )) 

1/Tll  (b-a)  (Ti|-1)  ^  (b-a)2 

X.1  >.2 

if  1/Tii=  1 


TliTlj.-Tli-Tli.  TljTli.-Tli-Tli' 


Tli-l  Tlj-l 


TliTli- 

r(l  +  l/Tlj)  TljTlj.  (b 

-  [ - - 

( Tli  Tij.  -  Tij  -  iij.)(b-a) 


-a 


)  Tij  (b  -a 


)  lln(b/a) 


(Tli-l) 


(b-a)^ 

I,Tlj.=  1 


1  1 

- [ - 

(Xj  X2)  (ab) 


fin(b/a)^ 

(b-a)2 


lifTii  =Ti2=  1 


For  this  model,  the  reliability  function  for  a  scries  system  is 

^1  n?  ,  Ti2 

R5(t)  =  [exp(-b(  Xjt  +X2t  )-cxp(-a(Xnt  +  X2 1  )]] 


(2.7) 


^2 

(b-a)(  Xjt  +  X2 1  ) 


7 


and  for  a  parallel  system  is 

Rp(t)  =  [exp(-b(Xjt  )  -exp(-a 
(b-a) 


^2  ,  ■'12 
+  [exp(-b  ^21  )  -exp(-a  ^2^  ) 


(b-a)  A^t 


^2 


-Rs(t) 


Figures  4A-E  show  the  reliability  for  a  series  system  and  figures  5A-E  for  a  parallel  system 

under  the  uniform  model  for  various  combinations  of  X,j,  X2,  T|  j,  Tj  2  Notice  that  when  A  = 

.25,  B  =  .75,  which  corresponds  to  an  operating  environment  which  is  less  severe  than  the  test 
environment,  the  system  reliability  is  greater  than  that  expected  under  independence,  while  when 
(a,b)  =  (1.25, 1.75)  or  (1.,  2),  which  corresponds  to  an  environment  more  severe  than  the  test 
environment,  the  system  reliability  is  smaller.  Also  when  the  (a,b)  contains  I,  which  corresponds 
to  an  environment  which  incurs  the  possibility  of  no  differential  effect  from  that  found  in  the 
laboratory,  there  is  little  difference  in  the  dependent  and  independent  system  reliability. 


3.  Estimation  of  Parameters  Under  Gamma  Model 

Consider  the  model  (2.3)  with  Tij  =  TI2  =  tl-  For  this  model,  the  reliablity  for  a  series  system 
is 


(k  j  +  ^2) 
R^(l)=  (1  + - 


tTl)-a 


(3.1) 


Notice  that  this  model  depends  only  on  two  parameters  0  =  (A.j+  and  a  so  that  if  we  had  data 
only  from  systems  on  test  in  the  operating  environment,  the  only  identifiable  parameters  are  a,  0, 
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FIGURE  4  C 

SERIES  STSTEM  RELlfiBlLlTY  UNDER  UNIF(fl,B)  MODEL 
FOR  THE  ENVIRONMENTAL  STRESS. 


Xi=1.0,  X2=2.Q,  ’»j  =  2.0.  ^2=2.0. 

o 
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FIGURE  4  D 

SERIES  SYSTEM  RELIABILITY  UNDER  UNIFlfl.B)  MODEL 
FOR  THE  ENVIRONMENTAL  STRESS. 

>1  =  1.0,  >2=2.0,  ’Ji  =  l/2.  ’>2=1/2. 


FIGURE  4  E 

SERIES  SYSTEM  RELIABILITY  UNDER  UNlFlfl.B)  MODEL 
FOR  THE  ENVIRONMENTAL  STRESS. 

Xi  =  1.0,  X2=2.0.  n2=2.0. 


FIGURE  5-  fl 

PARALLEL  SYSTEM  RELIABILITY  UNDER  UNIF(A,B)  MODEL 
FOR  THE  ENVIRONMENTAL  STRESS. 

>■1  =  1.0,  >2=2.0,  ii=l.D.  ’lasl.O. 


figure  5  B 

PSBflLLEL  STSTEH  RELIRBlunt  UNDER  UNIF  IR 

for  the  envirqnmentrl  stress. 


V,  =  1.0,  X2=2.0.  =  -^2=2.0. 


FIGURE  5  D 

PARALLEL  SYSTEM  RELIABILITY  UNDER  UNIF(A,B)  MODEL 
FOR  THE  ENVIRONMENTAL  STRESS. 


Xi  =  1.0,  ^2=2.0,  ’ti  =  l/2,  ’>2=1/2. 

o 
o 


TIME. 


FIGURE  5  E 

PARALLEL  SYSTEM  RELIABILITY  UNDER  UNIF(A.B)  MODEL 
FOR  THE  ENVIRONMENTAL  STRESS. 

>1=1. n,  X2*a.O,  *>1  =  1/2.  *>2=2.0. 


i\,  not  Xj,  Ti,  a,  b.  However,  in  many  instances  we  have  extensive  data  on  the  performance  of 

the  components  in  the  lab  under  ideal  operating  conditions  so  that  one  may  consider  X2.  t)  to  be 

known  based  on  estimates  from  this  data.  We  shall  focus  on  the  problem  of  estimating  6  and  a, 
based  on  data  on  the  system  failure  times  collected  in  the  operating  environment  Let  t^, t^,  be 

the  failure  times  for  n  such  systems  put  on  test,  and,  let  W| » t|n,  i  =  i, n. 

Prior  to  attempting  to  estimate  (a,  6),  we  would  like  to  check  if  the  model  (3.1)  is  feasible. 

A  graphical  check  of  this  model  can  be  done  through  the  scaled  total  time  on  test  (STTOT)  plot  of 
Barlow  and  Campo  (1975).  The  STTOT  for  W  is 


Gv,(t) 


I 


Fkt) 

[  Rs(t)dt 
0 


Fkl) 

[  Rs(t)dt 
0 


l-(l-t)(a-lV»  fora>l. 


(3.2) 


Note  that  (3.2)  depends  only  on  a.  Figure  6  shows  the  form  of  the  STTOT  for  several  values  of  a. 

Notice  that  for  all  a,  the  STTOT  is  below  the  45®  line  (which  corresponds  to  exponential  system 
life)  since  the  hazard  rate  of  the  series  system  is  decreasing.  Let 
i 

Tn(W(i))  =  I  W(j)  +  (n-i)W(i).  (3.3) 

j=l 

where  ^  W^2)  ^  •••  ^  ^(n)  ordered  systems  failure  times  be  the  total  time  on  test  at 


W^j^.  The  empirical  STTOT  plot  then  plots  (i/n,  T„(W^jp/T(W^j,p)  which  can  be  compared  to 
figure  6  for  a  graphical  check  of  the  model.  Also,  crude  estimates  of  a  can  be  obtained  by 
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comparing  the  empirical  ami  theoretical  STTOT  plots.  When  there  is  no  random  environmental 

effect  and  the  components  are  independent,  then  the  empirical  STTOT  plot  should  look  like  the  45° 

line.  Also  as  a  tends  to  infinity  this  plot  approaches  the  45°  line. 

We  now  consider  several  estimates  of  a  and  0.  The  log  likelihood  for  the  model  (3.1),  based 
on  a  sample  of  size  n,  is 

n 

L(a,0)  =  n  lln  a  +  n  fin  0  -  (a+l)!  lln  (1+0  W^)  (3  4) 

so  that 


n 

a/8a  L(a,0)  =  n/a  - 1  Qn  (1  +  0  W:) 

1=1  ' 


(3.5) 


n 

and  3/80  L(a,0)  =  n/0  -  (a+1)  I  wj/(l+  0w,-) 

i=l 


For  (3.5)  we  note  that  the  maximum  likelihood  estimator  of  a 


n 

^mJe  — - - 

n 

I  lln(l  +0  Wj) 
i=l  ' 


and  the  maximum  likelihood  estimator  of  0  is  the  solution  to 


n  n  ,  W: 

-  -(— - +1)(Z - - 

0  I  lln  (  1  +  0  Wj)  1  +  0  Wi 


(3.6) 


(3.7) 


(3.8) 


One  can  show  that  0  is  positive  if  n  I  wj2  >  2(  Z  wj)^. 

i=l  i=l 

In  such  case  0^jg  is  obtained  by  solving 


(3.9) 
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(3.8)  numerically. 

A  second  estimator  of  (a,  0)  is  the  method  of  moments  (mme).  Since  E(W)  =  [  0(a-l)]’^ 
and  E(w2)  »  2[  02(a-l)(a-2)l-l  where  a  >  2.  we  have 


®mme  =  1  + 


Iwii-2(Xwi2) 


(3.10)  and  0^  = 


X  Wj2-2(Xwj)2 

X  Wi(X  Wj)^ 


(3.11) 


provided  that  (3.9)  holds.  If  (3.9)  does  not  hold,  then  this  estimator  does  not  exist 

A  third  estimator  was  suggested  by  Berger  (1983)  in  a  different  context  He  suggested 

estimating  0  a  modified  methods  of  moments  estimator  0jjgj.  =  (a  w)'^,  (3.12) 


where  w  =  X  wj/n, 


which  is  used  as  the  true  value  of  0  in  the  likelihood  (3.4)  so  that  the  estimator  of  a  is  the  solution 
to 


wj  (a+l)  wj 

-Xlln(l+  — )  + - -X - =  0  (3.13) 

aw  wa^  l+wj/(aw) 

A  final  estimator  is  based  on  the  STTOT  plot  Let  Cj  =  lln(l-i/n)  and  Dj  = 

I2n(l-TnCW^jp/Tn(W^j,j)),  i  =  1 . n-1.  If  (3.2)  holds,  then  we  should  have 

Dj  =  (l-l/a)Cj,  i  =  1, ...,  n-1,  (3.14) 

so  the  value  of  a  which  minimizes 

n-1 

X  (Dj  -  (1-1/a)  Cj)2  is  a  reasonable  estimator  of  a 
i=I 

Xq2 

The  resulting  estimator  is  ai^  -  (3.15) 


SCfiLED  TOTAL  TIME 

0.40  0.60  0.80  1.00 


SCALE 


which  IS  in  the  parameter  space  if  i  (4“*  >  L  Cj  Dj.  A  better  estimator  should  be  obtained  by 
weighting  the  Dj's  differently  since  for  i  <  j,  Var  (Dj)  <  Var  (Dj).  The  variance  of  Dj  depends  on 
the  unknown  parameter  a  so  we  weight  by  the  variance  of  Dj  con^iuted  under  an  assumed 
exponential  distribution.  The  variance  of  Dj  in  that  case  is 
i  1 


Vi=.2: 


j=l  (n-j) 


1  “  1}  ..*9  n*  1 


(3.16) 


so  that  the  weighted  least  squares  estimator  of  a  is 


^wls  ~ 


Cj5 

(I_l_  .I_!_L 


iflCi2Ari>iqDi/Vi. 


(3.17) 


V: 


1 


Once  we  have  obtained  a  by  either  of  the  two  least  squares  estimators,  we  substitute  this  value  into 
(3.6)  and  solve  this  equation  numerically  for  Sjj  or 

The  condition  Z  >  X  q  DjA^j  includes  a  few  more  possible  samples  than  the 
condition  (3.9)  for  the  other  three  estimators.  However,  those  samples  which  satisfy  2  q2/Vi  > 

Z  q  Dj  A'j  for  which  (3.9)  fails  to  obtain  yield  very  large  estimates  of  8.  Since  a  reasonable 
model  for  T  when  6  and  a  are  not  estimable  is  the  independent  Weibull  series  system  which  has 
system  reliability  very  close  to  (3.1)  when  a  is  very  large,  this  is  not  a  problem.  Figures  7a  and  7b 
are  scaled  total  time  on  test  plots  from  two  simuilated  samples  of  size  30  from  (3.1)  with  a  =  3, 6  = 
1.  Looking  at  figure  7a,  we  see  that  the  estimated  scaled  total  on  test  doesn't  look  too  different 
from  the  45°  so  that  an  exponential  model  might  not  be  unreasonable.  For  this  data  set  only  the 
weighted  least  squares  estimator  exists  and  it  yields  ~  ^5.33  and  9  =  .0567.  For  the  data  in 
figure  7b  ail  estimates  exist,  and  we  have 
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®inlc  •  *0116  *  2.98 

®inine*  *innie 

■  .720  *ber  *  2-02 

01g  -  .739  aij  -  3  J8 

®wls  “  ’^20  ■  2.89 

To  study  the  properties  of  these  estiinators,  a  small  scale  Monte  Cario  study  was  performed. 
Random  samples  of  size  n  »  IS,  30,  SO,  7S,  or  100  were  generated  with  -i>  X2  =  3,  b  »  3,  so  6 
s  1  and  a  s  2, 3,  S.  1000  samples  were  generated  for  each  combination  of  n  and  a.  The  bias, 
standard  deviation  ci  die  estimates  and  n,  the  number  samples  where  the  estimator  exists  is 
repotted  in  table  1  fw  a,  table  2  for  0,  and  in  table  3  fen*  an  estimator  of  the  system  reliability 
obtained  from  (3.1)  at  tQ  «  9.08S.  The  true  system  reliability  at  tQ  is  .8255  when  a  =  2,  .75  when  a 
a  3,  and  .619  when  a  «  5.  Also  reported  in  each  table  is  the  bias  and  standard  deviation  of  the  least 
square  and  weighted  least  square  estimators  when  diey  are  restricted  to  those  samples  where  the 
other  estimators  exist 

From  these  tables  we  note  that  Berger’s  modified  estimator  perfemns  very  poorly.  Also  the 
weighted  least  squares  estimator  allows  for  estimation  of  parameters  in  many  more  samples  when  n 
is  small.  In  general  the  maximum  likelihood  estimator  ouqierforms  the  other  estimators,  however, 
when  the  weighted  least  squares  estimator  is  restricted  to  those  samples  where  the  maximum 
likelihood  estimator  exists,  this  estimator  performs  much  better  when  n  is  small.  The  somewhat 
better  performance  of  the  MLE  in  terms  of  bias  is  deceptive  since  some  of  the  estimates  of  a  are  less 
than  one,  which  implies  that  the  mean  system  reiliability  is  infinite.  Also  the  weighted  least  squares 
estimator  of  system  reliability  seems  to  outperform  the  other  estimators  of  the  system  reliability  in 
spite  of  its  relatively  poor  performance  as  an  estimator  of  9.  Our  recommendation  is  to  use  the 
weighted  least  squares  estimator  since  it  more  often  provides  estimators  of  the  relevant  parameters 
and  is  somewhat  easier  to  compute. 
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ESTIMATING  RELIABILITY  FOR  BIVARIATE 
EXPONENTIAL  DISTRIBUTIONS 

By  JOHN  P.  KLETN* 
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and 

ASIT  P.  BASir* 
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SUMUAST.  na  problem  of  aatimatlng  raliability  tor  the  bhrariata  azponential  diatri- 
botiona  of  Blook  and  Baau  (1974)  and  Marahall  and  OUdn  (1967)  ia  oonaidend.  For  Book  and 
Baan’a  modal  a  miniiimm  TarianM  imbiaaed  aatimator  of  the  joint  anrrival  fimotian  ia  obtained 
in  the  ooaa  of  idantinaDy  diatribntad  marginala.  For  the  noo-idontioally  diatribiited  oaae  the 
pactemanee  of  the  martnom  likelihood  aatimator  and  the  jaekknifed  iM-rimnm  likelihood  eoti- 
mator  ia  otmUad.  For  Marahall  aitd  OUtin’B  model  the  paiformanoe  of  eeveral  difbrent  para* 
mater  eatimatora  and  biaa  radnotion  teehniqoea  for  eotimating  joint  reliability  are  oonoideied. 

1.  iBTBODTTOnON 

Let  X,  T  have  either  the  bivariate  exponential  distribiiti<»i  (BVE)  of 
Marshall  and  Olkin  (1967)  or  the  absolutely  continuous  bivariate  exponential 
distribntion  (ACBVE)  of  Block  and  Basn  (1974).  These  two  distribntions 
have  found  considerable  use  as  models  for  both  physical  and  biological  systems. 
The  problem  of  interest  is  to  estimate  the  joint  reliability  function, 

y)  =  >  X,  Y  >  y),  for  each  of  these  two  distributions.  A  natural 

estimator  of  F(x,  y)  is  obtained  by  substituting  in  the  appropriate  expression 
for  F[x,  y)  good  estimators  of  the  model  parameters'.  Often,  as  seen  in  Pugh 
(1963),  Basu  (1964)  or  Basn  and  £1  Mawaziny  (1978),  such  estimators  can  be 
considerably  biased.  We  wish  to  obtain  reduced  biased  estimators  of  F(x,  y) 
far  both  the  BVE  and  ACBVE  distribntions. 

In  Section  2  this  estimation  problem  is  considered  for  the  ACBVE.  In 
the  oaae  of  identically  cUstributed  marginals,  using  the  Bao-Blaokwell  and  the 

ddfB(1980)  nibjtat  elaotification :  62N05 

iTey  mrdt :  Mmimam  rariurtoe  anbiased  eetimaton ;  Bivariate  exponential ;  Reliability ; 
Maximum  likalihood  aatimator ;  Jiaekknifo ;  Survival  fonotion. 

*Basaareh  waa  enpported  ia  port  by  oontraot  AF08B-82-0307  for  tiia  Air  Force  offioe  of 
Soientida  Bemaiah. 

**Reaaarah  waa  aupported  in  part  under  oontraot  N00014-T8>C-06SS  for  the  ofBoe  of  Baval 
Beaeareh. 
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T<ehmann-8oheff4  iheonnu  we  obtain  minitnom  varianoe  unbiased  estimators 

(UMVUE)  of  F{x,y).  In  the  case  of  non-identicaOy  distributed  margiaala 
this  approach  fails  sinoe  there  are  no  complete  sufficient  statistics.  Here  we 
inyestigate  the  performance  of  the  maximum  likelihood  estimator  as  well  as 
the  jadckntfod  marimniti  likelihood  estimator. 

In  Section  3  we  consider  the  estimation  of  F(x,  y)  for  the  BVE.  Again 
there  are  no  complete  sufficient  statistics  so  no  minimnni  variance  unbiased 
estimators  can  be  obtained.  Several  different  methods  for  estimating  para¬ 
meters  are  considered.  For  each  estimation  procedure  we  consider  several 
bias  reduction  techniques. 

2.  AbsOLITTILT  OONTINirOTTS  BIVABIATB  XXPOKXNTIAL 

2.1  Inirodvetion.  Let  (X,  T)  have  the  absolutely  continuous  bivariate 
exponential  distribution  of  Block  and  Basu  (1974)  with  parameters  Ai,  A,  >  0, 
Au  >  0((.7>  T)  ^  ACBVE(Ai,  A^  A^)).  This  distribution  is  closely  related 
to  tiie  bivariate  exponential  of  Freund  (1961).  It  has  been  used  by  Gross, 
dark  and  Lui  (1971)  and  Gross  (1973)  to  model  the  lifetimes  of  two  organ 
systems  and  by  Gross  and  Lam  (1981)  for  modeling  paired  survival  time  data 
such  as  survival  of  a  tumor  remission  when  a  patient  receives  two  types  of 
treatment. 

For  this  model  the  joint  reliabili^  function  is 

y)  =  exp(-AiX-A,y-A„  max(*,  y)) 

-  (X~^)  «*P(— max(x,  y)),  for  x,y>  0,  ...  (2.1.1) 

with  A  Aj-f-Aj^^Ajj. 

This  distribution  has  the  bivariate  loss  of  memory  property  (LMP) 
defined  by  Block  and  Basu  (1974).  It  is  the  absolutely  continuous  part  of 
the  Marshall  and  Olkin  (1967)  bivariate  exponential. 

We  shall  consider  two  oases  for  estimating  F(x,  y),  one  where  the  marginals 
are  identically  distributed  and  the  general  model. 

2.2  FfuaJ  marginala.  Gmsider  the  model  (2.1.1)  with  A^  =  A,  =  a 
and  Au  =  /i.  Let  (X|,  y^), ...,  (xn,  yn)  be  a  random  sample  &om  (2.1.1).  Let 
Ux  =  Smax(X(,  yx)  and  (7,  =  2(z|-|-y4).  Mehrotra  and  Michalek  (1976)  show 


Sit 


xima  AXD  sAfltx 


tliat  {Ui,  Ug)  is  »  complete  soffioient  statistic  far  (a,  fi).  The  IfCK  of 
are  given  by 


(2.2.1) 


These  estimators  are  biased  by  a  factor  of  »/(»—!)  so  tiie  estimators 
d  - - 4  and  fi  = - $  are  the  UMVUE  of  a  and  fi.  Two  natural 

It 

estimators  of  F(x,  y)  ue  obtained  by  snstitating  either  (4, 0)  or  (d,  fi)  in  (g-i-i)- 
We  nofw  use  the  method  proposed  by  Basn  (1964)  to  obtain  the  TJMVUE 
of  F(x,  y). 


Define 


<^{x. 


y  :  X.  T)  =  I  * 


if  X>x,  7  >y 
otherwise. 


(2.2.2) 


A*. »)  =  i 


Gearly  ^{x,  y  :  X,  J)  is  an  unbiased  estimator  of  ^(a;,  y)  based  on  a  random 
sample  of  size  one  from  a  ACBVE  (x,a,fl).  By  the  Bao-Bladcwell  and 

Lehmann-Schefft  theorems  the  estimator  F(x,y)  =:  S(^(x,y;  Z,  T)\ti^,u^) 
is  the  UMVT7E  of  F{x,  y). 

To  simplify  the  c^onlations  let  T  U^—U^  and  V  s=  217^— that  is 
T  ~Z  min(X<,  r«)  and  F  =  S  max(Xi,  r«)---S  min(X«,  Ji).  From  Mefarotra 
and  Michalek  (1970),  the  joining  densify  of  {T,  V)  is 

exp(-(2«+/?)l-(a+/?)t>),  t,  r  >  0 

...  (2.2.3) 

0  otherwise. 

Now  split  the  sample  of  size  n  into  two  independent  sobsamples  of  sizes 
one  and  n— 1,  respectively.  Let  (Z^,  Z,)  denote  the  sample  of  size  one  and 

let  Ti,  Vi  denote  the  statistics  T  and  F  defined  on  the  remaining  n~l  observa¬ 
tions.  The  joint  density  of  (Z^,  Zg,  Tg,  Fj)  is 

exp[-(2«-f^)f,-(a-j-/l)e, 
—aui—{a+0)zg]  if  Zi  <  z, 

...  (2.2.4) 

(2a+J3)»{a-\-0'r 


/(*i*  hf  ^i)  'S 


2[(n-2)  !]« 


<J-*  cj-*  exp[-(2a-f>J)i,-(a-f;J)rj 
— (a-f /?)*i— «*zj  if  z,  <  zj 
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for  <1,  »j  >  0. 

Clearly  V  =  7i+max(Zi,  Z^)  and  2*  =  2’i+min(Zi,  Z,). 

Hence  the  joint  density  of  (Z^,  Z,,  F)  is 

/(*!•  ®) 

=  (t-z,)*-*(«-z,+Si)*-*exp(-(2a+/?)t-(a+/?)») 

2[(n— 1)  !]• 


for  0  <  «,  <;  0  <  Zi  <  t;  Zi  <  z,  <  c+Zj 


for0<«.<;0<«,<«;«,<zi<»+zf  •••  {2-2.6) 

Thus  the  conditional  distribution  of  Z^,  Z,  given  T,  F  is 

- -i-Li  •  U  <-  *1  <-  *. 

^  Zl  <  Z,  <  u-f  Zi 

f{z^.Zt\T=t,  F=«)=  -{  •••  {2-2-8) 

(n-l)««-z,)<»-»<v-z,+z,)»-« 

2<-%*-x  ’  s,<J<r,’+z,. 


To  find  E{<^{x,  y;  Zi,  Z,)  |  T  =  F  =  »)  consider  three  cases.- 
Caae  1  :  <  >  x  =  y  >  0.  Here, 
i)(^(*,y;Z„Z,)|2’  =  <,  F  =  v) 

(.-K- ...  ,2...7, 

«  V 

Cos^  2  ;  x<y  <t.  Here, 
j&(^i(x,  y,  Zi,  Z,)  I  r  =  /,  F  =  ») 

=  f  f  /(Zi,z,lt,v)dzidz,+  f  ;  /(zi,z*l<.i')dzidz. 


"  '  (»+*— 1) 

[(<-x)*+*-‘-(«-y)''+*-^]. 


(2.2.8) 
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C<ue  3:  *>*>^>0.  By  sytmnetry 
B{^{x, yi  Zi,  Zt)\T  ==  t,  V  =  v) 


(n-l) 

V  T) 

t-o  (»+i— 1) 

(»— *+0*“^“* 


[(t_y)ir-*-i_(t_a;)ii+l:-i].  ...  (2.2.9) 

2.3  Unequal  marginals.  When  (X,  7)  is  ACBVE  (A^,  A„  Axi)  with  A^ 
not  known  to  be  equal  to  A,  there  does  not  exist  a  set  of  complete,  sufficient 
statistics  for  (Aj,  Aj,  Ajj).  Hence,  the  technique  described  in  Section  2.2 
fails.  Maxifnntn  likelihood  estimators  of  (A^,  A,,  Aja)  are  obtained  numeri¬ 
cally  by  nuLTimiring  the  likelihood  function  as  described  in  Block  and  Basu 

(1974).  The  maTimiiTn  likelihood  estimator,  F(x,  y)  of  F(x,  y)  is  obtained 
by  substituting  these  estimators  into  (2.1.1). 


For  small  sample  sizes,  this  estimator  may  be  highly  biased.  To  reduce 
this  bias  we  consider  the  jackknifed  version  of  the  ML£  estimator.  This 

estimator  is  constructed  as  follows  ;  Let  F)^i(x,  y)  be  the  MLE  of  Fix,  y) 
based  on  the  subsample  of  size  n—  1  obtained  by  deleting  the  j-th  observation 
ffiom  the  original  sample.  The  jackknifed  version  of  F{x,  y)  is 

%,ckix,  y)  =  nhx,  y)-  s  y).  ...  (2.3.1) 

Miller  (1974)  shows  that  this  estimator  removes  the  n~‘-th  order  term  in  the 
expanaon  of  the  bias  of  F(x,  y). 


To  study  the  performance  of  the  MLE  and  the  jackknifed  MLE  of  F{x,  y), 
a  sunulatdon  study  was  performed.  For  various  values  of  A],  Aj,  n^2 
600  ACBVE  samples  were  generated  by  the  method  of  Friday  and  Patil 

(1977).  Values  of  (x,  y)  were  picked  so  that  Fix,  y)  =  -9.  The  study  showed 
that  the  jackknifed  maximum  likelihood  estimator  had  significantly  smaller 
bias  than  the  MLE.  For  sample  sizes  of  10  or  larger,  the  bias  of  this  estimator 
is  not  statistically  different  from  zero.  However,  the  jackknifed  MLE  has 
a  slightly  larger  mean  squared  error  than  the  MLE  in  all  cases  considered. 


3.  BiVABIATS  KXFONZNTIAL 

3.1  Parameter  eaHmativn.  We  say  (X,  7)  follows  the  bivariate  expo¬ 
nential  distribution  of  Marshall  and  01km  (1967)  with  parameters  Aj  >  0, 
A,  >  0,  and  Aj,  >  0((X,  7)  is  BVE  (Aj,  Aj,  A^))  if  the  joint  survival  function  is 

F(X  >  X,  y  >  y)  =  Fix,  y)  =  exp(— AxX— Ajy— A^  max(a:,  y))  ...  (3.1.1) 
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for  a;  >  y  >  0.  This  distiibntion  is  not  absolatelj  eontinnous  -since 
P{X  =»  y)  =  Au/(Ai+Ai+Au).  The  marginals  are  exponential  as  is  min(X,.  T)- 
This  is  the  only  bivariate  distribotion  with  exponential  marginals  and  the 
loss  of  memory  property  (LMP)  as  defined  in  Block  and  Basn  (1974). 

To  estimate  A^,  A,,  A^  based  on  a  random  sample  (Zx,  Fj), (X%,  F«), 
let  nx,  n,,  nxt  be  the  number  of  observations  with  X<  less,  greater,  and  equal 
to  Fi,  respectively.  Let  T  =  £  max(Xf,  F«),  8x  =  Sy  =  SF<.  Bhatta- 
ehatyya  and  Johnson  (1971)  show  that  (Uj,  74,  t,  s^,  Sy)  are  jointly  minimal 
sufficient  but  not  complete.  Hence,  the  approach  of  Section  2.1  cannot  be 
applied.  The  nuMritnnm  likelihood  estimators  are  obtained  by  numerically 
maximizing  the  likelihood  equations.  Bhattacharyya  and  Johnson  (1971) 
obtain  conditions  under  which  the  MT.TC  exist,  and  show  that  these  estimators 
are  asymptotically  trivariate  normal  with  mean  (Ax,  A,,  Axx). 

Bemin,  Bain  and  Tfigg^uH  (1972)  have  obtained  method  of  moments 
estimators  of  the  parameters.  Proschan  and  SuUo  (1976)  obtained  estimators 
of  the  parameters  by  using  a  first  iterate  in  the  likelihood  equations.  Arnold 
(1968)  gives  estimators  of  Ax  based  on  74, 74, 74,  and  U  =  'Z  min(Zx,  F^). 
In  the  competing  risks  framework  where  only  the  minimum  of  X  and  F  is 
observed,  these  estimators  are  the  unique  minimum  variance  unbiased  esti¬ 
mators  of  A|.  All  of  the  above  estimators  are  asymptoticaUy  izivariate 
normal  with  mean  (Ax,  A,,  Axt). 

3.2  EatimaUon  of  tail  probabHUy.  The  problem  of  interest  is  to  estimate 
-F(«,y)  given  by  (3.1.1).  A  natural  method  of  estimating  (3.1.1)  is  to  use 
one  of  the  above  methods  to  estimate  (Ax,  Aj,  Axi)  and  substitute  these  esti¬ 
mates  in  (3.1.1). 

Several  methods  may  be  used  to  reduce  the  bias  of  these  estimators. 
The  first  approach  is  to  expand  the  substitution  estimator  in  a  Taylor  series 
about  (Ax,  A„  Axj)  keeping  only  second  order  terms.  When  E0n)  =  A|,  the 
bias  of  the  substitution  estimator  is  approximately  equal  to 

E(Fsan{x,  y)) «  F(ar,  y)[l-)-(r*/2] 

where 

or*  =  (*,  y,  max(ar,  y))2(ar,  y,  max(aT,  y))'  .,.  (3.2.1) 

and  S  is  the  appropriate  covariance  matrix  of  (\,  Ax,).  This  suggests  a 

reduced  bias  estimator  of  F{x,  y)  given  by 

Frs(*,y)  =  Fjps(*,y)/[H.^/2]  (8.2.2) 

where  3*  is  an  estimator  of  <r*. 
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A  Beoond  approaoh  to  the  bias  of  Fsaai^,  y)  is  through  asjrmptotio 

A 

theory.  Note  that  hi  fso^*,  y)  is  asymptotitially  normal  with  mean 
— AjS— Aja  max(a;,  y)  and  yaiianoe  a*.  Thus,  for  large  n,  Fsob(x,  y) 
has  a  log  normal  distribution  and 

A 

E(Fsob{x,  y)) -*  F{x,  y)exp{a*l2)  ...  (3.2.3) 

•od  y{^aaB(»3  y)) -*  F{x,  y))*e^(t^  —1).  This  suggests  a  reduced  bias  eati- 
mator  of  F{x,  y)  given  by 

A  A 

Fiji[x,  y)  =  Fsob(x,  y)exp(&y/2).  ...  (3.2.4) 

A  third  method  to  reduce  the  bias  of  Fsob{x,  y)  is  the  jackknife  as  described 
in  Section  2.3. 

To  compare  these  estimators,  a  simulation  study  was  performed.  500 
BVE  observations  were  generated  for  various  combinations  of  n,  A^,  A„  A^- 
Values  of  {x,  y)  were  selected  so  that  F{x,  y)  =  -9. 

Several  oondnsions  can  be  drawn  from  the  study.  First,  for  all  bias 
reduction  techniques,  those  baaed  on  Arnold’s  estimators  have  a  significantly 
larger  mean  squared  error  but  a  smaller  relative  bias.  Secondly,  there  appears 
to  be  very  little  difference  in  the  estimators  based  on  the  other  three  methods. 
For  Arnold’s  estimators,  all  three  bias  reduction  techniques  yield  approxi- 
irmtely  unbiased  estimators  with  comparable  mean  squared  errors.  For  the 
other  methods,  only  the  jackknifed  estimator  is  approximately  unbiased 
due  to  bias  of  the  estimators  of  the  parameters  themselves  since  first  order 
(bias)  terms  were  n^lected  in  the  derivation  of  (3.2.2)  and  (3.2.4).  The 
expansions  based  on  Arnold’s  estimators  are  correct  since  these  estimators 
of  Aj,  A,  and  74,  are  unbiased.  Our  recommendation  is  to  jackknife  either 
the  Proschan  and  SuUo  estimator  or  the  method  of  moments  estimator  since 
these  are  computationally  easier  than  the  MX<£  and  have  the  smallest  bias 
and  mean  square  error  of  the  three  bias  reduction  methods. 
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(JASA  1958)  is  routinely  used,  while  in  the  engineering  sciences  a 
paraaetric  approach  is  acre  coaaonly  used.  In  this  report  we  study  the 
efficiency  of  these  two  techniques  when  a  particular  paraaetric  aodel  such 
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Pareto,  Goapertz,  gaaaa,  or  bathtub  shaped  hazard  distribution  is  assuaed 
under  a  variety  of  censoring  scheaes  and  underlying  failure  models.  We 
conclude  Chat  in  aost  cases  the  paraaetric  estimators  outperform  the 
distribution  free  estimator.  The  results  are  particularly  striking  if  the 
Welbull  foras  of  these  estimators  are  used  routinely. 
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I.  Introduction 

A  coMon  problen  faced  by  the  reliability  analyst,  as  well  as  by  the 
bioaedical  researcher,  is  to  estlnate  the  reliability  or  survivorship 
function  R(x)  =  P(X>x)  for  the  tine,  X  of  occurrence  of  sone  event.  This 
event  nay  be  tine  to  failure  of  sone  systen  or  tine  to  failure  of  sone 
conponent  or  subsysten  of  a  larger  nore  conplex  systen  in  engineering 
applications.  In  bionedical  applications,  X  nay  denote  the  tine  to  death, 
relapse  or  cure  of  a  patient,  or  tine  to  death  fron  a  given  cause  or 
disease.  Frequently,  the  observation  of  the  event  of  interest  is 
precluded  by  the  occurrence  of  a  censoring  event  at  a  randon  tine  Y.  This 
censoring  nay  be  due  to  randon  observation  periods  or  randon  entry  into 
the  study  for  each  individual  test  unit.  Randon  censoring  nay  also  be  due 
to  the  failure  of  a  systen  or  individual  due  to  an  independent  cause  not 
under  study.  This  censoring  nay  often  be  quite  heavy  and  the  sanple  size 
on  which  inference  is  to  be  based  quite  snail,  particularly  in  the  early 
exploratory  period  of  product  design  or  testing  of  a  new  therapeutic 
procedure. 

Nathenatically,  the  above  problem  is  formulated  as  follows.  Let  X 
and  Y  be  Independent  positive  randon  variables  with  reliability  functions 
R(x)  »  P(X>x)  and  G(y)  =  P(y>y).  respectively.  We  do  not  observe  X  and  Y 
directly  but  instead  we  observe  T  =  ninimun  (X.Y)  and 
I  =  Tl  if  X  <  Y  a  failure 

\OifX>Ya  censored  observation 


Based  on  a  randon  sample  of  size  n  we  observe  (T,  I  )  isi 

j  j  '  ’ 


n . 


Our  goal  is  to  estimate  R(x). 

There  are  two  standard  methodological  approaches  to  estimating  R(x) 
in  this  framework.  The  first,  which  is  used  most  commonly  in  biological 


I 


1 


and  Medical  applications.  Is  the  nonparaaetrlc  approach  of  Kaplan  and 

Meier  (1958).  This  estinator  Is  constructed  as  follows.  Suppose  that  the 

T.'s  are  ordered  so  that  T  <  T  <  ...  <T  and  the  death  tines  are 
j  1  n 

unique.  The  estinator  is  defined  by 


(1.1) 


•Sent*) 


1  if  X  <  Tj 


1  I. 

n  fn-k  I  ^  if  Tj_j  <  X  <  Tj,  1  =  1 . n. 


lk=l 

A  special  note  is  needed  to  cover  the  case  where  the  largest  observation 

is  censored.  Here  is  undefined  for  t  >  T^.  Efron  (1967) 

suggests  defining  Rjj|,(x)  “  0  for  t  >  however  we  follow  Gill 

(1980)  who  suggests  estlnating  R  (x)  by  R.  (x)  =  R(t  )  in  this 

KHi  n 

case  (see  Guerts  (1987)).  Under  very  general  conditions  on  R(x),  G(y)  and 

an  assunption  of  independence  of  X  and  Y,  this  estinator  is  consistent 

(c.f.  Peterson  (1977)  and  Winter  (1987)):  a  generalized  naxinun  likelihood 

estinator  (c.f.  Johansen  (1978)):  and  converges  weakly  to  a  Gaussian 

process  (c.f.  Aalen  (1976)).  However  recent  studies  by  Geurts  (1985)  for 

nonproportional  hazards  censoring  and  Wellner  (1985)  (cf.  Chen,  Hollander 

and  Langberg  (1982))  for  proportional  hazards  censoring  have  shown  that 

for  snail  sanple  sizes  R^^^  is  biased  and  that  this  bias  is  quite 

large  for  heavy  censoring  at  nedian  to  snail  values  of  R(t). 

A  second  approach  to  estimating  R(x)  is  the  fully  parametric  maximum 

likelihood  approach  which  seens  to  be  favored  by  researchers  in  the 

engineering  sciences.  Here  a  plausible  nodel,  R  (x:0),  where  0  = 

o  ~  ~ 

(0j . 0p)  is  a  vector  of  unknown  parameters,  is  postulated  for 

R(x).  This  nodel  may,  in  sone  cases,  be  selected  by  some  graphical 
technique  (c.f.  Nelson  (1982))  or  based  on  some  theoretical  grounds. 


Estimates  of  0  are  obtained  by  finding  0  which  maximizes  the 


likelihood  function 


(1.2)  L(tf)  =  n  h  (T, :»)  ^  R  (T.:»)  where 
~  0  i  ~  o  1  ~ 

h(x)  =  -d{ln  R(x))/  dt  Is  the  hazard  function  of  X.  The  resulting 
estiaator  of  R(x)  is  R^, -(x)  ^  R  (x;0)  which,  under  very 
general  regularity  conditions,  is  asymptotically  unbiased,  consistent, 
efficient,  and  normally  distributed  (c.f.  Bain  (1978))  if  the  model  R^ 
is  properly  selected.  However  its  small  sample  properties  and  the 
robustness  of  this  estimator  to  misspecification  of  the  model  may  be 
suspect . 

The  goal  of  this  paper  is  to  explore  the  small  and  moderate  sample 
size  performance  of  the  nonparametric  and  parametric  estimators  of  R(x) 
under  light  to  heavy  censoring  by  means  of  a  Monte  Carlo  study.  For 
we  study  the  exponential,  Weibull,  normal,  lognormal,  exponential  power, 
log  logistic,  Pareto  and  Gompertz  models.  Data  is  simulated  from  a 
variety  of  distributional  shapes  including  those  with  constant, 
increasing,  decreasing,  or  bathtub  or  U  shaped  hazard  functions. 

II.  Parametric  Models  for  Reliability 

In  this  section  we  describe  the  models  used  for  R^  (*1.^) 

Monte  Carlo  study.  The  first  is  the  exponential  distribution  with 
Rg  (x|8)  =  exp  (-x/8).  This  model,  which  has  a  constant  hazard  rate 
h(x)  =  1/8  has  been  extensively  used  and  studied  in  this  context.  For 
example,  Davis  (1952)  used  this  model  to  study  the  lifetimes  of 
manufactured  items  while  Feigel  and  Zelen  (1965))  suggest  its  use  in 
modeling  survival  or  remission  times  for  a  chronic  Illness. 

The  second  model  we  have  considered  is  the  two  parameter  Weibull 
distribution  with  reliability  function  R(x|a,0)  =  exp  ( - ( t/a) ^) , a . 0>O . 
This  flexible  model  has  been  used  in  reliability  (c.f.  Weibull  (1951)), 
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■edlcal  (c.f.  Whlttenore  and  Altschuler  (1976)).  and  animal  (Pike  (1966)) 

studies.  It  has  great  flexibility  in  that  its  hazard  rate  can  be  monotone 

decreasing  O  <  1).  constant  O  =  1).  or  monotone  increasing  O  >1). 

The  next  model  considered  is  the  normal  distribution  with  mean  n  and 
2 

variance  a  .  This  model,  which  has  an  increasing  hazard  fate,  is 
Included  due  to  its  naive  use  by  many  not  versed  in  the  reliability 
literature.  We  can  note,  however,  that  Davis  (1952)  and  Barlow  and 
P  usct.in  (1965)  have  suggested  it  as  a  model  for  lifetime  data.  We  also 
con  the  related  log  normal  distribution  with  reliability  function 


R^(x|a.s)  =  1-®  ((In  x-a)/s)),  s  >  o,  -»  <  a  <  «.  This  distribution  has 
a  humpshaped  hazard  rate.  Its  use  in  life  studies  has  been  suggested  by  a 
number  of  researchers  including  Nelson  and  Hahn  (1972)  in  an  engineering 
context  and  Whittemore  and  Altschuler  (1976)  in  a  medical  context. 
Estimates  of  (t  and  or  or  a  and  s  were  obtained  by  the  EM  algorithm  (see 
Lawless  (1982)). 

The  next  distribution  considered  was  the  exponential  power 

distribution  proposed  by  Smith  and  Bain  (1975).  This  distribution  has 

reliability  function. 

R(x|a,0)  *  exp  (1-e^*'^*^  ),  x.  a,  ^  >  o 
and  hazard  rate  h(x)  =  ^  x^  ^exp( (x/a)^)/a^. 

It  was  chosen  due  to  its  flexibility  since  it  allows  for  U  shaped  hazard 
rates  when  |5  <  1  and  monotone  increasing  hazard  rates  when  0  >  1. 

The  sixth  distribution  studied  is  the  log  logistic  distribution  with 
reliability  function  R(x|a.0)  =  l/(l4-ax^).  a.  (5  >  o.  This  model,  with 

S“  1  s 

hazard  rate  o^x^  /(l+ax^),  behaves  like  the  log  normal  with  a 
humpshaped  hazard  rate  for  P  >  I  and  has  a  monotone  decreasing  hazard  rate 
for  (3  <  1 . 
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The  seventh  distribution  considered  is  the  Pareto,  with  reliability 
function  R(x|a,0)  =  (1+ox)  x.  o.  0  >  o,  and  hazard  rate 
htx)  =  0a/ll+ax)  which  is  strictly  decreasing.  This  model  arises  in 
modeling  a  heterogeneous  exponential  population  as  follows  .  Suppose  that 
X  has  an  exponential  distribution  with  random  hazard  rate  A.  11  A  follows 
a  gamma  distribution  with  density  g(><)  =  A^~^  exp  l-/l/a)/(o^r(0) )  then 
(unconditionally)  X  has  a  Pareto  distribution.  Maximum  likelihood 
estimation  of  a  and  0  are  on  the  boundary  of  the  parameter  space  whenever 

n  n  n 

[Z  I  )  E  IT.l.r  -2  (E  (T.l.))^  <  0. 
j-1  J  j=l  J  J  j=l  J  J 

in  which  case  the  estimated  reliability  reduces  to  that  of  the  exponential 
(c.f.  Lee  and  Klein  (1988)). 

The  final  distribution  considered  is  the  Gompertz  distribution  with 
reliability  function  R^(x|a.^)  =  exp  {all-e^^}/0) ,  a,  0.  x  >  o  which 
has  an  exponentially  increasing  hazard  rate  h(x)  =  ae^*.  This  model  has 
been  used  extensively  in  modeling  mortality  data  (see  Elandt-Johnson  and 
Johnson  (1980)  and  Gehan  and  Siddiqui  (1973)). 

3.  Simulation  Study 

To  study  the  performance  of  the  maximum  likelihood  estimators  of  R(x) 
for  the  above  models  and  of  the  Kaplan-Meier  Product  Limit  Estimator  1000 
samples  of  size  25  and  50.  with  0%,  10*.  30*.  or  50*  of  each  sample  being 
randomly  censored,  were  generated  from  the  following  populations  of 
failure  times:  (In  each  case  we  fixed  the  mean  life  at  1  to  make 
comparisons  easier). 


1) 

exponential ; 

2) 

Weibull  with  0  ~  .5, 

2,  4.  8 

3) 

normal  with  a  =  .05, 

.1.  .15 

4) 

log  normal  with  s  = 

.37.  .51 
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5)  exponential  power  with  P  =  .25,  .50.  1,  8; 

7)  Pareto  with  ^  =  1,  2,  4; 

8)  Goapertz  with  ^  -  .5,  1,  2; 

9)  gamma  distribution  with  shape  parameter  ^  =  .5,  2,  4,  8; 

10)  A  bathtub  shape  hazard  distribution  proposed  by  Glaser  (1980),  which 
is  a  mixture  of  a  gamma  with  shape  parameter  3  with  probability  p  and 
an  exponential  (with  the  same  scale  parameter)  with  probability 

q  =  (I-P)i  P  =  -IS.  .25,  .4,  and  .6;  and 

11)  log  logistic  with  /3  =  2.  3,  4. 

Censoring  random  variables  were  generated  from  an  exponential  distribution 
with  the  appropriate  parameter  for  all  death  distributions.  Additionally, 
proportional  hazards  censoring  was  used  for  the  Weibull  and  exponential 
power  distribution.  Exponential  censoring  will  give  a  censoring  pattern 
with  heavy  early  censoring  for  distributions  with  an  increasing  hazard 
rate  and  heavy  late  censoring  for  distributions  with  a  decreasing  failure 
rate.  For  bathtub  shaped  hazard  rates  the  censoring  will  increase  to  a 
maximum  and  then  become  light  for  large  observed  times. 

As  a  measure  of  the  performance  of  the  eight  estimators  of  R(t)  we 
consider  an  estimator  of  the  integrated  mean  squared  error  defined  as 
(3.1) 

IMSE  (R)  =  E  (/"  (R(t)  -  R(t))^  dt) 

where  R(t)  is  the  true  reliability  function.  We  estimate  this  quantity  by 


(3.2) 


1000  t 

EIMSE  (R)  =  E  / 
j=l  0 


.95 


(Rj(t)  -  R(t))  dt/1000 


where  P(T£tp)  =  p  and  Rj(x)  is  the  estimator  of  survival  on  the 

simulation.  The  results,  reported  in  Tables  1-8,  are  the  values  of 
the  ratio  of  integrated  mean  square  error  when  the  product  limit  estimator 
is  used  to  the  given  maximum  likelihood  method  (i.e.. 


EINSE(KN)/EINSE(NLE) ) ,  so  that  a  value 
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greater  than  one  implies  that  the  corresponding  likelihood  method  performs 
better  than  the  Kaplan-Meier  estimator.  In  Figures  1-7  we  present  plots 
of  the  relative  mean  squared  error  (MSE(KM)/MSE(MLE) )  at  the  5th  to  95th 
percentiles  of  the  true  distribution  for  a  set  of  representative 
distributions  based  on  a  sample  of  size  25  with  30  percent  censoring. 

These  distributions  are  the  exponential,  with  constant  hazard  rate. 

(Figure  1);  the  gamma  with  shape  parameter  .5  (Figure  2),  with  a 
decreasing  hazard  rate:  the  Weibuil  with  (3=8  (Figure  3)  and  the  Gompertz 
with  ^  =  2  (Figure  4).  both  with  increasing  hazard  rate:  the  log-logistic 
with  $=  3  (Figure  5),  which  has  a  humpshaped  hazard  rate:  and  Glaser's 
bathtub  shape  hazard  distribution  with  p  =  .6  (Figure  6)  and  the 
exponential  power  distribution  with  ^  =  .25  (Figure  7).  both  with  U  shape 
hazard  rates.  Exponential  censoring  was  used  throughout. 

4.  Discussion 

Miller  (1983)  noted  that,  asymptotically,  the  efficiency  of  the 
Kaplan-Meier  estimator  is  quite  low  compared  to  the  parametric  maximum 
likelihood  estimator  under  the  assumption  the  parametric  estimation  model 
is  correctly  chosen.  He  showed  that  this  was  particularly  true  for  high 
censoring  propor^^lons  and  reliabilities  estimated  in  either  tail.  Of 
course  when  the  parametric  model  is  chosen  incorrectly  the  maximum 
likelihood  estimator  is  asymptotically  inefficient.  Our  results  show  that 
for  small  to  moderate  sample  sizes  the  parametric  estimators  outperform 
the  Kaplan-Meier  estimator  not  only  when  the  parametric  model  is  chosen 
correctly  but  also  for  families  of  models  with  similar  shapes.  The 
parametric  model.s  tend  to  do  even  better  as  the  percentage  of  censored 
observations  increases,  reflecting  the  higher  bias  of  the  product  limit 
estimator . 
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Specific  recoaaendatlona  can  be  aade  based  on  these  tables  and  graphs 
for  the  use  of  certain  paraaetrlc  models .  First,  notice  the  poor 
perforaance  of  the  Pareto  Baxiaua  likelihood  estimator.  Its  Integrated 
mean  squared  error  is  worse  than  that  of  the  Raplan-Meler  estimate  in  286 
out  of  304  cases.  This  may  be  due.  in  part,  to  the  instability  of  its 
parameter  estimates.  The  exponential  MLE  also  does  poorly  except  for 
Glaser's  bathtub  shape  distribution  and  the  exponential.  Its  use  as  a 
routine  model  for  reliability  is  not  indicated  by  these  results.  For  the 
remaining  models  considered,  the  results  are  mixed.  For  distributions 
with  a  decreasing  hazard  the  Weibull  and  log  logistic  MLE's  seen  to 
perform  well.  The  exponential  power  distribution  MLE  performs  well  for 
the  Meibull  and  gamma  models  with  ^  <  1.  The  use  of  the  Gompertz.  normal 
and  log  normal  MLE's  is  clearly  not  indicated.  For  distributions  with  a 
bathtub  shaped  hazard  rate  (Glaser's  distribution,  exponential  power 
distribution  with  3  <  1)  the  Meibull  and  the  exponential  power 
distributions  outperform  the  Kaplan-Neier  estimator,  while  the  remaining 
distributions  do  not.  For  humpshaped  hazard  rate  distributions  (log 
normal,  log  logistic)  the  use  of  the  log  logistic  or  log  normal  MLE  is 
indicated.  One  should  note  the  relatively  poor  performance  of  the  Meibull 
MLE  here.  The  use  of  the  log  logistic  is,  perhaps,  indicated  due  to  its 
simpler  computation  form. 

For  distributions  with  an  increasing  failure  rate  the  picture  is  not 
so  clear  cut.  The  Meibull  MLE  outperforms  the  product  limit  estimator 
except  when  the  true  model  is  normal  or  Gompertz  with  an  extremely  steep 
hazard  rate  0-2).  The  exponential  power  distribution  does  well  except 
for  normal  data.  The  Gompertz  does  well  except  for  normal  data  and  for 
Meibull  data  with  a  relatively  flat  hazard  rate  0-2).  The  log  normal 


8 


and  log  logistic  NLB's  provide  a  reasonable  estlaator  of  the  reliability 
when  the  data  is  Weibull  or  noraal.  The  Goapertz  NLE  is  good  for 
distributions  with  a  steep  hazard  rate  such  as  the  Goapertz,  exponential 
power  distribution  and  Weibull  with  shape  paraaeter  8.  The  estlaator 
which  aost  consistently  outperforas  the  Kaplan-Neier  estlaator  for 
Increasing  hazard  rate  distributions  is  the  Weibull  which  wins  in  131  of 
142  cases  considered. 

The  above  discussion  suggests  that  a  statistician  araed  with  the 
Weibull.  log  logistic  and  exponential  power  distribution  MLB's  can  provide 
better  estiaates  of  the  reliability  function  than  one  araed  only  with  the 
Kaplan-Neier  estlaator.  By  a  preliairiary  graphical  look  at  the  hazard 
rate  (c.f.  Nelson  (1982))  he  or  she  can  get  a  crude  idea  of  shape  of  the 
hazard  rate  and  pick  the  aost  appropriate  aodel  of  these  three. 
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TABLE  1  -  EXP(MIENTIAL  NLE 


DISTRIBUTION 
OF  DEATHS 
EXPONENTIAL 
WEIBULL,B-0.50 
NBIBULL,B-2.00 
HEIBULL.B-4.00 
WE I BULL. B*8. 00 
WEI BULL. B-0. SO 
WE I BULL. B-2. 00 
WE I BULL. B-4. 00 
WE I BULL. B>8. 00 
NORMAL.  tr-O.  OS 
NORMAL. a«0.i0 
NORMAL. a*0. IS 
LN  NORMAL. S-. 37 
LN  NORMAL. S«. SI 
LN  NORMAL. S-. 61 
EP.B-O.SO 
EP.B-1.00 
EP.B-8.00 
EP.B-0.25 
EP.B«=O.SO 
EP,B=1.00 
EP . B=8 . 00 
EP.B-0.25 
PARETO. B« 1.00 
PARETO. B«2. 00 
PARETO. B°4. 00 
GOMPERTZ . B>0 . 50 
GOMPERTZ.B^l.OO 
GOMPERTZ.  B'^Z.  00 
GAMMA. B-0. SO 
GAMMA. B-2. 00 
GAMMA. B«4. 00 
GAMMA. B-8. 00 
BATHTUB. P-0. 15 
BATHTUB. P=0. 25 
BATHTUB. P-0. 40 
BATHTUB. P=0. 60 
LN  LOGISTIC. B=  2 
LN  LOGISTIC. B=  3 
LN  LOGISTIC. B=  4 


SAMPLE 

SIZE 

25 

SAMPLE 

SIZE  50 

CENSORING 

PERCENT 

CENSORED 

PERCENT 

CENSORED 

DISTRIBUTION 

0% 

lOX 

30« 

S0« 

0« 

10« 

30X 

50% 

EXP 

1.96 

1.91 

2.11 

2.85 

1.99 

1.92 

2.05 

2.84 

EXP 

0.26 

0.44 

1.10 

3.17 

0.03 

0.41 

0.62 

2.03 

EXP 

0.29 

0.34 

0.47 

0.61 

0.16 

0.18 

0.23 

0.32 

EXP 

0.06 

0.07 

0.10 

0.16 

0.16 

0.03 

0.05 

0.08 

EXP 

0.02 

0.03 

0.04 

0.06 

0.01 

0.01 

0.02 

0,03 

WEI 

0.35 

0.66 

1.44 

0.21 

0.40 

0.65 

WEI 

0.34 

0.45 

0.58 

0.18 

0.25 

0.34 

WEI 

0.07 

0.11 

0.19 

0.03 

0.05 

0.10 

WEI 

0.03 

0.04 

0.08 

0.01 

0.02 

0.04 

EXP 

0.01 

0.01 

0.02 

0.03 

0.00 

0.01 

0.01 

0.02 

EXP 

0.02 

0.02 

0.03 

0.05 

0.01 

0.01 

0.01 

0.02 

EXP 

0.02 

0.03 

0.04 

0.07 

0.01 

0.01 

0.02 

0.03 

EXP 

0.09 

0.10 

0.15 

0.21 

0.04 

0.05 

0.07 

0.10 

EXP 

0.20 

0.23 

0.29 

0.38 

0.10 

0.12 

0.15 

0.21 

EXP 

0.34 

0.38 

0.48 

0.58 

0.18 

0.20 

0.26 

0.32 

EXP 

0.93 

0.98 

1.29 

2.54 

0.63 

0.67 

0.89 

1.94 

EXP 

1.08 

1.31 

1.49 

1.67 

0.66 

0.76 

1.04 

1.17 

EXP 

0.02 

0.02 

0.03 

0.06 

0.01 

0.01 

0.02 

0.03 

EP 

0.24 

0,50 

1.26 

0.14 

0.28 

0.67 

EP 

0.97 

1.22 

1.82 

0.69 

0.84 

1.30 

EP 

1.21 

1.42 

1.54 

0.78 

1.00 

1.23 

EP 

0.02 

0:03 

0.07 

0.01 

0.02 

0.03 

EXP 

0.19 

0.31 

1.04 

3.32 

0.11 

0.17 

0.62 

2.50 

EXP 

0.34 

0.70 

1.56 

3.86 

0.22 

0.52 

1.11 

2.76 

EXP 

0.72 

1.02 

1.73 

3.48 

0.59 

0.80 

1.34 

2.77 

EXP 

1.12 

1.43 

1.87 

3.23 

0.99 

1.20 

1.58 

2.96 

EXP 

1.31 

1.40 

1.62 

1.75 

0.82 

0.97 

1.17 

1.39 

EXP 

0.61 

0.71 

0.92 

1.14 

0.32 

0.38 

0.53 

0.70 

EXP 

0.22 

0.28 

0.37 

0.55 

0.11 

0.14 

0.20 

0.29 

EXP 

0.66 

0.81 

1.22 

2.74 

0.44 

0.52 

0.82 

1.94 

EXP 

2.S9 

0.87 

1.00 

1.12 

2.46 

0.50 

0.61 

0.69 

EXP 

0.53 

0.24 

0.32 

0.43 

0.49 

0.12 

0.17 

0.23 

EXP 

1.15 

0.71 

0.14 

0.20 

1.15 

0.05 

0.07 

0.10 

EXP 

1.83 

1.88 

1.93 

2.95 

1.87 

1.76 

1.89 

2.89 

EXP 

1.95 

1.88 

2.00 

2.64 

1.90 

1.90 

2.01 

2.91 

EXP 

2.09 

2.07 

2.04 

2.49 

1,97 

2.00 

1.99 

2.47 

EXP 

1.64 

1.71 

1.82 

1.96 

1.18 

1.29 

1.47 

1.68 

EXP 

0.62 

0.80 

1.18 

1.56 

0.37 

0.59 

0.86 

1.21 

EXP 

0.27 

0.30 

0.39 

0.46 

0.15 

0.16 

0.21 

0.27 

EXP 

0.12 

0.14 

0.19 

0.25 

0.06 

0.07 

0.09 

0.14 

TABLE  2  -  WBIBULL  NLE 


SAMPLE 

SIZE 

25 

SAMPLE 

SIZE  50 

DISTRIBUTION 

CENSORING 

PERCENT 

CENSORED 

PERCENT 

CENSORED 

OF  DEATHS 

DISTRIBUTION 

OX 

10» 

30« 

50X 

0% 

10« 

30% 

50X 

EXPONENTIAL 

EXP 

1.49 

1.51 

1.67 

2.13 

1.51 

1.52 

1.66 

2.15 

ITEIBULL.B-O.SO 

EXP 

1.40 

1.55 

2.15 

4.60 

1.51 

1.53 

2.38 

5.76 

NEIBULL.B-2.00 

EXP 

1.51 

1.52 

1.56 

1.67 

1.55 

1.53 

1.61 

1.69 

HEIBULL,B-4.00 

EXP 

1.61 

1.61 

1.54 

1.62 

1.65 

1.64 

1.63 

1.60 

HE I BULL. B-8. 00 

EXP 

1.67 

1.68 

1.71 

1.67 

1.80 

1.77 

1.70 

1.72 

HE I BULL. B-0. 50 

HEI 

1.57 

1.70 

2.64 

1.59 

1.72 

2.50 

HE I BULL. B-2. 00 

HEI 

1.53 

1.63 

1.91 

1.52 

1.59 

1.96 

HEIBULL.B*4.00 

HEI 

1.60 

1.66 

1.84 

1.62 

1.63 

1.84 

HEIBULL.B-S.OO 

HEI 

1.71 

1.65 

1.82 

1.67 

1.73 

1.77 

NORMAL. a-0. 05 

EXP 

0.82 

0.95 

1.14 

1.31 

0.49 

0.54 

0.66 

0.90 

NORMAL. a-O. 10 

EXP 

1.12 

1.16 

1.37 

1.56 

0.79 

0.85 

0.99 

1.22 

NORMAL. ff-0. 15 

EXP 

1.30 

1.40 

1.46 

1.56 

1.06 

1.13 

1.25 

1.40 

LN  NORMAL. S-. 37 

EXP 

0.98 

1.01 

1.13 

1.26 

0.71 

0.77 

0.86 

1.04 

LN  NORMAL. S-. 51 

EXP 

0.97 

1.06 

1.15 

1.30 

0.75 

0.81 

0.95 

1.15 

LN  NORMAL. S-. 61 

EXP 

1.02 

1.01 

1.16 

1.39 

0.77 

0.83 

0.99 

1.23 

EP.B-0.25 

EXP 

1.75 

1.60 

2.19 

4.11 

1.67 

1.50 

2.18 

5.36 

EP.B-0.50 

EXP 

1.50 

1.57 

1.69 

2.33 

1.43 

1.43 

1.58 

2.34 

EP.B-l.OO 

EXP 

1.38 

1.47 

1.62 

1.83 

1.29 

1.33 

1.57 

1.67 

EP.B-8.00 

EXP 

1.60 

1.50 

1.68 

1.60 

1.34 

1.41 

1.51 

1.52 

EP.B-0.25 

EP 

1.75 

1.71 

2.12 

1.61 

1.66 

1.80 

EP.B-0.50 

EP 

1.52 

1.70 

1.93 

1.52 

1.53 

1.80 

EP.B-1.00 

EP 

1.42 

1.59 

1.73 

1.40 

1.46 

1.74 

EP.B-8.00 

EP 

1.49 

1.62 

1.69 

1.41 

1.52 

1.55 

PARETO. B-1. 00 

EXP 

1.04 

1.21 

1.66 

3.14 

0.88 

1.11 

1.50 

2.95 

PARETO. B-2. 00 

EXP 

1.20 

1.31 

1.63 

2.60 

1.20 

1.21 

1.47 

2.47 

PARETO. B-4. 00 

EXP 

1.34 

1.43 

1.63 

2.42 

1.31 

1.34 

1.51 

2.26 

GONPERTZ.B-0.50 

EXP 

1.42 

1.45 

1.59 

1.82 

1.33 

1.43 

1.53 

1.70 

60NPERTZ.B-1.00 

EXP 

1.30 

1.30 

1.44 

1.62 

1.07 

1.12 

1.26 

1.56 

GONPERTZ.B-2.00 

EXP 

1.09 

1.14 

1.25 

1.42 

0.91 

0.95 

1.04 

1.25 

GAMMA. B-0. 50 

EXP 

1.54 

1.51 

1.73 

2.85 

1.52 

1.55 

1.69 

2.55 

GAMMA. B-2. 00 

EXP 

1.42 

1.43 

1.56 

1.68 

1.41 

1.39 

1.47 

1.66 

GAMMA. B-4. 00 

EXP 

1.38 

1.41 

1.43 

1.56 

1.26 

1.27 

1.34 

1.43 

GAMMA. B-8. 00 

EXP 

1.28 

1.30 

1.37 

1.42 

1.06 

1.08 

1.23 

1.34 

BATHTUB. P-0. 15 

EXP 

1,47 

1.52 

1.62 

2.29 

1.60 

1.51 

1.63 

2.23 

BATHTUB. P-0. 25 

EXP 

1.50 

1.51 

1.65 

2.10 

1.51 

1.56 

1.71 

2.30 

BATHTUB. P-0. 40 

EXP 

1.50 

1.53 

1.67 

2.02 

1.47 

1.54 

1.66 

2.03 

BATHTUB, P-0. 60 

EXP 

1.43 

1.49 

1.5& 

1.77 

1.38 

1.41 

1.51 

1.70 

LN  LOGISTIC, B-  2 

EXP 

0.77 

0.87 

1.18 

1.74 

0.51 

0.67 

0.98 

1.47 

LN  LOGISTIC, B-  3 

EXP 

0.77 

0.84 

1.03 

1.28 

0.52 

0.60 

0.81 

1.08 

LN  LOGISTIC, B-  4 

EXP 

0.78 

0.84 

0.98 

1.15 

0.48 

0.56 

0.71 

0.97 

TABLE  3  -  LOG  NORMAL  NLE 


SAMPLE 

SIZE 

25 

SAMPLE 

SIZE 

50 

DISTRIBUTION 

CENSORING 

PERCENT 

CENSORED 

PERCENT 

CENSORED 

OP  DEATHS 

DISTRIBUTION 

0« 

10% 

30« 

50« 

OX 

lOX 

30% 

50» 

EXPONENTIAL 

EXP 

1.30 

1.31 

1.37 

1.49 

0.93 

0.98 

0.93 

1.04 

WEI BULL. B-O. 50 

EXP 

1.43 

1.25 

1.28 

2.33 

1.05 

1.21 

0.87 

1.80 

ME I BULL. B-2. 00 

EXP 

1.13 

1.17 

1.30 

1.43 

0.91 

0.92 

1.02 

1.08 

NBIBULL.B-4.00 

EXP 

1.10 

1.15 

1.22 

1.32 

0.86 

0.92 

0.94 

1.12 

NBIBULL.B-8.00 

EXP 

1.04 

1.10 

1.17 

1.23 

0.87 

0.88 

0.96 

1.05 

NEIBULL,B-0.50 

WEI 

1.39 

1.15 

1.53 

0.94 

0.83 

0.92 

ME I BULL. B-2. 00 

ME  I 

1.17 

1.25 

1.44 

0.94 

0.97 

1.05 

ME I BULL. B>4. 00 

NEI 

1.14 

1.24 

1.42 

0.91 

1,01 

1.04 

ME I BULL. B>B. 00 

ME  I 

1.15 

1.20 

1.39 

0.90 

1.02 

1.06 

NORMAL. a«0. 05 

EXP 

1.79 

1.77 

1.80 

1.80 

1.72 

1.77 

1.70 

1.82 

NORMAL. a-0. 10 

EXP 

1.58 

1.65 

1.73 

1.65 

1.52 

1.55 

1.53 

1.60 

NORMAL.  (7-0. 15 

EXP 

1.47 

1.47 

1,55 

1.56 

1.36 

1.37 

1.41 

1.53 

LN  NORMAL. S-. 37 

EXP 

1.56 

1.53 

1.64 

1.64 

1.56 

1.58 

1.58 

1.68 

LN  NORMAL. S-. 51 

EXP 

1.50 

1.54 

1.55 

1.73 

1.59 

1.32 

1.61 

1.75 

LN  NORMAL. S-. 61 

EXP 

1.54 

1.51 

1.62 

1.82 

1.56 

1.16 

1.64 

1.83 

EP.B-0.25 

EXP 

1.06 

0.78 

0.94 

1.88 

0.62 

0.45 

0.57 

1.55 

EP.B-0.50 

EXP 

1.04 

1.01 

0.91 

1.18 

0.67 

0.61 

0.55 

0.76 

EP.B-l.OO 

EXP 

0.85 

0.99 

1.08 

1.22 

0.57 

0.62 

0.70 

0.69 

EP,B-8.00 

EXP 

0.84 

0.84 

1.00 

1.05 

0.59 

0.61 

0.75 

0.81 

EP.B-0.25 

EP 

0.92 

0,75 

0.90 

0.54 

0.41 

0.47 

EP.B-0.50 

EP 

1.03 

0.97 

1.05 

0.65 

0.57 

0.61 

EP.B-l.OO 

EP 

0.91 

1.02 

1.07 

0.61 

0.65 

0.71 

EP.B-8.00 

EP 

0.85 

0.98 

1.11 

0.63 

0.73 

0.76 

PARETO. B- 1.00 

EXP 

1.53 

1.45 

1.62 

2.53 

1.38 

1.34 

1.41 

1.99 

PARETO. B-2. 00 

EXP 

1.44 

1.48 

1,54 

1.97 

1.28 

1.21 

1.16 

1.45 

PARETO .  B-4 . 00 

EXP 

1.35 

1.43 

1.40 

1.76 

1.18 

1.12 

1.06 

1.23 

GOMPERTZ . B-0 . 50 

EXP 

0.96 

0.99 

1.10 

1.17 

0.62 

0.67 

0.70 

0.74 

GOMPERTZ.B-1.00 

EXP 

0.75 

0.78 

0.91 

1.05 

0.45 

0.47 

0.55 

0.62 

GOMPERTZ .  B-2 . 00 

EXP 

0.56 

0.63 

0.70 

0.86 

0.33 

0.37 

0.42 

0.50 

GAMMA. B-0. 50 

EXP 

1.11 

1.02 

0.94 

1.38 

0,72 

0.66 

0.55 

0.84 

GAMMA. B-2. 00 

EXP 

1.37 

1.41 

1.56 

1.69 

1.18 

1.20 

1.32 

1.31 

GAMMA. B-4. 00 

EXP 

1.43 

1.53 

1.58 

1.67 

1.38 

1.34 

1.49 

1.58 

GAMMA. B-8. 00 

EXP 

1.53 

0.78 

1.58 

1.66 

1.45 

1.48 

1.54 

1.64 

BATHTUB. P-0, 15 

EXP 

1.35 

1.33 

1.33 

1.62 

1.02 

1.04 

1.00 

1.09 

BATHTUB , P-0 . 25 

EXP 

1.29 

1.31 

1.37 

1.56 

0.96 

1.00 

1.01 

1.10 

BATHTUB. P-0. 40 

EXP 

1.12 

1.21 

1.27 

1.45 

0.79 

0.87 

0.90 

0.95 

BATHTUB , P-0 . 60 

EXP 

0.97 

1.00 

1.08 

1.13 

0.61 

0.64 

0.67 

0.69 

LN  LOGISTIC. B-  2 

EXP 

1.34 

1.38 

1.66 

2.02 

1.22 

1.36 

1.50 

2.02 

LN  LOGISTIC, B-  3 

EXP 

1.31 

1.36 

1.45 

1.67 

1.28 

1.28 

1.39 

1.58 

LN  LOGISTIC. B-  4 

EXP 

1.34 

1.33 

1.44 

1.49 

1.26 

1.32 

1.35 

1.53 

TABLE  4  -  NORMAL  NLE 


DISTRIBUTION 
OF  DEATHS 
EXPONENTIAL 
NEIBULL.B-0.50 
NEIBULL.B-2.00 
WEIBULL.B-4.00 
HE I BULL, B>8. 00 
HEIBULL.B-0.50 
HE I BULL. B-2. 00 
HEIBULL.B=4.00 
HE I BULL. B-8. 00 
NORMAL. a-0. 05 
NORMAL. a-0. 10 
NORMAL. a-0. 15 
LN  NORMAL, S-. 37 
LN  NORMAL. S-. 51 
LN  NORMAL. S-. 61 
EP.B-0.25 
EP.B-O.SO 
EP.B-1.00 
EP.B-8.00 
EP.B-0.25 
EP.B-0.50 
EP.B-1.00 
EP.B-8.00 
PARETO. B-1. 00 
PARETO, B-2. 00 
PARETO. B-4. 00 
GOMPERTZ . B-0 . 50 
GOMPERTZ . B-1 . 00 
GOMPERTZ . B-2 . 00 
gamma. B-0. 50 
gamma. B-2. 00 
gamma. B-4. 00 
gamma, B-8. 00 
BATHTUB, P-0. 15 
BATHTUB. P-0. 25 
BATHTUB . P-0 . 40 
BATHTUB, P-0. 60 
LN  LOGISTIC.B- 
LN  LOGISTIC. B- 
LN  LOGISTIC. B- 


CENSORING 

DISTRIBUTION 
EXP 
EXP 
EXP 
EXP 
EXP 
HEI 
HE  I 
HEI 
HEI 
EXP 
EXP 
EXP 
EXP 
EXP 
EXP 
EXP 
EXP 
EXP 
EXP 
EP 
EP 
EP 
EP 
EXP 
EXP 
EXP 
EXP 
EXP 
EXP 
EXP 
EXP 
EXP 
EXP 
EXP 
EXP 
EXP 
EXP 

2.  EXP 

3.  EXP 

4.  EXP 


SAMPLE 

PERCENT 

OX 

lOX 

0.56 

0.61 

0.16 

0.28 

1.30 

1.31 

1.62 

1.63 

1.38 

1.45 

0.21 

1.35 

1.63 

1.49 

1.83 

1.81 

1.66 

1.73 

1.63 

1.64 

0.92 

0.95 

0.66 

0.76 

0.57 

0.60 

0.14 

0.24 

0.46 

0.52 

1.19 

1.15 

1.13 

1.11 

0.17 

0.51 

1.19 

1.13 

0.17 

0.28 

0.26 

0.35 

0.34 

0.45 

1.08 

1.08 

1.39 

1.41 

1.48 

1.55 

0.33 

0.45 

0.81 

0.86 

1.04 

1.10 

1.25 

1.41 

0.52 

0.61 

0.60 

0.65 

0.72 

0.78 

0.91 

0.99 

0.24 

0.31 

0.40 

0.47 

0.57 

0.65 

SIZE  25 
CENSORED 


30X 

50% 

0.87 

1.39 

0.87 

2.54 

1.37 

1.52 

1.60 

1.68 

1.51 

1.53 

0.38 

1.01 

1.48 

1.88 

1.73 

2.00 

1.52 

1.76 

1.83 

1.82 

1.80 

1.73 

1.69 

1.69 

1.08 

1.23 

0.90 

1.09 

0.78 

1.07 

1.03 

3.17 

0.79 

1.60 

1.25 

1.43 

1.30 

1.31 

0.33 

0.95 

0.69 

1.16 

1.26 

1.63 

1.28 

1.43 

0.68 

1.82 

0.70 

1.58 

0.72 

1.51 

1.15 

1.50 

1.43 

1.52 

1.61 

1.77 

0.79 

1.78 

1.03 

1.24 

1.18 

1.38 

1.35 

1.42 

0.82 

1.44 

0.84 

1.27 

0.93 

1.36 

1.11 

1.41 

0.60 

1.17 

0.70 

1.00 

0.84 

1.04 

SAMPLE 

SIZE  50 

PERCENT 

CENSORED 

OX 

lOX 

SOX 

50X 

0.34 

0.41 

0.58 

0.99 

0.06 

0.26 

0.50 

1.68 

1.13 

1.13 

1.20 

1.35 

1.65 

1.65 

1.65 

1.65 

1.32 

1.31 

1.36 

1.45 

0.11 

0.21 

0.60 

1.16 

1.29 

1.69 

1.61 

1.70 

1.99 

1.31 

1.46 

1.57 

1.79 

1.79 

1.74 

1.84 

1.67 

1.71 

1.65 

1.70 

1.63 

1.63 

1.64 

1.72 

0.68 

0.74 

0.82 

1.01 

0.45 

0.51 

0.65 

0.87 

0.35 

0.40 

0.55 

0.79 

0.07 

0.14 

0.64 

2.44 

0.27 

0.32 

0.51 

1.12 

0.90 

0.92 

1.02 

1.16 

0.84 

0.88 

1.02 

1.10 

0.09 

0.18 

0.54 

0.31 

0.44 

0.78 

0.92 

1.01 

1.32 

0.90 

1.03 

1.12 

0.08 

0.16 

0.39 

1.06 

0.15 

0.21 

0.40 

0.92 

0.21 

0.27 

0.45 

0.90 

0.82 

0.83 

0.92 

1.10 

1.22 

1.26 

1.32 

1.39 

1.42 

1.45 

1.57 

1.72 

0.20 

0.25 

0.48 

1.18 

0.55 

0.63 

0.72 

0.97 

0.80 

0.86 

0.97 

1.11 

1.05 

1.06 

1.22 

1.33 

0.33 

0.38 

0.55 

0.92 

0.38 

0.42 

0.57 

0.91 

0.46 

0.55 

0.67 

0.96 

0.65 

0.73 

0.84 

1.09 

0.11 

0.18 

0.39 

0.78 

0.23 

0.28 

0.47 

0.74 

0.34 

0.41 

0.57 

0.84 

TABLE  5  -  EXPONENTIAL  POWER  MLE 


DISTRIBUTION 

CENSORING 

OP  DEATHS 

DISTRIBUTION 

0% 

EXPONENTIAL 

EXP 

1.29 

WEIBULL.B-0.50 

EXP 

1.18 

WE I BULL. B-2. 00 

EXP 

1.34 

WBIBULL.B-4.00 

EXP 

1.41 

WE I BULL. B-8. 00 

EXP 

1.34 

WElBULL.B-0.50 

WEI 

WBIBULL.B>2.00 

WEI 

WE I BULL. B-4. 00 

WEI 

WE I BULL. B-8. 00 

WEI 

NORMAL,  cr-0. 05 

EXP 

0.36 

NORMAL. a-0. 10 

EXP 

0.56 

NORMAL. a-0. 15 

EXP 

0.70 

LN  NORMAL. S-. 37 

EXP 

0.58 

LN  NORMAL. S-. 51 

EXP 

0.60 

LN  NORMAL. S-. 61 

EXP 

0.65 

EP . B-0 . 25 

EXP 

1.53 

EP.B-O.SO 

EXP 

1.51 

EP.B-1.00 

EXP 

1.57 

BP . B-d . 00 

EXP 

1.89 

EP.B=0.25 

EP 

EP . B=0 . 50 

EP 

.EP.B»1.00 

EP 

EP,B=8.00 

-P 

PARETO. B- 1.00 

EXP 

0.64 

PARETO. B-2. 00 

EXP 

0.84 

PARETO, B-4. 00 

EXP 

1.00 

GOMPERTZ . B-0 . 50 

EXP 

1.55 

G0MPERT2 , B-1 . 00 

EXP 

1.50 

GOMPERTZ. B-2. 00 

EXP 

1.32 

GAMMA. B-0. 50 

EXP 

1.43 

GAMMA , B-2 . 00 

EXP 

1.12 

GAMMA, B-4. 00 

EXP 

0.96 

GAMMA, B-8. 00 

EXP 

0.81 

BATHTUB. P-0. 15 

EXP 

1.27 

BATHTUB. P-0.25 

EXP 

1.39 

BATHTUB. P-0. 40 

EXP 

1.49 

BATHTUB , P-0 . 60 

EXP 

1.46 

LN  LOGISTIC. B= 

2 

EXP 

0.46 

LN  LOGISTIC. B- 

3 

EXP 

0.46 

LN  LOGISTIC, B- 

4 

EXP 

0.44 

SAMPLE 

SIZE 

25 

SAMPLE 

SIZE  50 

PERCENT 

CENSORED 

PERCENT 

CENSORED 

10« 

30X 

50X 

OX 

lOX 

SOX 

SOX 

1.37 

1.54 

1.95 

1.14 

1.31 

1.46 

1.96 

1.41 

2.11 

4.77 

1.07 

1.37 

2.01 

4.88 

1.40 

1.41 

1.55 

1.19 

1.24 

1.32 

1.47 

1.42 

1.42 

1.51 

1.15 

1.18 

1.28 

1.33 

1.36 

1.49 

1.55 

1.07 

1.05 

1.21 

1.35 

1.34 

1.56 

2.44 

1.31 

1.43 

2.05 

1.42 

1.53 

1.84 

1.28 

1.41 

1.78 

1.44 

1.55 

1.80 

1.24 

1.39 

1.69 

1.44 

1.49 

1.74 

1.15 

1.36 

1.63 

0.35 

0.49 

0.70 

0.17 

0.13 

0.20 

0.32 

0.50 

0.72 

1.08 

0.28 

0.25 

0.37 

0.56 

0.71 

0.93 

1.20 

0.42 

0.42 

0.56 

0.77 

0.63 

0.77 

0.97 

0.31 

0.37 

0.46 

0.61 

0.72 

0.84 

1.01 

0.34 

0.42 

0.55 

0.76 

0.70 

0.87 

1.13 

0.36 

0.44 

0.59 

0.84 

1.55 

2.79 

6.73 

1.55 

1.53 

3.11 

9.26 

1.61 

1.81 

2.78 

1.57 

1.59 

1.77 

3.12 

1.59 

1.69 

1.80 

1.58 

1.59 

1.73 

1.84 

1.77 

1.96 

1.77 

1.89 

1.85 

1.88 

1.83 

1.55 

1.67 

2.74 

1.51 

1.75 

2.40 

1.54 

1.79 

2.14 

1.65 

1.68 

2.18 

1.57 

1.65 

1.90 

1.67 

1.64 

1.99  - 

1.73 

1.77 

1.82 

1.81 

1.75 

1.76 

0.92 

1.41 

2.82 

0.41 

0.70 

1.12 

2.18 

1.02 

1.39 

2.37 

0.63 

0.81 

1.12 

1.91 

1.18 

1.42 

2.27 

0.77 

0.97 

1.22 

1.82 

1.55 

1.62 

1.82 

1.56 

1.65 

1.65 

1.75 

1.49 

1.56 

1.71 

1.43 

1.46 

1.51 

1.78 

1.35 

1.42 

1.54 

1.24 

1.26 

1.31 

1.50 

1.51 

1.82 

3.28 

1.45 

1.57 

1.84 

3.16 

1.21 

1.35 

1.50 

0.85 

1.02 

1.11 

1.32 

1.04 

1.13 

1.33 

0.63 

0.74 

0.88 

1.05 

1.49 

1.00 

1.11 

0.49 

0.51 

0.67 

0.86 

1.40 

1.48 

2.08 

1.21 

1.29 

1.41 

1.90 

1.44 

1.52 

1.94 

1.33 

1.44 

1.50 

1.94 

1.54 

1.61 

1.89 

1.42 

1.60 

1.59 

1.92 

1.56 

1.60 

1.85 

1.44 

1.54 

1.57 

1.82 

0.59 

0.89 

1.46 

0.23 

0.34 

0.64 

1.08 

0.54 

0.75 

0.99 

0.23 

0.29 

0.46 

0.69 

0.52 

0.67 

0.87 

0.21 

0.26 

0.37 

0.58 

TABLE  6  -  LOG  LOGISTIC  NLE 


SAMPLE 

SIZE 

25 

SAMPLE 

SIZE  50 

DISTRIBUTION 

CENSORING 

PERCENT 

CENSORED 

PERCENT 

CENSORED 

OF  DEATHS 

DISTRIBUTION 

0% 

10« 

30« 

50« 

0\ 

10% 

30% 

50% 

BATHTUB, P-0. 60 

EXP 

1.14 

1.16 

1.23 

1.34 

0.87 

0.87 

0.87 

0.95 

EXPONENTIAL 

EXP 

1.32 

1.37 

1.49 

1.85 

1.12 

1.16 

1.16 

1.42 

WE I BULL, B-0. 50 

EXP 

1.17 

1.26 

1.54 

3.14 

1.05 

1.21 

1.15 

2.76 

WBIBULL,B-2.00 

EXP 

1.29 

1.32 

1.43 

1.55 

1.14 

1.17 

1.24 

1.37 

WE I BULL, B-4. 00 

EXP 

1.30 

1.34 

1.37 

1.46 

1.14 

1.18 

1.25 

1.34 

WEIBULL,B-8.00 

EXP 

1.34 

1.40 

1.45 

1.51 

1.16 

1.20 

1.25 

1.37 

WBIBULL,B-0.50 

WEI 

1.32 

1.27 

1.99 

0.99 

1.02 

1.35 

WEIBULL,B-2.00 

WEI 

1.31 

1.41 

1.69 

1.16 

1.21 

1.43 

WE I BULL, B-4. 00 

WEI 

1.36 

1.45 

1.59 

1.18 

1.26 

1.43 

WE I BULL, B-8. 00 

WEI 

1.42 

1.47 

1.62 

1.17 

1.33 

1.39 

NORMAL, 9-0. 05 

EXP 

1.97 

1.94 

1.96 

1.47 

1.97 

1.92 

1.88 

2.01 

NORMAL, 9-0. 10 

EXP 

1.72 

1.75 

1.84 

1.39 

1.65 

1.72 

1.69 

1.72 

NORMAL, 9-0. 15 

EXP 

1.60 

1.62 

1.64 

1.58 

1.49 

1.51 

1.56 

1.66 

LN  NORMAL, S-. 37 

EXP 

1.47 

1.49 

1.53 

1.54 

1.43 

1.46 

1.49 

1.64 

LN  NORMAL, S-. 51 

EXP 

1.44 

1.46 

1.50 

1.70 

1.44 

1.45 

1.49 

1.67 

LN  NORMAL. S-. 61 

EXP 

1.44 

1.47 

1.58 

1.79 

1.44 

1.50 

1.58 

1.79 

EP,B-0.25 

EXP 

1.00 

0.83 

1.14 

2.41 

0.65 

0.51 

0.75 

2.24 

EP.B-0.50 

EXP 

1.16 

1.11 

1.08 

1.50 

0.83 

0.75 

0.72 

1.10 

EP,B=1.00 

EXP 

1.10 

1.15 

1.24 

1.45 

0.87 

0.87 

0.94 

0.94 

EP.B-8.00 

EXP 

1.21 

1.17 

1.33 

1.20 

0.85 

0.92 

1.06 

1.16 

EP.B-0.25 

EP 

0.94 

0.90 

1.15 

0.59 

0.50 

0.67 

EP.B-0.50 

EP 

1.12 

1.10 

1.31 

0.81 

0.72 

0.87 

EP,B=1.00 

EP 

1.11 

1.21 

1.31 

0.86 

0.86 

0.99 

EP,B-8.00 

EP 

1.18 

1.31 

1.03 

0.93 

1.04 

0.97 

PARETO. B- 1.00 

EXP 

1.56 

1.50 

1.82 

3.12 

1.50 

1.49 

1.70 

2.83 

PARETO, B-2. 00 

EXP 

1.47 

1.50 

1.71 

2.48 

1.37 

1.35 

1.41 

2.05 

PARETO. B-4. 00 

EXP 

1.42 

1.48 

1.58 

2.15 

1.29 

1.27 

1.29 

1.72 

GOMPERTZ , B-0 . 50 

EXP 

1.14 

1.18 

1.23 

1.41 

0.90 

0.93 

0.93 

1.02 

GOMPERTZ , B-1 . 00 

EXP 

1.04 

1.04 

1.14 

1.24 

0.76 

0.76 

0.81 

0.88 

GOMPERTZ, B-2. 00 

EXP 

0.91 

0.95 

1.01 

1.09 

0.67 

0.69 

0.72 

0.77 

GAMMA, B-0. 50 

EXP 

1.21 

1.11 

1.12 

1.82 

0.87 

0.78 

0.73 

1.19 

GAMMA, B-2. 00 

EXP 

1.44 

1.41 

1.57 

1.78 

1.30 

1.29 

1.44 

1.60 

GAMMA. B-4. 00 

EXP 

1.44 

1.49 

1.57 

1.65 

1.39 

1.36 

1.51 

1.62 

GAMMA, B-8. 00 

EXP 

1.46 

1.04 

1.55 

1.58 

1.43 

1.46 

1.51 

1.62 

BATHTUB, P-0. 15 

EXP 

1.37 

1.39 

1.47 

2.00 

1.18 

1.20 

1.22 

1.54 

BATHTUB . P-0 . 25 

EXP 

1.32 

1.39 

1.51 

1.89 

1.12 

1.17 

1.22 

1.54 

BATHTUB, P-0.40 

EXP 

1.21 

1.29 

1.39 

1.71 

0.99 

1.04 

1.08 

1.27 

LN  LOGISTIC. B=  2 

EXP 

1.46 

1.52 

1.81 

2.22 

1.48 

1.57 

1.65 

2.36 

LN  LOGISTIC, B-  3 

EXP 

1.47- 

1.52 

1.56 

1.81 

1.48 

1.48 

1.56 

1.75 

LN  LOGISTIC. B-  4 

EXP 

1.50 

1.50 

1.55 

1.59 

1.50 

1.51 

1.55 

1.65 

TABLE  7  -  PARETO  NLE 


SAMPLE 

;  SIZE 

25 

SAMPLE 

SIZE 

50 

DISTRIBUTION 

CENSORING 

PERCENT 

CENSORED 

PERCENT 

CENSORED 

OF  DEATHS 

DISTRIBUTION 

0% 

10« 

30« 

50« 

OX 

lOX 

SOX 

SOX 

EXPONENTIAL 

EXP 

0.38 

0.39 

0.48 

0.82 

0.20 

0.22 

0.27 

0.53 

WE I BULL. B-0. SO 

EXP 

1.23 

1.21 

1.07 

1.81 

1.00 

1.23 

0.91 

1.82 

WE I BULL. B-2. 00 

EXP 

0.17 

0.18 

0.23 

0.34 

0.09 

0.10 

0.11 

0.17 

WE I BULL. B-4. 00 

EXP 

0.02 

0.03 

0.03 

0.05 

0.01 

0.01 

0.02 

0.02 

WE I BULL. B-8. 00 

EXP 

0.01 

0.01 

0.01 

0.01 

0.00 

0.00 

0.01 

0.01 

WE I BULL. B-0. SO 

WEI 

1.32 

1.09 

1.17 

1.09 

0.93 

0.86 

WE I BULL. B-2. 00 

WEI 

0.18 

0.23 

0.39 

0.10 

0.12 

0.21 

WE I BULL. B-4. 00 

WEI 

0.03 

0.03 

0.05 

0.01 

0.02 

0.03 

WE I BULL. B-8. 00 

WEI 

0.01 

0.01 

0.01 

0.00 

0.00 

0.01 

NORNAL.a-O.OS 

EXP 

0.00 

0.00 

0.00 

0.01 

0.00 

0.00 

0.00 

0.00 

NORMAL.  <7-0. 10 

EXP 

0.01 

0.01 

0.01 

0.01 

0.00 

0.00 

0.00 

0.00 

NORMAL.  <7-0.  IS 

EXP 

0.01 

0.01 

0.01 

0.01 

0.00 

0.00 

0.01 

0.01 

LN  NORMAL. S-. 37 

EXP 

0.03 

0.03 

0.04 

0.06 

0.02 

0.02 

0.02 

0.03 

LN  NORMAL. S-. SI 

EXP 

0.07 

0.08 

0.10 

0.13 

0.04 

0.04 

0.05 

0.07 

LN  NORMAL. S-. 61 

EXP 

0.14 

0.15 

0.18 

0.25 

0.08 

0.08 

0.10 

0,13 

EP.B-0.25 

EXP 

1.01 

0.74 

0.86 

3.35 

0.62 

0.43 

0.59 

3.96 

EP.B— 0.50 

EXP 

0.41 

0.52 

0.66 

1.22 

0.46 

0.57 

0.72 

1.28 

EP.B-1.00 

EXP 

0.36 

0,39 

0.52 

0.79 

0.22 

0.24 

0.31 

0.49 

EP, 6=8.00 

EXP 

0.01 

0.01 

0.01 

0.01 

0.00 

0.00 

0.00 

0.01 

EP . B=0 . 25 

EP 

0.87 

0.71 

0.80 

0.52 

0.40 

0.51 

EP, 8=0.50 

EP 

0.47 

0.63 

0.88 

0.66 

0.72 

0.93 

EP.B=1.00 

EP 

0.39 

0.51 

0.86 

0.24 

0.32 

0.55 

EP,B-8  00 

EP 

0.01 

0.01 

0.01 

0.00 

0.00 

0.00 

PARETO. B- 1,00 

EXP 

0.30 

0.31 

0.29 

0.54 

0.77 

0.47 

0.30 

0.40 

PARETO, B-2. 00 

EXP 

0.32 

0.31 

0.36 

0.55 

0.44 

0.39 

0.26 

0.43 

PARETO .  B-4 , 00 

EXP 

0.33 

0.33 

0.38 

0.70 

0.29 

0.29 

0.29 

0.41 

GOMPERTZ , B-0 . 50 

EXP 

0.39 

0.41 

0.55 

0.87 

0.23 

0.26 

0.31 

0.54 

GOMPERTZ.B-l.OO 

EXP 

0.22 

0.25 

0.32 

0.49 

0.13 

0.14 

0.18 

0.27 

GOMPERTZ, B-2. 00 

EXP 

0.07 

0.08 

0.09 

0.14 

0.04 

0.04 

0.05 

0.07 

GAMMA , B-0 . 50 

EXP 

0.51 

0.63 

0.69 

1.22 

0.86 

0.75 

0.88 

1.38 

GAMMA, B-2. 00 

EXP 

0.28 

0.31 

0.38 

0.53 

0.15 

0.17 

0.21 

0.31 

GAMMA, B-4. 00 

EXP 

0.07 

0,08 

0.09 

0.13 

0.04 

0.04 

0.05 

0.07 

GAMMA, B-8. 00 

EXP 

0.03 

0.25 

0.04 

0.05 

0.01 

0.01 

0.02 

0.02 

BATHTUB. P-0. 15 

EXP 

0.37 

0.38 

0.50 

0.84 

0.25 

0.23 

0.31 

0.52 

BATHTUB, P-0. 25 

EXP 

0.36 

0.37 

0.50 

0.80 

0.19 

0.23 

0.32 

0.53 

BATHTUB. P-0. 40 

EXP 

0.33 

0.40 

0.54 

0.87 

0.18 

0.22 

0.31 

0.56 

BATHTUB , P=0 . 60 

EXP 

0.36 

0.40 

0.56 

0.86 

0.21 

0.22 

0.30 

0.53 

LN  LOGISTIC, B=  2 

EXP 

0.26 

0.25 

0.29 

0.49 

0.16 

0.15 

0.16 

0.25 

LN  LOGISTIC. B=  3 

EXP 

0.12 

0.13 

0.16 

0.21 

0.07 

0.07 

0.08 

0.12 

LN  LOGISTIC, B=  4 

EXP 

0.05 

0.05 

0.06 

0.08 

0.03 

0.03 

0.03 

0.04 

TABLE  8  -  GONPERTZ  MLB 


SAMPLE 

SIZE 

25 

SAMPLE 

SIZE  50 

DISTRIBUTION 

CENSORING 

PERCENT 

CENSORED 

PERCENT 

CENSORED 

OF  DEATHS 

DISTRIBUTION 

OK 

lOK 

30% 

50K 

OK 

lOK 

30K 

50K 

EXPONENTIAL 

EXP 

1.41 

1.44 

1.57 

2.16 

1.57 

1.52 

1.63 

2.24 

WE I BULL. B>0. 50 

EXP 

0.26 

0.44 

1.09 

3.15 

0.15 

0.41 

0.62 

2.03 

WEI BULL. B-2. 00 

EXP 

1.20 

1.22 

1.27 

1.37 

0.95 

0.99 

1.06 

1.22 

WEIBULL.B-4.00 

EXP 

1.20 

1.24 

1.29 

1.40 

0.93 

0.97 

1.10 

1.17 

WE I BULL. B°8. 00 

EXP 

1.50 

1.52 

1.61 

1.63 

1.35 

1.40 

1.47 

1.54 

WE I BULL. B>0. 50 

WEI 

0.35 

0.66 

1.43 

0.21 

0.40 

0.85 

WEIBULL.B>2.00 

WEI 

1.23 

1.34 

1.61 

0.99 

1.14 

1.50 

WE I BULL. B>4. 00 

WEI 

1.27 

1.39 

1.69 

1.01 

1.17 

1.51 

WE I BULL. B=8. 00 

WEI 

1.54 

1.56 

1.79 

1.36 

1.51 

1.69 

NORMAL. a>0. 05 

EXP 

0.65 

0.77 

0.97 

1.16 

0.36 

0.41 

0.51 

0.72 

NORMAL, a-0. 10 

EXP 

0.78 

0.82 

1.05 

1.35 

0.46 

0.51 

0.66 

0.89 

NORMAL. o-O. 15 

EXP 

0.82 

0.93 

1.07 

1.31 

0.54 

0.59 

0.74 

0.94 

LN  NORMAL, S=*. 37 

EXP 

0.47 

0.52 

0.66 

0.86 

0.24 

0.29 

0.38 

0.53 

LN  NORMAL. S«. 51 

EXP 

0.54 

0.64 

0.75 

0.92 

0.29 

0.35 

0.46 

0.65 

LN  NORMAL, S'. 61 

EXP 

0.66 

0.70 

0.83 

1.04 

0.37 

0.42 

0.55 

0.76 

EP.B-0.25 

EXP 

0.19 

0.31 

1.04 

3.32 

0.11 

0.17 

0.62 

2.50 

EP.B»0.50 

EXP 

0.87 

0.94 

1.23 

2.43 

0.62 

0.66 

0.88 

1.92 

EEP.B^l.OO 

EXP 

1.48 

1.45 

1.53 

1.71 

1.49 

1.47 

1.58 

1.67 

EP,B=8.00 

EXP 

1.85 

1.73 

1.89 

1.77 

1.72 

1.79 

1.81 

1.78 

EP.B-0.25 

EP 

0.24 

0.50 

1.26 

0.14 

0.28 

0.67 

EP,B=0.50 

EP 

0.91 

1.17 

1.73 

0.68 

0.84 

1.29 

EP.B'1.00 

EP 

1.47 

1.53 

1.77 

1.53 

1.52 

1.79 

EP,B=>8.00 

EP 

1.68 

1.77 

1.83 

1.75 

1.75 

1.77 

PARETO, B« 1.00 

EXP 

0.33 

0.68 

1.42 

3.16 

0.22 

0.51 

1.07 

2.45 

PARETO . B=2 . 00 

EXP 

0.69 

0.94 

1.48 

2.64 

0.58 

0.79 

1.23 

2.31 

PARETO. B-4. 00 

EXP 

1.00 

1.22 

1.55 

2.46 

0.94 

1.12 

1.41 

2.24 

GOMPERTZ . B*0 . 50 

EXP 

1.43 

1.44 

1.50 

1.79 

1.49 

1.49 

1.54 

1.64 

GOMPERTZ , B=1 . 00 

EXP 

1.47 

1.48 

1.51 

1.57 

1.46 

1.50 

1.55 

1.62 

GOMPERTZ , B-2 . 00 

EXP 

1.50 

1.48 

1.54 

1.62 

1.53 

1.53 

1.58 

1.64 

GAMMA, B-0. 50 

EXP 

0.65 

0.79 

1.19 

2.64 

0.44 

0.52 

0.81 

1.92 

GAMMA, B=2. 00 

EXP 

1.19 

1.20 

1.29 

1.39 

0.94 

0.99 

1.06 

1.22 

GAMMA, B*4. 00 

EXP 

0.81 

0.87 

0.98 

1.16 

0.48 

0.56 

0.70 

0.87 

GAMMA, B-8. 00 

EXP 

0.64 

1.48 

0.85 

0.99 

0.36 

0.40 

0.54 

0.72 

BATHTUB. P=0. 15 

EXP 

1.36 

1.43 

1.52 

2.27 

1.52 

1.45 

1.56 

2.18 

BATHTUB. P=0. 25 

EXP 

1.41 

1.44 

1.54 

2.03 
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